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PREFACE

Analysis of Derivatives for the CFA® Program represents the fourth step in an ongoing ef-
fort by the Association for Investment Management and Research® (AIMR®) to produce
a set of coordinated, comprehensive, and practitioner-oriented textbook readings specifi-
cally designed for the three levels of the Chartered Financial Analyst® Program. The first
step was the June 2000 publication of two volumes on fixed income analysis and portfo-
lio management: Fixed Income Analysis for the Chartered Financial Analyst Program and
Fixed Income Readings for the Chartered Financial Analyst Program. The second step
was the August 2001 publication of Quantitative Methods for Investment Analysis. The
third step was the August 2002 publication of Analysis of Equity Investments: Valuation.
Given the favorable reception of these books and the expected favorable reception of the
current book, similar textbooks in other topic areas are planned for the future.

This book uses a blend of theory and practice to deliver the derivatives analysis portion
of the CFA Candidate Body of Knowledge (CBOK™) curriculum. The CBOK is the result of
an extensive job analysis conducted periodically, most recently during 2000-01. Regional job
analysis panels of CFA practitioners convened in 10 cities around the world: Boston, Chicago,
Hong Kong, London, Los Angeles, New York, Toronto, Seattle, Tokyo, and Zurich. These and
other practitioner panels specified the Global Body of Knowledge—what the investment ex-
pert needs to know. From this, they derived the CBOK to encompass what the investment gen-
eralist needs to know to be effective on the job. Analysis of Derivatives for the CFA Program
is a book reflecting the work of these expert panels. The reader can thus be assured that the
book captures current practice and reflects what the general investment practitioner needs to
know about derivatives.

In producing this book, AIMR drew on input from numerous CFA charterholder re-
viewers, derivatives consultants, and AIMR professional staff members. The chapters were
designed to include detailed learning outcome statements at the outset, illustrative
in-chapter problems with solutions, and extensive end-of-chapter questions and problems
with complete solutions, all prepared with CFA candidate distance learning in mind. In
addition, the examples and problems reflect the global investment community. Starting
from a U.S.-based program of approximately 2,000 examinees each year during the 1960s
and 1970s, the CFA Program has evolved into a pervasive global certification program that
currently involves more than 100,000 candidates annually from more than 150 countries.
Through curriculum improvements such as this book, the CFA Program should continue
to appeal to new candidates around the globe in future years.

The treatment in this volume is intended to communicate a practical risk manage-
ment approach to derivatives for the investment generalist. Advanced concepts are
included if needed by the generalist, but specialist topics are intentionally excluded. The
book provides a base for further specialist work if desired. Unlike many alternative works,
the book does not simply deliver an explanation of various derivatives instruments and
positions but provides motivation for every derivatives position by explaining what the
manager wants to accomplish prior to addressing the details of the position. I believe CFA
candidates will find this text superior to other derivatives texts for use in a distance-
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learning framework. The text presents difficult concepts efficiently and with a minimum
of mathematical notation. The presentation is academically rigorous yet based on practice
and intuition. Finally, in keeping with the tradition of the CFA Program, the text proceeds
from tools to analysis to synthesis, with the last four chapters focusing on risk manage-
ment. Although designed with the CFA candidate in mind, the book should have broad ap-
peal in the practitioner and other marketplaces.

AIMR Vice President Dennis McLeavey, CFA, spearheaded the effort to develop this
book and the other CFA Program book projects. Having someone involved in the
editorial role of all the projects results in more consistent pedagogy and more even coverage
across these various works than would be possible otherwise. All of the authors who have
worked with Dennis remark on his thoroughness, attention to detail, and commitment to the
projects. Dennis has a long and distinguished history of involvement with the CFA Program.
Before joining AIMR full time, he served on various AIMR committees.

On many levels, Don Chance, CFA, was the perfect individual to author this work.
First, Don is a CFA charterholder and is committed to the mission of the CFA Program.
Second, he is one of the leading derivatives experts in the world and is often quoted on
derivatives topics in the media. Third, and extremely valuable for this project, Don has
many years of experience in preparing candidates for the CFA examinations and has first-
hand insight into the unique problems encountered by candidates in a distance-learning en-
vironment. Fourth, and most important, he is an experienced author, having written
numerous journal articles and textbooks.

The strong support of two groups should be acknowledged. Peter Mackey, CFA,
Chair of the Candidate Curriculum Committee, and the other members of the Executive
Advisory Board of the Candidate Curriculum Committee (Alan Meder, CFA, James
Bronson, CFA, and Matt Scanlan, CFA) identified the area of derivatives as one worthy of
priority attention. Finally, without the encouragement and support of AIMR CEO Tom
Bowman and the AIMR Board of Governors, this project, intended to materially enhance
the CFA Program, would not have been possible.

Robert R. Johnson, Ph.D., CFA
Senior Vice President
Association for Investment Management and Research

July 2003




FOREWORD

When Dennis McLeavey and Bob Johnson approached me about writing a derivatives
book for use in the CFA® Program, I was honored and excited. Having been involved in
the CFA Program for about 15 years, I would now'have the chance to be directly involved
in determining what CFA charterholders should know about derivatives and how they
should go about learning the material.

Being the risk management type, however, my first inclination is to see the down-
side, so I approached the project with some trepidation. Having written other books and
numerous (sometimes) highly technical articles on derivatives, I wondered if an introduc-
tory-level book on derivatives geared not toward the derivatives specialist but toward
financial analysts—primarily those studying for the CFA examination—would be well
received by fellow derivatives specialists. Visions of book reviews by derivatives profes-
sionals asserting that the book is too basic and would not serve the needs of a trader or
quant worried me. But their observations would be correct. The CFA examination is
designed to train financial analysts, not traders or quants. What CFA charterholders need
to know about derivatives is not the same as what derivatives specialists need to know. And
when these groups do need to know the same material, the approach to learning it is nec-
essarily different. Also, CFA charterholders come from different backgrounds, have dif-
ferent technical skills, and think differently about financial problems than do traders and
quants. A different approach is therefore needed.

This book is part of a formal integrated package of materials that prepares the CFA
candidate for the examination. This consideration is the driving force behind how the ma-
terial is presented. Derivatives is only one part of the curriculum, but an important part.
My experience with CFA candidates over the years tells me that this is an area they find
among the most challenging hurdles in passing the examination. Accordingly, we have
gone to great lengths to elevate the quality and pedagogical features of this book.

As any CFA candidate knows, the Learning Outcome Statements (LOSs) identify in
a concise manner the concepts that the candidate must learn. Each LOS is then covered
within the chapter. The chapter ends with a set of items called “Key Points.” There is a
one-to-one correspondence between each LOS and each Key Point. Although the candi-
date should not rely exclusively on the Key Points, they should be very useful as a concise
review of the important concepts.

When it comes to learning derivatives, there is no substitute for working problems.
Accordingly, the material is liberally supported with numerical examples. Each concept is
illustrated not only with a numerical example but also by a subsequent detailed practice
problem. At the end of the chapter are approximately 20 more study problems with com-
plete solutions. It would be virtually impossible for the candidate to say “I need more prob-
lems to work.”

The organizational structure of the book is also conducive to finding one’s way
around easily. Each section of the book is numbered. For example, consider the material
in Chapter 3 on futures markets. Section 6 is called Types of Futures Contracts. Within
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Foreward

Section 6 are subsections called 6.1: Short-Term Interest Rate Futures Contracts, 6.2: In-
termediate- and Long-Term Interest Rate Futures Contracts, 6.3: Stock Index Futures Con-
tracts, and 6.4: Currency Futures Contracts. Numbering sections provides a definitive link-
age among subtopics and between subtopics and the master topic.

The book contains bolded terms, which are defined in a glossary at the end of the
book. Key equations are numbered, and a list of these equations also appears at the end of
the book.

Although the author gets most of the credit, many people participated in this project:
Richard Applebach, CFA; Carl Bang, CFA; Pierre Bouvier, CFA; Robert Ernst, CFA;
Darlene Halwas, CFA; Walter Haslett, CFA; Stanley Jacobs, CFA; Sandra Krueger, CFA;
Robert Lamy, CFA; Erin Lorenzen, CFA; Barbara MacLeod, CFA; John Piccione, CFA,;
Jerald Pinto, CFA; Craig Ruff, CFA; and David Smith, CFA, provided reviews of the in-
dividual chapters. Murli Rajan, CFA, and Sanjiv Sabherwal created the end-of-chapter
problems and solutions, and both Louis James, CFA, and Greg Noronha, CFA performed
detailed proofreading.

A special note of thanks goes to Fiona Russell and Jerry Pinto. Fiona did the copy-
editing. This has been the first time I have ever had a copyeditor who understood the sub-
ject, and it was a refreshing experience. Jerry Pinto went over the book with a fine-toothed
comb, catching items that would have required a microscope for most people. I cannot
imagine the quality of the book coming close to our objectives without their input.

Dennis McLeavey of AIMR served as the senior editor and worked closely enough
with me to deserve his name on the book, but he modestly let me take all of the credit.
Dennis read every word many times and shaped the book into the CFA framework, mak-
ing sure that the concepts discussed in this book were consistent with treatments elsewhere
in the curriculum.

If I listed everything Wanda Lauziere did on this book, I would quickly run out of
space. Let’s just say she did everything else not covered in the above paragraphs. If you
ever write a book, you will know the enormous amount of work that must get done but is
never obvious to the reader. Wanda got things done and kept us all on schedule, while in-
jecting enough humor to remind me that we could all do this project and have fun at the
same time. I jokingly tell Wanda that she could now probably pass the derivatives part of
the exam.

Because I am now affiliated with Louisiana State University, the name of my former
employer, Virginia Polytechnic Institute, does not appear formally in connection with this
book. The entire book was written during my time at Virginia Tech, so I want to especially
thank the Pamplin College of Business of Virginia Tech for its support and encouragement
of my efforts to learn more and teach more about derivatives.

Finally, I would like to thank my family. My wife, Jan, and my daughters Kim and
Ashley have always been there with great love and humor. While they cannot imagine I
could possibly know enough about a subject to write this much, they know I enjoy trying
to convince people that I do.

Don M. Chance
July 2003
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CHAPTER

DERIVATIVE MARKETS
AND INSTRUMENTS

LEARNING OUTCOMES

After completing this chapter, you will be able to do the following:
®m Define the concept of a derivative.

m Describe the differences between exchange-traded and over-the-counter
derivatives.

B Define a forward commitment and identify the different types of forward
commitments.

m Describe the basic characteristics of forward contracts, futures contracts, and
swaps.

m Define a contingent claim and identify the different types of contingent claims.

® Describe the basic characteristics of options and distinguish between an option
to buy and an option to sell.

m Discuss the different ways to measure the size of the global derivatives market.
8 [dentify the purposes and criticisms of derivative markets.

B Explain the concept of arbitrage and the role it plays in determining prices and
in promoting market efficiency.

1 INTRODUCTION

The concept of risk is at the heart of investment management. Financial analysts and port-
folio managers continually identify, measure, and manage risk. In a simple world where
only stocks and bonds exist, the only risks are the fluctuations associated with market val-
ues and the potential for a creditor to default. Measuring risk often takes the form of stan-
dard deviations, betas, and probabilities of default. In the above simple setting, managing
risk is limited to engaging in stock and bond transactions that reduce or increase risk. For
example, a portfolio manager may hold a combination of a risky stock portfolio and a risk-
free bond, with the relative allocations determined by the investor’s tolerance for risk. If
for some reason the manager desires a lower level of risk, the only transactions available
to adjust the risk downward are to reduce the allocation to the risky stock portfolio and
increase the allocation to the risk-free bond.

But we do not live in a simple world of only stocks and bonds, and in fact investors
can adjust the level of risk in a variety of ways. For example, one way to reduce risk is to
use insurance, which can be described as the act of paying someone to assume a risk for
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you. The financial markets have created their own way of offering insurance against
financial loss in the form of contracts called derivatives. A derivative is a financial instru-
ment that offers a return based on the return of some other underlying asset. In this sense,
its return is derived from another instrument—hence, the name.

As the definition states, a derivative’s performance is based on the performance of an
underlying asset. This underlying asset is often referred to simply as the underlying. It
trades in a market in which buyers and sellers meet and decide on a price; the seller then
delivers the asset to the buyer and receives payment. The price for immediate purchase of
the underlying asset is called the cash price or spot price (in this book, we will use the lat-
ter term). A derivative also has a defined and limited life: A derivative contract initiates on
a certain date and terminates on a later date. Often the derivative’s payoff is determined
and/or made on the expiration date, although that is not always the case. In accordance with
the usual rules of law, a derivative contract is an agreement between two parties in which
each does something for the other. In some cases, as in the simple insurance analogy, a de-
rivative contract involves one party paying the other some money and receiving coverage
against potential losses. In other cases, the parties simply agree that each will do something
for the other at a later date. In other words, no money need change hands up front.

We have alluded to several general characteristics of derivative contracts. Let us now
turn to the specific types of derivatives that we will cover in this book.

2 TYPES OF DERIVATIVES

2.1 FORWARD
COMMITMENTS

In this section, we take a brief look at the different types of derivative contracts. This brief
treatment serves only as a short introduction to familiarize you with the general ideas
behind the contracts. We shall examine these derivatives in considerable detail in later
chapters.

Let us start by noting that derivative contracts are created on and traded in two dis-
tinct but related types of markets: exchange traded and over the counter. Exchange-traded
contracts have standard terms and features and are traded on an organized derivatives trad-
ing facility, usually referred to as a futures exchange or an options exchange. Over-the-
counter contracts are any transactions created by two parties anywhere else. We shall
examine the other distinctive features of these two types of contracts as we proceed.

Derivative contracts can be classified into two general categories: forward commit-
ments and contingent claims. In the following section, we examine forward commitments,
which are contracts in which the two parties enter into an agreement to engage in a trans-
action at a later date at a price established at the start. Within the category of forward com-
mitments, two major classifications exist: exchanged-traded contracts, specifically futures,
and over-the-counter contracts, which consist of forward contracts and swaps.

The forward contract is an agreement between two parties in which one party, the buyer,
agrees to buy from the other party, the seller, an underlying asset at a future date at a price
established at the start. The parties to the transaction specify the forward contract’s terms
and conditions, such as when and where delivery will take place and the precise identity
of the underlying. In this sense, the contract is said to be customized. Each party is subject
to the possibility that the other party will default.

! On behalf of the financial world, we apologize to all English teachers. “Underlying” is not a noun, but in the
world of derivatives it is commonly used as such. To be consistent with that terminology, we use it in that
manner here.
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Many simple, everyday transactions are forms of forward commitments. For exam-
ple, when you order a pizza for delivery to your home, you are entering into an agreement
for a transaction to take place later (“30 minutes or less,” as some advertise) at a price
agreed on at the outset. Although default is not likely, it could occur—for instance, if the
party ordering the pizza decided to go out to eat, leaving the delivery person wondering
where the customer went. Or perhaps the delivery person had a wreck on the way to
delivery and the pizza was destroyed. But such events are extremely rare.

Forward contracts in the financial world take place in a large and private market con-
sisting of banks, investment banking firms, governments, and corporations. These con-
tracts call for the purchase and sale of an underlying asset at a later date. The underlying
asset could be a security (i.€., a stock or bond), a foreign currency, a commodity, or com-
binations thereof, or sometimes an interest rate. In the case of an interest rate, the contract
is not on a bond from which the interest rate is derived but rather on the interest rate itself.
Such a contract calls for the exchange of a single interest payment for another at a later
date, where at least one of the payments is determined at the later date.?

As an example of someone who might use a forward contract in the financial world,
consider a pension fund manager. The manager, anticipating a future inflow of cash, could
engage in a forward contract to purchase a portfolio equivalent to the S&P 500 at a future
date—timed to coincide with the future cash inflow date—at a price agreed on at the start.
When that date arrives, the cash is received and used to settle the obligation on the forward
contract.” In this manner, the pension fund manager commits to the position in the S&P
500 without having to worry about the risk that the market will rise during that period.
Other common forward contracts include commitments to buy and sell a foreign currency
or a commodity at a future date, locking in the exchange rate or commodity price at the
start.

The forward market is a private and largely unregulated market. Any transaction in-
volving a commitment between two parties for the future purchase/sale of an asset is a for-
ward contract. Although pizza deliveries are generally not considered forward contracts,
similar transactions occur commonly in the financial world. Yet we cannot simply pick up
The Wall Street Journal or The Financial Times and read about them or determine how
many contracts were created the previous day.* They are private transactions for a reason:
The parties want to keep them private and want little government interference. This need
for privacy and the absence of regulation does not imply anything illegal or corrupt but
simply reflects a desire to maintain a prudent level of business secrecy.

Recall that we described a forward contract as an agreement between two parties in
which one party, the buyer, agrees to buy from the other party, the seller, an underlying as-
set at a future date at a price agreed upon at the start. A futures contract is a variation of
a forward contract that has essentially the same basic definition but some additional fea-
tures that clearly distinguish it from a forward contract. For one, a futures contract is not
a private and customized transaction. Instead, it is a public, standardized transaction that
takes place on a futures exchange. A futures exchange, like a stock exchange, is an organ-
ization that provides a facility for engaging in futures transactions and establishes a mech-

2 These instruments are called forward rate agreements and will be studied in detail in Chapter 2.

3 The settling of the forward contract can occur through delivery, in which case the buyer pays the agreed-
upon price and recetves the asset from the seller, or through an equivalent cash settlement. In the latter case,
the seller pays the buyer the difference between the market price and the agreed-upon price if the market price
is higher. The buyer pays the seller the difference between the agreed-upon price and the market price if the
agreed-upon price is higher.

4 In Section 4 of this chapter, we will look at some ways to measure the amount of this type of trading.
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anism through which parties can buy and sell these contracts. The contracts are standard-
ized, which means that the exchange determines the expiration dates, the underlying, how
many units of the underlying are included in one contract, and various other terms and
conditions.

Probably the most important distinction between a futures contract and a forward
contract, however, lies in the default risk associated with the contracts. As noted above, in
a forward contract, the risk of default is a concern. Specifically, the party with a loss on
the contract could default. Although the legal consequences of default are severe, parties
nonetheless sometimes fall into financial trouble and are forced to default. For that reason,
only solid, creditworthy parties can generally engage in forward contracts. In a futures
contract, however, the futures exchange guarantees to each party that if the other fails to
pay, the exchange will pay. In fact, the exchange actually writes itself into the middle of
the contract so that each party effectively has a contract with the exchange and not with
the other party. The exchange collects payment from one party and disburses payment to
the other.

The futures exchange implements this performance guarantee through an organiza-
tion called the clearinghouse. For some futures exchanges, the clearinghouse is a separate
corporate entity. For others, it is a division or subsidiary of the exchange. In either case,
however, the clearinghouse protects itself by requiring that the parties settle their gains and
losses to the exchange on a daily basis. This process, referred to as the daily settlement or
marking to market, is a critical distinction between futures and forward contracts. With
futures contracts, profits and losses are charged and credited to participants’ accounts each
day. This practice prevents losses from accumulating without being collected. For forward
contracts, losses accumulate until the end of the contract.’

One should not get the impression that forward contracts are rife with credit losses
and futures contracts never involve default. Credit losses on forward contracts are ex-
tremely rare, owing to the excellent risk management practices of participants. In the case
of futures contracts, parties do default on occasion. In fact, it is likely that there are more
defaults on futures contracts than on forward contracts.® Nonetheless, the exchange guar-
antee has never failed for the party on the other side of the transaction. Although the pos-
sibility of the clearinghouse defaulting does exist, the probability of such a default
happening is extremely small. Thus, we can generally assume that futures contracts are
default-free. In contrast, the possibility of default, although relatively small, exists for
forward contracts.

Another important distinction between forward contracts and futures contracts lies
in the ability to engage in offsetting transactions. Forward contracts are generally designed
to be held until expiration. It is possible, however, for a party to engage in the opposite
transaction prior to expiration. For example, a party might commit to purchase one million
euros at a future date at an exchange rate of $0.85/€. Suppose that later the euro has a for-

5 Although this process of losses accumulating on forward contracts until the expiration day is the standard
format for a contract, modem risk management procedures include the possibility of forcing a party in debt to
periodically pay losses accrued prior to expiration. In addition, a variety of risk-reducing techniques, such as
the use of collateral, are used to mitigate the risk of loss. We discuss these points in more detail in Chapters 2
and 9.

© Defaults are more likely for futures contracts than for forward contracts because participants in the forward
markets must meet higher creditworthiness standards than those in the futures markets. Indeed, many
individuals participate in the futures markets; forward market participants are usually large, creditworthy
companies. But the forward markets have no guarantor of performance, while the futures markets do.
Therefore, participants in the forward markets have incurred credit losses in the past, while participants in the
futures markets have not.
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ward price of $0.90/€. The party might then choose to engage in a new forward contract to
sell the euro at the new price of $0.90/€. The party then has a commitment to buy the euro
at $0.85 and sell it at $0.90. The risk associated with changes in exchange rates is elimi-
nated, but both transactions remain in place and are subject to default.’

In futures markets, the contracts have standardized terms and trade in a market that
provides sufficient liquidity to permit the parties to enter the market and offset transactions
previously created. The use of contracts with standardized terms results in relatively wide-
spread acceptance of these terms as homogeneous agreed-upon standards for trading these
contracts. For example, a U.S. Treasury bond futures contract covering $100,000 face
value of Treasury bonds, with an expiration date in March, June, September, or December,
is a standard contract. In contrast, if a party wanted a contract covering $120,000 of Treas-
ury bonds, he would not find any such instrument in the futures markets and would have
to create a nonstandard instrument in the forward market. The acceptance of standardized
terms makes parties more willing to trade futures contracts. Consequently, futures markets
offer the parties liquidity, which gives them a means of buying and selling the contracts.
Because of this liquidity, a party can enter into a contract and later, before the contract ex-
pires, enter into the opposite transaction and offset the position, much the same way one
might buy or sell a stock or bond and then reverse the transaction later. This reversal of a
futures position completely eliminates any further financial consequences of the original
transaction.®

A swap is a variation of a forward contract that is essentially equivalent to a series
of forward contracts. Specifically, a swap is an agreement between two parties to exchange
a series of future cash flows. Typically at least one of the two series of cash flows is de-
termined by a later outcome. In other words, one party agrees to pay the other a series of
cash flows whose value will be determined by the unknown future course of some under-
lying factor, such as an interest rate, exchange rate, stock price, or commodity price. The
other party promises to make a series of payments that could also be determined by a
second unknown factor or, alternatively, could be preset. We commonly refer to swap
payments as being “fixed” or “floating” (sometimes ‘“‘variable”).

We noted that a forward contract is an agreement to buy or sell an underlying asset
at a future date at a price agreed on today. A swap in which one party makes a single fixed
payment and the other makes a single floating payment amounts to a forward contract. One
party agrees to make known payments to the other and receive something unknown in re-
turn. This type of contract is like an agreement to buy at a future date, paying a fixed
amount and receiving something of unknown future value. That the swap is a series of such
payments distinguishes it from a forward contract, which is only a single payment.®

Swaps, like forward contracts, are private transactions and thus not subject to direct
regulation.'® Swaps are arguably the most successful of all derivative transactions. Proba-
bly the most common use of a swap is a situation in which a corporation, currently

7 It is possible for the party engaging in the first transaction to engage in the second transaction with the same
party. The two parties agree to cancel their transactions, settling the difference in value in cash and thereby
eliminating the risk associated with exchange rates as well as the possibility of default.

8 A common misconception is that, as a result of their standardized terms, futures contracts are liquid but
nonstandardized forward contracts are illiquid. This is not always the case; many futures contracts have low
liquidity and many forward contracts have high liquidity.

A few other distir;’ctions exist between swaps and forward contracts, such as the fact that swaps can involve
both parties paying a variable amount.

10 Like all over-the-counter derivatives transactions, swaps are subject to indirect regulatory oversight in that
the companies using them could be regulated by securities or banking authorities. In addition, swaps, like all
contracts, are subject to normal contract and civil law.
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2.2 CONTINGENT
CLAIMS

borrowing at a floating rate, enters into a swap that commits it to making a series of inter-
est payments to the swap counterparty at a fixed rate, while receiving payments from the
swap counterparty at a rate related to the floating rate at which it is making its loan pay-
ments. The floating components cancel, resulting in the effective conversion of the origi-
nal floating-rate loan to a fixed-rate loan.

Forward commitments (whether forwards, futures, or swaps) are firm and binding
agreements to engage in a transaction at a future date. They obligate each party to com-
plete the transaction, or alternatively, to offset the transaction by engaging in another trans-
action that settles each party’s financial obligation to the other. Contingent claims, on the
other hand, allow one party the flexibility to not engage in the future transaction, depend-
ing on market conditions.

Contingent claims are derivatives in which the payoffs occur if a specific event happens.
We generally refer to these types of derivatives as options. Specifically, an option is a
financial instrument that gives one party the right, but not the obligation, to buy or sell an
underlying asset from or to another party at a fixed price over a specific period of time. An
option that gives the right to buy is referred to as a call; an option that gives the right to
sell is referred to as a put. The fixed price at which the underlying can be bought or sold
is called the exercise price, strike price, striking price, or strike, and is determined at the
outset of the transaction. In this book, we refer to it as the exercise price, and the action of
buying or selling the underlying at the exercise price is called exercising the option. The
holder of the option has the right to exercise it and will do so if conditions are
advantageous; otherwise, the option will expire unexercised. Thus, the payoff of the option
is contingent on an event taking place, so options are sometimes referred to as contingent
claims.

In contrast to participating in a forward or futures contract, which represents a com-
mitment to buy or sell, owning an option represents the right to buy or sell. To acquire this
right, the buyer of the option must pay a price at the start to the option seller. This price is
called the option premium or sometimes just the option price. In this book, we usually
refer to it as the option price.

Because the option buyer has the right to buy or sell an asset, the seller of the option
has the potential commitment to sell or buy this asset. If the option buyer has the right to
buy, the option seller may be obligated to sell. If the option buyer has the right to sell, the
option seller may be obligated to buy. As noted above, the option seller receives the
amount of the option price from the option buyer for his willingness to bear this risk.

An important distinction we made between forward and futures contracts was that
the former are customized private transactions between two parties without a guarantee
against losses from default. The latter are standardized contracts that take place on futures
exchanges and are guaranteed by the exchange against losses from default. For options,
both types of contracts—over-the-counter customized and exchange-listed standardized—
exist. In other words, the buyer and seller of an option can arrange their own terms and cre-
ate an option contract. Alternatively, the buyer and seller can meet directly, or through their
brokers, on an options exchange and trade standardized options. In the case of customized
options, the buyer is subject to the possibility of the seller defaulting when and if the buyer
decides to exercise the option. Because the option buyer is not obligated to do anything be-
yond paying the original price, the seller of any type of option is not subject to the buyer
defaulting. In the case of a standardized option, the buyer does not face the risk of the
seller defaulting. The exchange, through its clearinghouse, guarantees the seller’s perform-
ance to the buyer.

A variety of other instruments contain options and thus are forms of contingent
claims. For instance, many corporations issue convertible bonds offering the holder an op-

B
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tionlike feature that enables the holder to participate in gains on the market price of the
corporation’s stock without having to participate in losses on the stock. Callable bonds are
another example of a common financial instrument that contains an option, in this case the
option of the issuer to pay off the bond before its maturity. Options themselves are often
characterized in terms of standard or fairly basic options and more advanced options, of-
ten referred to as exotic options. There are also options that are not even based on assets
but rather on futures contracts or other derivatives. A very widely used group of options is
based on interest rates.

Another common type of option is contained in asset-backed securities. An asset-
backed security is a claim on a pool of securities. The pool, which might be mortgages,
loans, or bonds, is a portfolio assembled by a financial institution that then sells claims on
the portfolio. Often, the borrowers who issued the mortgages, loans, or bonds have the
right to pay off their debts early, and many choose to do so when interest rates fall signif-
icantly. They then refinance their loans by taking out a new loan at a lower interest rate.
This right, called a prepayment feature, is a valuable option owned by the borrower. Hold-
ers of asset-backed securities bear the risk associated with prepayment options and hence
are sellers of those options. The holders, or option sellers, receive a higher promised yield
on their bond investment than they would have received on an otherwise equivalent bond
without the option.

With an understanding of derivatives, there are no limits to the types of financial in-
struments that can be constructed, analyzed, and applied to achieve investment objectives.
What you learn from this book and the CFA Program will help you recognize and under-
stand the variety of derivatives that appear in many forms in the financial world.

Exhibit 1-1 presents a classification of the types of derivative contracts as we have
described them. Note that we have partitioned derivatives into those that are exchange-
traded and those that trade in the over-the-counter market. The exhibit also notes some
other categories not specifically mentioned above. These instruments are included for
completeness, but they are relatively advanced and not covered in this first chapter.

EXHIBIT 1-1 A Classification of Derivatives

1 Derivatives l

T

I Contingent Claims l |Forward Commitments
T .

Exchange-Traded Over-the-Counter

I
Exchange-Traded Over-the-Counter

(Futures)
— Standard options r— Standard options on assets Forward contracts
on assets

[ Interest rate options — Interest rate options Swaps
— Warrants — Callable bonds
[ Options on futures — Convertible bonds
— Callable bonds — Exotic options
— Convertible bonds — Warrants

L Asset-backed securities

(with prepayment options)
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We have now looked at the basic characteristics of derivative contracts. In order to
better understand and appreciate derivatives, we should take a quick look at where they
came from and where they are now. Accordingly, we take a brief look at the history and
current state of derivative markets.

3 DERIVATIVE MARKETS: PAST AND PRESENT

Derivative markets have an exciting and colorful history. Examining that history gives in-
sights that help us understand the structure of these markets as they exist today.

The basic characteristics of derivative contracts can be found throughout the history
of humankind. Agreements to engage in a commercial transaction as well as agreements
that provide the right to engage in a commercial transaction date back hundreds of years.
In medieval times, contracts for the future delivery of an asset with the price fixed at the
time of the contract initiation were frequent. Early indications of futures markets were seen
in Japan many hundreds of years ago. The futures markets generally trace their roots, how-
ever, to the 1848 creation of the Chicago Board of Trade, the first organized futures mar-
ket. Its origins resulted from the burgeoning grain markets in Chicago, which created a
need for a farmer to secure a price at one point in time, store the grain, and deliver it at a
later point in time. At around the same time, customized option transactions were being of-
fered, including some by the well known financier Russell Sage, who found a clever way
to offer combinations of customized options that replicated a loan at a rate that exceeded
the maximum allowable rate under the then-existing usury laws.!!

In the century that followed, the futures industry grew rapidly. Institutions such as
the Chicago Board of Trade, the Chicago Mercantile Exchange, and later, the New York
Mercantile Exchange and the Chicago Board Options Exchange became the primary
forces in the global derivatives industry. These exchanges created and successfully mar-
keted many innovative derivative contracts.'* Although the first 100 years of futures ex-
changes were dominated by trading in futures on agricultural commodities, the 1970s saw
the introduction of futures on financial instruments such as currencies, bonds, and stock
indices. These “financial futures,” as well as newly introduced options on individual
stocks, currencies, bonds, and stock indices, ushered in a new era in which financial de-
rivatives dominated agricultural derivatives—a situation that continues today. Although
the commodity derivatives market includes very active contracts in oil and precious met-
als, financial derivatives have remained the primary force in the worldwide derivatives
market.

Exchange-listed standardized derivatives, however, have hardly been the only in-
struments in the derivatives world. As noted, customized options have been around since
at least the 19th century. The customized-options market flourished until the early 1970s,
largely as a retail product. With the introduction of standardized options in 1973, however,
the customized options market effectively died. But something else was going on at the
time that would later revive this market. In the early 1970s, foreign exchange rates were
deregulated and allowed to float freely. This deregulation led not only to the development
of a futures, and later options, market for currencies but also to a market for customized
forward contracts in foreign currencies. This market became known as the interbank

"' Sage was perhaps the first options arbitrageur. Of course, usury laws are rare these days and most investors
understand put—call parity, so do not expect to make any money copying Sage’s scheme.

12 It is probably also important to note that the futures and options exchanges have introduced many
unsuccessful contracts as well.
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EXHIBIT 1-2  Global Derivatives Exchanges

North America

American Stock Exchange
Bourse de Montreal

BrokerTec Futures Exchange
Chicago Board Options Exchange
Chicago Board of Trade

Chicago Mercantile Exchange
International Securities Exchange (New York)
Kansas City Board of Trade
Minneapolis Grain Exchange
New York Board of Trade

New York Mercantile Exchange
Pacific Exchange (San Francisco)
Philadelphia Stock Exchange
Winnipeg Commodity Exchange

Asia

Central Japan Commodity Exchange
Dalian Commodity Exchange

Hong Kong Exchanges & Clearing
Kansai Commodities Exchange (Osaka)
Korea Futures Exchange

Korea Stock Exchange

Malaysia Derivatives Exchange

New Zealand Futures & Options Exchange
Osaka Mercantile Exchange

Shanghai Futures Exchange

Singapore Commodity Exchange
Singapore Exchange

Tokyo Commodity Exchange

Tokyo Grain Exchange

Tokyo International Financial Futures
Exchange

Tokyo Stock Exchange
Zhengzhou Commodity Exchange

Europe

Bolsa de Valores de Lisboa e Porto
Borsa Italiana

Budapest Commodity Exchange
Eurex Frankfurt

Eurex Zurich

Euronext Amsterdam

Euronext Brussels

Euronext Paris

FUTOP Market (Copenhagen)
Helsinki Exchanges Group
International Petroleumn Exchange of London

London International Financial Futures and
Options Exchange

London Metal Exchange

MEFF Renta Fija (Barcelona)
MEFF Renta Variable (Madrid)
OM London Exchange

OM Stockholm Exchange
Romanian Commodity Exchange

Sibiu Monetary—Financial and Commodities
Exchange (Romania)

Tel Aviv Stock Exchange
Wiener Borse AG (Vienna)

South America

Bolsa de Mercadorias & Futuros (Sao Paulo)
Mercado a Termino de Buenos Aires
Santiago Stock Exchange

Africa
South African Futures Exchange

Australia
Australian Stock Exchange
Sydney Futures Exchange

Source: Futures [magazine) 2002 Sourcebook.

market because it was largely operated within the global banking community, and it
grew rapidly. Most importantly, it set the stage for the banking industry to engage in other
customized derivative transactions.

Spurred by deregulation of their permitted activities during the 1980s, banks dis-
covered that they could create derivatives of all forms and sell them to corporations and in-
stitutions that had risks that could best be managed with products specifically tailored for
a given situation. These banks make markets in derivative products by assuming the risks
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that the corporations want to eliminate. But banks are not in the business of assuming un-
wanted risks. They use their vast resources and global networks to transfer or lay off the
risk elsewhere, often in the futures markets. If they successfully lay off these risks, they
can profit by buying and selling the derivatives at a suitable bid—ask spread. In addition to
banks, investment banking firms also engage in derivatives transactions of this sort. The
commercial and investment banks that make markets in derivatives are called derivatives
dealers. Buying and selling derivatives is a natural extension of the activity these banks
normally undertake in financial markets. This market for customized derivatives is what
we refer to as the over-the-counter derivatives market.

By the end of the 20th century, the derivatives market reached a mature stage, grow-
ing at only a slow pace but providing a steady offering of existing products and a contin-
uing slate of new products. Derivatives exchanges underwent numerous changes, often
spurred by growing competition from the over-the-counter market. Some merged; others
that were formerly nonprofit corporations have since become profit making. Some deriva-
tives exchanges have even experimented with offering somewhat customized transactions.
Nearly all have lobbied heavily for a reduction in the level or structure of the regulations
imposed on them. Some derivatives exchanges have altered the manner in which trading
takes place, from the old system of face-to-face on a trading floor (in sections called pits)
to off-floor electronic trading in which participants communicate through computer
screens. This type of transacting, called electronic trading, has even been extended to the
Internet and, not surprisingly, is called e-trading. Pit trading is still the primary format for
derivatives exchanges in the United States, but electronic trading is clearly the wave of the
future. As the dominant form of trading outside the United States, it will likely replace pit
trading in the United States in coming years.

Exhibit 1-2 (on page 9) lists all global derivatives exchanges as of January 2002.
Note that almost every country with a reasonably advanced financial market system has a
derivatives exchange.

We cannot technically identify where over-the-counter derivatives markets exist.
These types of transactions can conceivably occur anywhere two parties can agree to en-
gage in a transaction. It is generally conceded, however, that London and New York are the
primary markets for over-the-counter derivatives; considerable activity also takes place in
Tokyo, Paris, Frankfurt, Chicago, Amsterdam, and many other major world cities.

Now we know where the derivative markets are, but are they big enough for us to
care about? We examine this question in Section 4.

4 HOW BIG IS THE DERIVATIVES MARKET?

Good question. And the answer is: We really do not know. Because trading in exchange-
listed contracts, such as futures and some options, is recorded, volume figures for those
types of contracts are available. Exhibit 1-3 presents summary statistics for contract
volume of global futures and options for 2000 and 2001. Note that in 2001, the largest
category is equity indices. In 2000, the largest category was individual equities, followed
by interest rates. In prior years, the largest category had been interest rates.

Currently, the United States accounts for approximately 35 percent of global futures
and options volume. The largest exchange in the world, however, is the Korea Stock
Exchange, which trades an exceptionally large volume of options on a Korean stock index.
The second-largest exchange (and the largest exchange in terms of futures volume only) is
the combined German—Swiss exchange called Eurex. The other largest exchanges (in or-
der of 2001 volume) are the Chicago Mercantile Exchange, the Chicago Board of Trade,
the London International Financial Futures and Options Exchange, the Paris Bourse, the
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EXHIBIT 1-3 Global Exchange-Traded Futures and Options Contract Volume

3 (in millions of contracts)

) Contract Type 2000 2001

'i

Equity indices 674.8 1,470.3
Interest rates 8443 1,216.1

‘ Individual equities 969.7 1,112.7

* Energy 154.8 166.9

Agricultural 185.7 156.5
Nonprecious metals 75.7 70.2

| Currencies 47.0 49.2

1& Precious metals 36.2 39.1
Other 1.3 0.8
Overall Total 2,989.5 4,281.8
Source: Futures Industry (January/February 2002).

New York Mercantile Exchange, the Bolsa de Mercadorias & Futuros of Brazil, and the
Chicago Board Options Exchange. All of these exchanges traded at least 70 million con-
tracts in 2001."?

One important factor that must be considered, however, in looking at trading volume
as a measure of activity is that the futures and options exchanges influence their own vol-
ume by designating a contract’s size. For example, a standard option in the United States
covers 100 shares of the underlying stock. If an investor takes a position in options on
1,000 shares of stock, the investor would trade 10 options. If the options exchange had des-
ignated that the contract size be 200 options, then the investor would trade only five con-
tracts. Although there are often good reasons for setting a contract size at a certain level,
volume comparisons must be taken with a degree of skepticism.'*

The over-the-counter derivatives market is much more difficult to measure. Because
the transactions are private, unregulated, and can take place virtually anywhere two parties
can enter into an agreement, no official tabulation exists that allows us to identify the size
of the market. Information is available, however, from semiannual surveys conducted by
the Bank for International Settlements (BIS) of Basel, Switzerland, an international organ-
ization of central banks. The BIS publishes this data in its semiannual report “Regular
OTC Derivatives Market Statistics,” available on its Web site at www.bis.org/publ/
regpubl.htm.

Exhibit 1-4 presents two charts constructed from the 30 June 2001 BIS survey
and shows figures for foreign exchange, interest rate, equity, and commodity derivatives

3 Futures Industry (January/February 2002).

' For example, in 1999 the volume of Treasury bond futures on the Chicago Board of Trade was about 90
million contracts while the volume of Eurodollar futures on the Chicago Mercantile Exchange was about 93
million contracts. Consequently, at that time these two contracts appeared to have about the same amount of
activity. But the Treasury bond contract covers Treasury bonds with a face value of $100,000 while the
Eurodollar contract covers Eurodollars with a face value of $1,000,000. Thus, the Eurodollar futures market
was arguably 10 times the size of the Treasury bond futures market. In 2002, about three Eurodollar futures
contracts were traded for every Treasury bond fotures contract traded.
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EXHIBIT 1-4A Outstanding Notional Principal of Global Over-the-Counter
Derivatives, 30 June 2001 (billions)

Notional Principal (billions of $)
80,000

75,890
70,000
60,000
50,000 r
40,000 -
30,000
20,434

20,000 +

10,000

. ﬁ 674 717

Foreign Exchange Interest Rate Equity Commodity Other

Source: Bank for International Settlements, www.bis.org/publ/regpubl.htm

transactions. The “other” category, however, does include transactions of these types and
reflects the BIS’s estimates of positions taken by parties that do not report in this survey.
It is used primarily to obtain an estimate for the overall size of the market and is not bro-
ken down by category.

For over-the-counter derivatives, notional principal is the most widely used measure
of market size. Notional principal measures the amount of the underlying asset covered by
a derivative contract. For example, a swap involving interest payments on ¥500 million has
a notional principal of ¥500 million. The actual payments made in the swap, however, are
merely interest payments on ¥500 million and do not come close to ¥500 million.'* Thus,
although notional principal is a commonly used measure of the size of the market, it
can give a misleading impression by suggesting that it reflects the amount of money
involved.'s

Nonetheless, we would be remiss if we failed to note the market size as measured by
notional principal. Based on Exhibit 1-4A, the total notional principal summing over these

15 In fact, the payments on a swap are even smaller than the interest payments on the notional principal. Swap
interest payments usually equal only the difference between the interest payments owed by the two parties.

16 The over-the-counter derivatives industry originally began the practice of measuring its size by notional
principal. This was a deliberate tactic designed to make the industry look larger so it would be more noticed
and viewed as a significant and legitimate force. As it turns out, this tactic backfired, resulting in fears that
more money was involved and at risk of loss than reaily was. Calls for increased scrutiny of the industry by
government authorities resulted in the industry backpedaling on its use of notional principal and focusing more
on market value as a measure of its size. Nonetheless, notional principal continues to be used as one, if not the
primary, measure of the industry’s size,
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EXHIBIT 1-4B Outstanding Market Value of Global Over-the-Counter
Derivatives, 30 June 2001 (billions)
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Source: Bank for International Settlements, www.bis.org/publ/regpubl.htm

five categories is almost $100 trillion, Also note that interest rate derivatives are the most
widely used category by far.

Exhibit 1-4B gives another picture of the size of the market by indicating the mar-
ket value of over-the-counter derivatives. Market value indicates the economic worth of a
derivative contract and represents the amount of money that would change hands if these
transactions were terminated at the time of the report. The total market value for all cate-
gories is about $3 trillion. Market value is a better indication of the size of the market be-
"f cause it more accurately represents the actual money involved. Nonetheless, market value
" is subject to greater errors in estimation and thus is a less reliable measure than notional
principal.

Although it is impossible to determine where these contracts originate, dollar-
denominated derivatives represented about 34 percent of the global interest rate derivatives
{ market in 2001, with euro-denominated derivatives accounting for about 27 percent and
yen-denominated derivatives representing 17 percent.

Whether notional principal or market value is used, it is clear that the derivatives in-
dustry is large by any standard. Derivatives are widely available in global asset markets,
and consequently, understanding derivatives is essential to operating in these markets,
whether one chooses to use them or not,

Because derivative markets have been created around the world, there must be a rea-
son for their continued existence. Let us now look at why derivative markets exist.

5 THE PURPOSES OF DERIVATIVE MARKETS

Derivative markets serve a variety of purposes in global social and economic systems. One
of the primary functions of futures markets is price discovery. Futures markets provide
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valuable information about the prices of the underlying assets on which futures contracts
are based. They provide this information in two ways. First, many of these assets are traded
in geographically dispersed markets. Recall that the current price of the underlying asset
is called the spot price. With geographically dispersed markets, many different spot prices
could exist. In the futures markets, the price of the contract with the shortest time to expi-
ration often serves as a proxy for the price of the underlying asset. Second, the prices of
all futures contracts serve as prices that can be accepted by those who trade contracts in
lieu of facing the risk of uncertain future prices. For example, a company that mines gold
can hedge by selling a futures contract on gold expiring in two months, which locks in the
price of gold two months later. In this manner, the two-month futures price substitutes for
the uncertainty of the price of gold over the next two months."”

Futures contracts are not, however, the only derivatives that serve this purpose. In
fact, forward contracts and swaps allow users to substitute a single locked-in price for the
uncertainty of future spot prices and thereby permit the same form of price discovery as
do futures.

Options work in a slightly different manner. They are used in a different form of
hedging, one that permits the holder to protect against loss while allowing participation in
gains if prices move favorably. Options do not so much reveal prices as they reveal volatil-
ity. As we shall see in Chapter 4, the volatility of the underlying asset is a critical factor in
the pricing of options. It is possible, therefore, to infer what investors feel about volatility
from the prices of options.

Perhaps the most important purpose of derivative markets is risk management. We
define risk management as the process of identifying the desired level of risk, identifying
the actual level of risk, and altering the latter to equal the former. Often this process is de-
scribed as hedging, which generally refers to the reduction, and in some cases the elimi-
nation, of risk. On the other side is the process called speculation. Traditional discussions
of derivatives refer to hedging and speculation as complementary activities. In general,
hedgers seek to eliminate risk and need speculators to assume risk, but such is not always
the case. Hedgers often trade with other hedgers, and speculators often trade with other
speculators. All one needs to hedge or speculate is a party with opposite beliefs or oppo-
site risk exposure. For example, a corporation that mines gold could hedge the future sale
of gold by entering into a derivative transaction with a company that manufactures jewelry.
Both of these companies are hedgers, seeking to avoid the uncertainty of future gold prices
by locking in a price for a future transaction. The mining corporation has concerns about
a price decrease, and the jewelry manufacturer is worried about a price increase.

An unfortunate consequence of the use of the terms “hedging” and “speculating” is
that hedgers are somehow seen as on the high moral ground and speculators are sometimes
seen as evil—a distortion of the role of speculators. In fact, there need be very little dif-
ference between hedgers and speculators. To restate an example we used when discussing
swaps, consider a corporation that currently borrows at a floating rate. A common response
to a fear of rising interest rates is for the corporation to use an interest rate swap in which
it will make payments at a fixed rate and receive payments at a floating rate. The floating-
rate payments it receives from the swap offset the floating-rate payments on the loan,
thereby effectively converting the loan to a fixed-rate loan. The company is now borrow-
ing at a fixed rate and, in the eyes of many, hedging.

17 Some people view futures prices as revealing expectations of future spot prices of the underlying asset, and
in that sense, leading to price discovery. This view, however, is incorrect. Futures prices are not necessarily
expectations of future spot prices. As we discussed above, they allow a substitution of the futures price for the
uncertainty of future spot prices of the asset. In that sense they permit the acceptance of a sure price and the
avoidance of risk.




Criticisms of Derivative Markets 15

g

- s

e R T T

But is the company really hedging? Or is it simply making a bet that interest rates
will increase? If interest rates decrease, the company will be losing money in the sense of
the lost opportunity to borrow at a lower rate. From a budgeting and cash flow standpoint,
however, its fixed interest payments are set in stone. Moreover, the market value of a fixed-
rate loan is considerably more volatile than that of a floating-rate loan. Thus, our “hedg-
ing” corporation can be viewed as taking more risk than it originally had.

The more modern view of the reason for using derivatives does not refer to hedging
or speculation. Although we shall sometimes use those terms, we shall use them carefully
and make our intentions clear. In the grander scheme of things, derivatives are tools that
enable companies to more easily practice risk management. In the context of our corpora-
tion borrowing at the floating rate, it made a conscious decision to borrow at a fixed rate.
Engaging in the swap is simply an activity designed to align its risk with the risk it wants,
given its outlook for interest rates. Whether one calls this activity hedging or speculation
is not even very important. The company is simply managing risk.

Derivative markets serve several other useful purposes. As we show later when ex-
ploring the pricing of derivative contracts, they improve market efficiency for the under-
lying assets. Efficient markets are fair and competitive and do not allow one party to
easily take money from another. As a simple example, we shall learn in Chapter 3 that
buying a stock index fund can be replicated by buying a futures on the fund and invest-
ing in risk-free bonds the money that otherwise would have been spent on the fund. In
other words, the fund and the combination of the futures and risk-free bond will have the
same performance. But if the fund costs more than the combination of the futures and
risk-free bond, investors have the opportunity to avoid the overpriced fund and take the
combination.'® This decreased demand for the fund will lower its price. The benefits to
investors who do not even use derivatives should be clear: They can now invest in the fund
at a more attractive price, because the derivatives market forced the price back to its ap-
propriate level.

Derivative markets are also characterized by relatively low transaction costs. For ex-
ample, the cost of investing in a stock index portfolio is as much as 20 times the cost of
buying a futures contract on the index and a risk-free bond as described above. One might
reasonably ask why derivatives are so much less expensive in terms of transaction costs,
The answer is that derivatives are designed to provide a means of managing risk. As we
have previously described, they serve as a form of insurance. Insurance cannot be a viable
product if its cost is too high relative to the value of the insured asset. In other words,
derivatives must have low transaction costs; otherwise, they would not exist.

It would be remiss to overlook the fact that derivative markets have been subject to
many criticisms. We next present some of these complaints and the reasons behind them.

6 CRITICISMS OF DERIVATIVE MARKETS

Derivatives have been highly controversial for a number of reasons. For one, they are very
complex. Much of the criticism has stemmed from a failure to understand derivatives.
When derivatives fail to do their job, it is often the derivatives themselves, rather than the
users of derivatives, that take the blame. Yet, in many cases, the critics of derivatives
simply do not understand them well enough. As described in Section 2, when homeown-
ers take out mortgages, they usually receive a valuable option: the right to prepay their

'® Some investors, called arbitrageurs, will even find ways to sell the fund short to eliminate the risk of
holding the futures and the bond, earning a profit from any discrepancy in their prices. We shall cover this type
of transaction later in this chapter.
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mortgages. When interest rates fall, homeowners often pay off their mortgages, refinanc-
ing them at lower rates. The holders of these mortgages usually sell them to other parties,
which can include small organizations and individuals. Thus, we often find unsophisti-
cated investors holding securities based on the payments from mortgages. When home-
owners refinance, they capture huge interest savings. Where does this money come from?
It comes from the pockets of the holders of mortgage securities. When these unsophisti-
cated investors lose a lot of money, derivatives usually get the blame. Yet these losses went
into the pockets of homeowners in the form of interest savings. Who is to blame? Proba-
bly the brokers, who sold the securities to investors who did not know what they were buy-
ing—which leads us to the next common criticism of derivatives.

The complexity of derivatives means that sometimes the parties that use them do not
understand them well. As a result, they are often used improperly, leading to potentially
large losses. Such an argument can, however, be used to describe fire, electricity, and
chemicals. Used improperly, perhaps in the hands of a child or someone who does not
know how to use them, all of these can be extremely dangerous. Yet, we know that suffi-
cient knowledge of fire, electricity, and chemicals to use them properly is not very diffi-
cult to obtain. The same is true for derivatives; treat them with respect and healthy doses
of knowledge.

Derivatives are also mistakenly characterized as a form of legalized gambling. Al-
though gambling is certainly legal in many parts of the world, derivatives are often viewed
as a government’s sanction of gambling via the financial markets. But there is an impor-
tant distinction between gambling and derivatives: The benefits of derivatives extend much
further across society. By providing a means of managing risk along with the other bene-
fits discussed above, derivatives make financial markets work better. The organized gam-
bling industry affects the participants, the owners of casinos, and perhaps some citizens
who benefit from state lotteries. Organized gambling does not, however, make society
function better, and it arguably incurs social costs.

We have taken a look at what derivatives are, where they come from, where they are
now, why we have them, and what people think of them. Understanding derivatives, how-
ever, requires a basic understanding of the market forces that govern derivative prices.
Although we shall cover derivative pricing in more detail in later chapters, here we take a
brief look at the process of pricing derivatives by examining some important fundamental
principles.

ELEMENTARY PRINCIPLES OF DERIVATIVE PRICING

In this section, we take a preliminary glance at how derivative contracts are priced. First,
we introduce the concept of arbitrage. Arbitrage occurs when equivalent assets or combi-
nations of assets sell for two different prices. This situation creates an opportunity to profit
at no risk with no commitment of money. Let us start with the simplest (and least likely)
opportunity for arbitrage: the case of a stock selling for more than one price at a given
time. Assume that a stock is trading in two markets simultaneously. Suppose the stock is
trading at $100 in one market and $98 in the other market. We simply buy a share for $98
in one market and immediately sell it for $100 in the other. We have no net position in the
stock, so it does not matter what price the stock moves to. We make an easy $2 at no risk
and we did not have to put up any funds of our own. The sale of the stock at $100 was more
than adequate to finance the purchase of the stock at $98. Naturally, many market partici-
pants would do this, which would create downward pressure on the price of the stock in
the market where it trades for $100 and upward pressure on the price of the stock in the
market where it trades for $98. Eventually the two prices must come together so that there
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is but a single price for the stock. Accordingly, the principle that no arbitrage opportuni-
ties should be available is often referred to as the law of one price.

Recall that we mentioned in Section 5 that an asset can potentially trade in different
geographic markets and, therefore, have several spot prices. This potential would appear
to violate the law of one price, but in reality, the law is still upheld. A given asset selling
in two different locations is not necessarily the same asset. If a buyer in one location dis-
covered that it is possible to buy the asset more cheaply in another location, the buyer
would still have to incur the cost of moving the asset to the buyer’s location. Transporta-
tion costs could offset any such price differences.'®

Now suppose we face the situation illustrated in Exhibit 1-5 on page 18. In Exhibit
1-5A, observe that we have one stock, AXE Electronics, which today is worth $50 and
which, one period later, will be worth either $75 or $40. We shall denote these prices as
AXE = 50, AXE™ = 75, and AXE™ = 40. Another stock, BYF Technology, is today
worth $38 and one period later will be worth $60 or $32. Thus, BYF = 38, BYF* = 60,
and BYF™ = 32. Let us assume the risk-free borrowing and lending rate is 4 percent. We
assume no dividends on either stock during the period covered by this example.

The opportunity exists to make a profit at no risk without committing any of our
funds, as demonstrated in Exhibit 1-5B. Suppose we borrow 100 shares of stock AXE,
which is selling for $50, and sell short, thereby receiving $5,000. We take $4,750 and pur-
chase 125 shares of stock BYF. We invest the remaining $250 in risk-free bonds at 4 per-
cent. This transaction will not require us to put up any funds of our own: The short sale
will be sufficient to fund the investment in BYF and leave money to invest in risk-free
bonds.

If the top outcome in Exhibit 1-5 occurs, we sell the 125 shares of BYF for 125 X
$60 = $7,500. This amount is sufficient to buy back the 100 shares of AXE, which is sell-
ing for $75. But we will also have the bonds, which are worth $250 X 1.04 = $260. If the
bottom outcome occurs, we sell the 125 shares of BYF for 125 X $32 = $4,000—enough
money to buy back the 100 shares of AXE, which is selling for $40. Again, we will have
the risk-free bonds, worth $260. Regardless of the outcome, we end up with $260.

Recall that we put up no money of our own and ended up with a sure $260. It should
be apparent that this is an extremely attractive transaction, so everyone would do it. The
combined actions of multiple investors would drive down the price of AXE and/or drive
up the price of BYF until an equilibrium was reached at which this transaction would not
be profitable. Assuming stock BYF’s price remained constant, stock AXE would fall to
$47.50. Or assuming stock AXE’s price remained constant, stock BYF would rise to $40.

Of course, this example is extremely simplified. Clearly a stock price can change to
more than two other prices. Also, if a given stock is at one price, another stock may be at
any other price. We have created a simple case here to illustrate a point. But as you will
learn in Chapter 4, when derivatives are involved, the simplification here is relatively safe.
In fact, it is quite appropriate.

Now we look at another type of arbitrage opportunity, which involves a forward con-
tract and will establish an appropriate price for the forward contract. Let stock AXE sell
for $50. We borrow $50 at 4 percent interest by issuing a risk-free bond, use the money to
buy one share of stock AXE, and simultaneously enter into a forward contract to sell this
share at a price of $54 one period later. The stock will then move to either $75 or $40 in

'° One might reasonably wonder if finding a consumer article selling in Wal-Mart at a lower price than in
Target is not a violation of the law of one price. It certainly is, but we make no claim that the market for
consumer products is efficient. Our focus is on the financial markets where, for example, Goldman Sachs can
hardly offer shares of IBM at one price while Merrill Lynch offers them at another.



18

Chapter 1 Derivative Markets and Instruments

EXHIBIT 1-5A Arbitrage Opportunity with Stock AXE, Stock BYF,
and a Risk-Free Bond

AXE* =$75
BYF*= $60
AXE = $50
BYF = $38
AXE™ =$40
BYF™ =$32
Note: The risk-free rate is 4 percent

EXHIBIT 1-5B Execution of Arbitrage Transaction with Stock AXE, Stock BYF,
and a Risk-Free Bond

(AXE* = $75, BYF+ = $60)
Sell 125 shares of BYF for $7,500
Buy back 100 shares of AXE for

(AXE = $50, BYF = $38) $7,500 to cover short position

Sell short 100 shares of Bonds are worth $250(1.04) = 260
AXE for 35,000 Total value = $260

Buy 125 shares of BYF

for $4,750

Invest $250 in risk-free
bonds at 4 percent

Net investment: $0 (AXE" =540, BYF" =$32)

Sell 125 shares of BYF for $4,000
Buy back 100 shares of AXE for
$4,000 to cover short position
Bonds are worth $250(1.04) = 260
Total value = $260

the next period; the forward contract will require that we deliver the stock and accept $54
for it; and we shall owe $50 X 1.04 = $52 on the loan.

Let us look at the two outcomes. Suppose stock AXE goes to $75. We deliver the
stock to settle the obligation on the forward contract and receive $54 for it. We use $52 of
the $54 to pay back the loan, leaving a gain of $2. Now suppose AXE goes to $40. We de-
liver the stock, fulfilling the obligation of the forward contract, and receive $54. Again, we
use $52 of the $54 to pay back the loan, leaving a gain of $2.

In either case we made $2, free and clear. In fact, we can even accommodate the
possibility of more than two future prices for AXE. The key point is that we faced no risk
and did not have to put up any of our own money, but we ended up with $2—<clearly a
good deal. In fact, this is what we would call an arbitrage profit. But from where did it
originate?

It turns out that the forward price we received, $54, was an inappropriate price given
current market conditions. In fact, it was just an arbitrary price, made up to illustrate the

S SO
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point. To eliminate the opportunity to earn the $2 profit, the forward price should be $52—
equal, not coincidentally, to the amount owed on the loan. It is also no coincidence that
$52 is the price of the asset increased by the rate of interest. We will discuss this point
further in Chapter 2.

In this example, many market participants would do this transaction as long it gen-
erates an arbitrage profit. These forces of arbitrage would either force the forward price
down or force the price of the stock up until an equilibrium is reached that eliminates the
opportunity to profit at no risk with no commitment of one’s own funds.

We have just had a taste of not only the powerful forces of arbitrage but also a pric-
ing model for one derivative, the forward contract. In this simple example, according to the
pricing model, the forward price should be the spot price increased by the interest rate. Al-
though there is a lot more to derivative pricing than shown here, the basic principle remains
the samie regardless of the type of instrument or the complexity of the setting: Prices are
set to eliminate the opportunity to profit at no risk with no commitment of one’s own funds.
There are no opportunities for arbitrage profits.

Lest we be too naive, however, we must acknowledge that there is a large industry
of arbitrageurs. So how can such an industry exist if there are no opportunities for riskless
profit? One explanation is that most of the arbitrage transactions are more complex than
this simple example and involve estimating information, which can result in differing opin-
ions. Arbitrage involving options, for example, usually requires estimates of a stock’s
volatility. Different participants have different opinions about this volatility. It is quite pos-
sible that two counterparties trading with each other can believe that each is arbitraging
against the other.

But more importantly, the absence of arbitrage opportunities is upheld, ironically,
only if participants believe that arbitrage opportunities do exist. If market traders believe
that no opportunities exist to earn arbitrage profits, then they will not follow market prices
and compare these prices with what they ought to be, as in the forward contract example
given above. Without participants watching closely, prices would surely get out of line and
offer arbitrage opportunities. Thus, eliminating arbitrage opportunities requires that par-
ticipants be vigilant to arbitrage opportunities. In other words, strange as it may sound, dis-
belief and skepticism concerning the absence of arbitrage opportunities are required in
order that it hold as a legitimate principle.

Markets in which arbitrage opportunities are either nonexistent or are quickly elim-
inated are relatively efficient markets. Recall from your study of portfolio theory and
investment analysis that efficient markets are those in which it is not possible, except by
chance, to earn returns in excess of those that would be fair compensation for the risk
assumed. Although abnormal returns can be earned in a variety of ways, arbitrage profits
are definitely examples of abnormal returns, relatively obvious to identify and easy to cap-
ture. Thus, they are the most egregious violations of the principle of market efficiency. A
market in which arbitrage profits do not exist is one in which the most obvious violations
of market efficiency have been eliminated.

Throughout this book, we shall study derivatives by using the principle of arbitrage
as a guide. We will assume that arbitrage opportunities cannot exist for any significant
length of time. Thus, prices must conform to models that assume no arbitrage. On the other
hand, we do not want to take the absence of arbitrage opportunities so seriously that we
give up and believe that arbitrage opportunities never exist. Otherwise, they will arise, and
someone else will take them from us.

We have now completed this introductory chapter, which has touched only lightly
on the world of derivatives. The remainder of the book is organized as follows: Chapter
2 on forwards, Chapter 3 on futures, Chapter 4 on options, and Chapter 5 on swaps pro-
vide details describing the types of instruments and how they are priced. Chapter 6 on
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KEY POINTS

forwards and futures, Chapter 7 on options, and Chapter 8 on swaps discuss strategies
using these instruments. Chapter 9 covers the integrative topic of risk management,
introducing concepts and issues related to the management of risk and some tools and
techniques for managing risk. We now proceed to Chapter 2, which looks at forward
markets and contracts.

* A derivative contract is a financial instrument with a return that is obtained from or
“derived” from the return of another underlying financial instrument.

* Exchange-traded derivatives are created, authorized, and traded on a derivatives ex-
change, an organized facility for trading derivatives. Exchange-traded derivatives are
standardized instruments with respect to certain terms and conditions of the contract.
They trade in accordance with rules and specifications prescribed by the derivatives
exchange and are usually subject to governmental regulation. Exchange-traded
derivatives are guaranteed by the exchange against loss resulting from the default of
one of the parties. Over-the-counter derivatives are transactions created by any two
parties off of a derivatives exchange. The parties set all of their own terms and con-
ditions, and each assumes the credit risk of the other party.

* A forward commitment is an agreement between two parties in which one party
agrees to buy and the other agrees to sell an asset at a future date at a price agreed on
today. The three types of forward commitments are forward contracts, futures con-
tracts, and swaps.

¢ A forward contract is a forward commitment created in the over-the-counter market. A
futures contract is a forward commitment created and traded on a futures exchange. A
swap is an over-the-counter transaction consisting of a series of forward commitments.

* A contingent claim is a derivative contract with a payoff dependent on the occurrence
of a future event. The primary types of contingent claims are options, but other types
involve variations of options, often combined with other financial instruments or
derivatives.

* An option is a derivative contract giving one party the right to buy or sell an under-
lying asset at a fixed price over a period of time or at a specific point in time. The
party obtaining the right pays a premium (the option price) at the start and receives
the right to buy or sell, as prescribed by the contract. The two types of options are a
call (the right to buy) and a put (the right to sell).

® The size of the global derivatives market can be measured by notional principal,
which is the amount of the underlying on which a derivative is based, and by market
value, which is the economic worth of the derivative.

¢ Derivative markets serve many useful purposes such as providing price discovery,
facilitating risk management, making markets more efficient, and lowering transac-
tion costs. Derivatives are often criticized as being excessively dangerous for
unknowledgeable investors and have been inappropriately likened to gambling.

¢ Arbitrage is a process through which an investor can buy an asset or combination of
assets at one price and concurrently sell at a higher price, thereby earning a profit
without investing any money or being exposed to any risk. The combined actions of
many investors engaging in arbitrage results in rapid price adjustments that eliminate
these opportunities, thereby bringing prices back in line and making markets more
efficient.
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PROBLEMS 1. For all parties involved, which of the following financial instruments is NOT an
example of a forward commitment?
A. Swap
B. Call option
C. Futures contract
D. Forward contract

2. The main risk faced by an individual who enters into a forward contract to buy the
$ S&P 500 Index is that
! A. the market may rise.
B. the market may fall.
C. market volatility may rise.
D. market volatility may fall.

3. Which of the following statements is most accurate?
A. Futures contracts are private transactions.
B. Forward contracts are marked to market daily.
C. Futures contracts have more default risk than forward contracts.
D. Forward contracts require that both parties to the transaction have a high degree
of creditworthiness.

>

Which of the following statements is /east accurate?
. A. Futures contracts are easier to offset than forward contracts.
B. Forward contracts are generally more liquid than futures contracts.
! C. Forward contracts are easier to tailor to specific needs than futures contracts.
| D. Futures contracts are characterized by having a clearinghouse as an intermediary.

5. A swap is best characterized as a
A. series of forward contracts.
, B. derivative contract that has not gained widespread popularity.
< C. single fixed payment in exchange for a single floating payment.
D. contract that is binding on only one of the parties to the transaction.

¢ 6. Which of the following is most representative of forward contracts and contingent
claims?
Forward Contracts Contingent Claims
A. Premium paid at inception Premium paid at inception
‘ B. Premium paid at inception No premium paid at inception
5 C. No premium paid at inception Premium paid at inception
D. No premium paid at inception No premium paid at inception

7. For the long position, the most likely advantage of contingent claims over forward
commitments is that contingent claims
A. are easier to offset than forward commitments.
B. have lower default risk than forward commitments.
C. permit gains while protecting against losses.
D. are typically cheaper to initiate than forward commitments.

8. For derivative contracts, the notional principal is best described as

A. the amount of the underlying asset covered by the contract.

B. a measure of the actual payments made and received in the contract.
t C. tending to underestimate the actual payments made and received in the contract.
3 D. being, conceptually and in aggregate, the best available measure of the size of the
market.
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10.

11.

12.

13.

14.

15.

. By volume, the most widely used group of derivatives is the one with contracts

written on which of the following types of underlying assets?
A. Financial

B. Commodities

C. Energy-related

D. Precious metals

Which of the following is least likely to be a purpose served by derivative markets?
A. Arbitrage

B. Price discovery

C. Risk management

D. Hedging and speculation

The most likely reason derivative markets have flourished is that

A. derivatives are easy to understand and use.

B. derivatives have relatively low transaction costs.

C. the pricing of derivatives is relatively straightforward.

D. strong regulation ensures that transacting parties are protected from fraud.

If the risk-free rate of interest is 5 percent and an investor enters into a transaction that
has no risk, the rate of return the investor should earn in the absence of arbitrage
opportunities is

A. 0%.

B. between 0% and 5%.

C. 5%.

D. more than 5%.

If the spot price of gold is $250 per ounce and the risk-free rate of interest is 10 per-
cent per annum, the six-month forward price per ounce of gold, in equilibrium, should
be closest to
A. $250.00.
B. $256.25.
C. $262.50.
D. $275.00.

Concerning efficient financial (including derivative) markets, the most appropriate
description is that

A. it is often possible to earn abnormal returns.

B. the law of one price holds only in the academic literature.

C. arbitrage opportunities rarely exist and are quickly eliminated.

D. arbitrage opportunities often exist and can be exploited for profit.

Stock A costs $10.00 today and its price will be either $7.50 or $12.50 next period.
Stock B’s price will be either $18.00 or $30.00 next period. If risk-free borrowing and
lending are possible at 8 percent per period, neither stock pays dividends, and it is
possible to buy and sell fractional shares, Stock B’s equilibrium price today should be
closest to

A. $19.00.

B. $21.00.

C. $24.00.

D. $26.00.

R ST e
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SOLUTIONS

1. B A call option is not binding on both parties in the same sense that the other finan-

10.

11.

12,

13.

14.

A

. A

cial instruments are. The call option gives the holder a right but does not impose
an obligation.

If the market falls, the buyer of a forward contract could pay more for the index, as
determined by the price that was contracted for at the inception of the contract, than
the index is worth when the contract matures. Although it is possible that a rise in
interest rates could cause the market to fall, this might not always happen and thus
is a secondary consideration.

Forward contracts are usually private transactions that do not have an intermediary
such as a clearinghouse to guarantee performance by both parties. This type of
transaction requires a high degree of creditworthiness for both parties.

Forward contracts are usually less liquid than futures contracts because they are
typically private transactions tailored to suit both parties, unlike futures contracts,
which are usually for standardized amounts and are exchange traded.

A swap is most like a series of forward contracts. An example is a swap in which
one party makes a set of fixed-rate payments over time in exchange for a set of
floating-rate payments based on some notional amount.

Unlike a contingent claim, a forward commitment typically requires no premium
to be paid up front. An intuitive way to look at this is to realize that a forward
commitment is binding on both parties, so any up-front fees would cancel, while a
contingent claim is binding only on the party in the short position. For this, the
party in the short position demands (and receives) compensation.

Because the holder of a contingent claim (the party in the long position) has a right
but not an obligation, she will only exercise when it is in her best interest to do so
and not otherwise. This will happen only when she stands to gain and never when
she stands to lose.

The notional principal is the amount of the underlying asset covered by the deriv-
ative contract.

The most widely used derivative contracts are written on underlying assets that are
financial, such as Treasury instruments and stock indices.

A Arbitrage, or the absence of it, is the basis for pricing most derivative contracts.

C

Consequently, it is relatively unusual, although certainly not impossible, for deriv-
ative markets to be used to generate arbitrage profits.

One reason derivative markets have flourished is that they have relatively low trans-
action costs. For example, buying a risk-free Treasury security and a futures con-
tract on the S&P 500 Index to replicate payoffs to the index is cheaper than buying
the 500 stocks in the index in their proper proportions to get the same payoff.

In the absence of arbitrage opportunities, an investor bearing no risk should expect
to earn the risk-free rate.

The six-month forward price of gold should be 250 X [1 + (0.10/2)] = 250 X
(1.05) = $262.50.

Efficient markets are characterized by the absence, or the rapid elimination, of
arbitrage opportunities.
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15. C Stock B should be priced at $24.00 today. To see this, imagine selling 2.4 shares of
A short for $24.00, and buying one share of B. Now, in the next period, suppose B
is worth $30.00. Then selling B permits you to buy 2.4 shares of A (at $12.50 per
share) to return the shares sold short. Alternatively, if B is worth $18.00, selling B
permits you to still buy 2.4 shares of A (at $7.50) to return them. The same no-
profit situation holds if you sell one share of B and buy 2.4 shares of A. An alter-
native explanation lies in the fact that in each of the two outcomes, the price of B
is 2.4 times the price of A. Thus, the price of B today must be 2.4 times the price
of A.
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CHAPTER

FORWARD MARKETS AND CONTRACTS

LEARNING OUTCOMES

After completing this chapter, you will be able to do the following:

B Discuss the differences between the positions held by the long and short parties
to a forward contract.

m Describe the procedures for settling a forward contract at expiration.

m Discuss how a party to a forward contract can terminate a position prior to
expiration and how credit risk is affected by the way in which a position is
! terminated.

® Explain the difference between a dealer and an end user of a forward contract.

® Describe the essential characteristics of equity forward contracts.

Describe the essential characteristics of forward contracts on zero-coupon and
coupon bonds.

Explain the characteristics of the Eurodollar time deposit market.
Define LIBOR and Euribor.
Describe the essential characteristics of forward rate agreements (FRAs).

Calculate the payment at expiration of an FRA and explain each of the
component terms.

Describe the essential characteristics of currency forward contracts.

Explain how the price of a forward contract is determined.

® Explain how the value of a forward contract is determined at initiation, during
the life of the contract, and at expiration.

W Explain why valuation of a forward contract is important.

i ® Define an off-market forward contract and explain how it differs from the more
‘ standard type of forward contract.

m Explain how an equity forward contract is priced and valued, given the different
possible patterns of dividend payments, and calculate its price and value.

m Explain how a forward contract on a fixed-income security is priced and
valued, and calculate its price and value,

m Explain how an FRA is priced and valued, and calculate its price and value.

® Explain how a forward contract on a currency is priced and valued, and be able
to calculate its price and value.

® Explain how credit risk arises in a forward contract and how market value is a
measure of the credit risk to a party in a forward contract.
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1 INTRODUCTION

1.1 DELIVERY AND
SETTLEMENT OF A
FOrRwARD
CONTRACT

In Chapter 1, we gave a general overview of global derivative markets. We identified those
markets as forward markets, futures markets, options markets, and swap markets. The fol-
lowing series of chapters focuses individually on those markets. We begin with forward
markets.

First recall our definition of a forward contract: A forward contract is an agreement
between two parties in which one party, the buyer, agrees to buy from the other party, the
seller, an underlying asset or other derivative, at a future date at a price established at the
start of the contract. Therefore, it is a commitment by two parties to engage in a transac-
tion at a later date with the price set in advance. The buyer is often called the long and the
seller is often called the short." Although any two parties can agree on such a contract, in
this book we are interested only in forward contracts that involve large corporations, finan-
cial institutions, nonprofit organizations, or governments.

Recalling an example from Chapter 1, a pension fund manager, anticipating the
receipt of cash at a future date, might enter into a commitment to purchase a stock portfo-
lio at a later date at a price agreed on today. By doing so, the manager’s position is unaf-
fected by any changes in the value of the stock portfolio between today and the date of the
actual investment in the stock portfolio. In this sense, the manager is hedged against an
increase in stock prices until the cash is received and invested. The disadvantage of such a
transaction is that the manager is also hedged against any decreases in stock prices. If stock
prices fall between the time the commitment is established and the time the cash is
received, the manager will regret having entered into the forward contract because the
stock could have been acquired at a lower price. But that is the nature of a forward con-
tract hedge: It locks in a price.

An important feature of a forward contract is that neither party pays any money at
the start. In Chapter 9, we shall look at how the parties might require some collateral to
minimize the risk of default, but for most of this book, we shall ignore this point. So keep
in mind this very important aspect of forward contracts: No money changes hands at the
start.

When a forward contract expires, there are two possible arrangements that can be used to
settle the obligations of the parties. A deliverable forward contract stipulates that the long
will pay the agreed-upon price to the short, who in turn will deliver the underlying asset
to the long, a process called delivery. An alternative procedure, called cash settlement,
permits the long and short to pay the net cash value of the position on the delivery date.
For example, suppose two parties agree to a forward contract to deliver a zero-coupon
bond at a price of $98 per $100 par. At the contract’s expiration, suppose the underlying
zero-coupon bond is selling at a price of $98.25. The long is due to receive from the short
an asset worth $98.25, for which a payment to the short of $98.00 is required. In a cash-
settled forward contract, the short simply pays the long $0.25. If the zero-coupon bond
were selling for $97.50, the long would pay the short $0.50. Delivery of a zero-coupon
bond is not a difficult thing to do, however, and cash-settled contracts are more commonly
used in situations where delivery is impractical.> For example, if the undetlying is the

! As pointed out in Chapter 1 with respect to the word underlying, the derivatives industry often uses nouns,
verbs, adjectives, and adverbs as parts of speech other than what they are. Hence, words like long and short are
used not as adjectives but as nouns.

% Be aware, however, that the choice of delivery or cash settlement is not an option available at expiration. It is
negotiated between the parties at the start.
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1.2 Drraurt Risk
AND FORWARD
CONTRACTS

1.3 TERMINATION
OF A FORWARD
CONTRACT

Russell 3000 Index, the short would have to deliver to the long a portfolio containing each
of the Russell 3000 stocks proportionate to its weighting in the index. Consequently, cash
settlement is much more practical. Cash-settled forward contracts are sometimes called
NDFs, for nondeliverable forwards, although this term is used predominately with
respect to foreign exchange forwards.

An important characteristic of forward contracts is that they are subject to default. Re-
gardless of whether the contract is for delivery or cash settlement, the potential exists for
a party to default. In the zero-coupon bond example above, the long might be unable to
pay the $98 or the short might be unable to buy the zero-coupon bond and make delivery of
the bond to the long. Generally speaking, however, forward contracts are structured so that
only the party owing the greater amount can default. In other words, if the short is obligated
to deliver a zero-coupon bond selling for more than $98, then the long would not be obligated
to make payment unless the short makes delivery. Likewise, in a cash settled contract, only
one party—the one owing the greater amount—can default. We discuss the nature of this
credit risk in the following section and in Section 5 after we have determined how to value
forward contracts. We also address the topic of credit risk in derivative contracts in Chapter 9.

Let us note that a forward contract is nearly always constructed with the idea that the par-
ticipants will hold on to their positions until the contract expires and either engage in de-
livery of the asset or settle the cash equivalent, as required in the specific contract. The pos-
sibility exists, however, that at least one of the participants might wish to terminate the
position prior to expiration. For example, suppose a party goes long, meaning that she
agrees to buy the asset at the expiration date at the price agreed on at the start, but she sub-
sequently decides to terminate the contract before expiration. We shall assume that the
contract calls for delivery rather than cash settlement at expiration.

To see the details of the contract termination, suppose it is part of the way through
the life of the contract, and the long decides that she no longer wishes to buy the asset at
expiration. She can then re-enter the market and create a new forward contract expiring at
the same time as the original forward contract, taking the position of the seller instead.
Because of price changes in the market during the period since the original contract was
created, this new contract would likely have a different price at which she would have to
commit to sell. She would then be long a contract to buy the asset at expiration at one price
and short a contract to sell the asset at expiration at a different price. It should be apparent
that she has no further exposure to the price of the asset.

For example, suppose she is long to buy at $40 and short to deliver at $42. Depend-
ing on the characteristics of the contract, one of several possibilities could occur at expi-
ration. Everything could go as planned—the party holding the short position of the
contract on which she is long at $40 delivers the asset to her, and she pays him $40. She
then delivers the asset to the party who is long the contract on which she is short at $42.
That party pays her $42. She nets $2. The transaction is over.

There is always a possibility that her counterparty on the long contract could default.
She is still obligated to deliver the asset on the short contract, for which she will receive
$42. But if her counterparty on the long contract defaults, she has to buy the asset in the
market and could suffer a significant loss. There is also a possibility that the counterparty
on her short contract could fail to pay her the $42. Of course, she would then not deliver
the asset but would be exposed to the risk of changes in the asset’s price. This type of prob-
lem illustrates the credit risk in a forward contract. We shall cover credit risk in more detail
in Section 5 of this chapter and in Chapter 9.

To avoid the credit risk, when she re-enters the market to go short the forward con-
tract, she could contact the same counterparty with whom she engaged in the long forward
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contract. They could agree to cancel both contracts. Because she would be owed $2 at
expiration, cancellation of the contract would result in the counterparty paying her the
present value of $2. This termination or offset of the original forward position is clearly
desirable for both counterparties because it eliminates the credit risk.? It is always possi-
ble, however, that she might receive a better price from another counterparty. If that price
is sufficiently attractive and she does not perceive the credit risk to be too high, she may
choose to deal with the other counterparty and leave the credit risk in the picture.

}
|
2 THE STRUCTURE OF GLOBAL FORWARD MARKETS
|
|

The global market for forward contracts is part of a vast network of financial institutions
that make markets in these instruments as well as in other related derivatives, such as
swaps and options. Some dealers specialize in certain markets and contracts, such as for-
ward contracts on the euro or forward contracts on Japanese equity products. These deal-
ers are mainly large global banking institutions, but many large non-banking institutions,
such as Goldman Sachs and Merrill Lynch, are also big players in this market.

Dealers engage in transactions with two types of parties: end users and other deal-
ers. An end user is typically a corporation, nonprofit organization, or government.* An end
user is generally a party with a risk management problem that is searching for a dealer to
provide it with a financial transaction to solve that problem. Although the problem could
simply be that the party wants to take a position in anticipation of a market move, more
commonly the end user has a risk it wants to reduce or eliminate.

As an example, Hoffman-LaRoche, the large Swiss pharmaceutical company, sells its
products globally. Anticipating the receipt of a large amount of cash in U.S. dollars and wor-
ried about a decrease in the value of the dollar relative to the Swiss franc, it could buy a for-
ward contract to sell the dollar and buy Swiss francs. It might seek out a dealer such as UBS
Warburg, the investment firm affiliated with the large Swiss bank UBS, or it might approach
any of the other large multinational banks with which it does business. Or it might end up deal-
ing with a non-bank entity, like Merrill Lynch. Assume that Hoffman-LaRoche enters into this
contract with UBS Warburg. Hoffman-LaRoche is the end user; UBS Warburg is the dealer.

Transactions in forward contracts typically are conducted over the phone. Each
dealer has a quote desk, whose phone number is well known to the major participants in
the market. If a party wishes to conduct a transaction, it simply phones the dealer for a
quote. The dealer stands ready to take either side of the transaction, quoting a bid and an
ask price or rate. The bid is the price at which the dealer is willing to pay for the future
purchase of the asset, and the ask is the price at which the dealer is willing to sell. When
a dealer engages in a forward transaction, it has then taken on risk from the other party.
For example, in the aforementioned transaction of Hoffman-LaRoche and UBS Warburg,
by entering into the contract, UBS Warburg takes on a risk that Hoffman-LaRoche has
eliminated. Specifically, UBS Warburg has now committed to buying dollars and selling
Swiss francs at a future date. Thus, UBS Warburg is effectively long the dollar and stands

3 This statement is made under the assumption that the parties do not want the credit risk. Credit risk, like
other risks, however, can be a risk that some parties want because of the potential for earning attractive returns
by using their expertise in measuring the actual credit risk relative to the credit risk as perceived by the market.
In addition, credit risk offers diversification benefits. We will discuss these points more fully in Chapter 9.

4 The U.S. government does not transact in forward contracts or other derivatives, but some foreign
governments and central banks do. Within the United States, however, some state and local governments do
engage in forward contracts and other derivatives.
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to gain from a strengthening dollar/weakening Swiss franc. Typically dealers do not want
to hold this exposure. Rather, they find another party to offset the exposure with another
derivative or spot transaction. Thus, UBS Warburg is a wholesaler of risk—buying it, sell-
ing it, and trying to earn a profit off the spread between its buying price and selling price.

One might reasonably wonder why Hoffman-LaRoche could not avoid the cost of
dealing with UBS Warburg. In some cases, it might be able to. It might be aware of another
party with the exact opposite needs, but such a situation is rare. The market for financial
products such as forward contracts is made up of wholesalers of risk management prod-
ucts who use their technical expertise, their vast network of contacts, and their access to
critical financial market information to provide a more efficient means for end users to
engage in such risk management transactions.

Dealers such as UBS Warburg lay off the risk they do not wish to assume by trans-
acting with other dealers and potentially other end users. If they do this carefully, quickly,
and at accurate prices, they can earn a profit from this market-making activity. One should
not get the impression, however, that market making is a highly profitable activity. The
competition is fierce, which keeps bid-ask spreads very low and makes it difficult to earn
much money on a given transaction. Indeed, many market makers do not make much
money on individual transactions—they typically make a small amount of money on each
transaction and do a large number of transactions. They may even lose money on some
standard transactions, hoping to make up losses on more-complicated, nonstandard trans-
actions, which occur less frequently but have higher bid-ask spreads.

Risk magazine conducts annual surveys to identify the top dealers in various deriva-
tive products. Exhibit 2-1 presents the results of those surveys for two of the forward prod-
ucts we cover here, currency and interest rate forwards. Interest rate forwards are called
forward rate agreements (FRAS). In the next section, we shall study the different types of
forward contracts and note that there are some others not covered in the Risk surveys.

One of these surveys was sent to banks and investment banks that are active dealers in
over-the-counter derivatives. The other survey was sent to end users. The tabulations are based
on respondents’ simple rankings of who they think are the best dealers. Although the identities
of the specific dealer firms are not critical, it is interesting and helpful to be aware of the major
players in these types of contracts. Most of the world’s leading global financial institutions are
listed, but many other big names are not. It is also interesting to observe that the perceptions of
the users of these dealer firms’ services differ somewhat from the dealers’ self-perceptions. Be
aware, however, that the rankings change, sometimes drastically, each year.

EXHIBIT 2-1 Risk Magazine Surveys of Banks, Investment Banks, and Corporate
End Users to Determine the Top Three Dealers in Currency and
Interest Rate Forwards

Respondents

Currencies  Banks and Investment Banks Corporate End Users
Currency Forwards
$/€ UBS Warburg Citigroup

Deutsche Bank Royal Bank of Scotland

JP Morgan Chase JP Morgan Chase/Bank of America
$% UBS Warburg Citigroup

Citigroup Bank of America

JP Morgan Chase JP Morgan Chase/UBS Warburg
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$/£ UBS Warburg Royal Bank of Scotland
Royal Bank of Scotland Citigroup
Hong Kong Shanghai UBS Warburg
Banking Corporation
$/SF UBS Warburg UBS Warburg
Credit Suisse First Boston Citigroup

BNP Paribas

Interest Rate Forwards (FRAs)

Credit Suisse First Boston

$ JP Morgan Chase JP Morgan Chase
Bank of America Royal Bank of Scotland
Deutsche Bank Bank of America

€ Deutsche Bank Royal Bank of Scotland
Intesa BCI JP Morgan Chase
Royal Bank of Scotland Deutsche Bank

¥ Mizuho Securities Citigroup
JP Morgan Chase Merrill Lynch
BNP Paribas Hong Kong Shanghai

Banking Corporation

£ Royal Bank of Scotland Royal Bank of Scotland
Commerzbank Bank of America/ING Barings
Deutsche Bank

SF Credit Suisse First Boston UBS Warburg
UBS Warburg Credit Suisse First Boston
Deutsche Bank Citigroup/ING Barings

Note: $ = US dollar, € = euro, ¥ = Japanese yen, £ = UK. pound sterling, SF = Swiss franc.

Source: Risk, September 2002, pp. 30-67 for banks and investment banking dealer respondents, and June 2002, pp.
24-34 for end user respondents. The end user survey provides responses from corporations and asset managers. The
above results are for corporate respondents only.

3 TYPES OF FORWARD CONTRACTS

3.1 Equity

FORWARDS

In this section, we examine the types of forward contracts that fall within the scope of this
book. By the word “types,” we mean the underlying asset groups on which these forward
contracts are created. Because the CFA Program focuses on the asset management indus-
try, our primary interest is in equity, interest rate and fixed-income, and currency forwards.

An equity forward is a contract calling for the purchase of an individual stock, a stock
portfolio, or a stock index at a later date. For the most part, the differences in types of
equity forward contracts are only slight, depending on whether the contract is on an
individual stock, a portfolio of stocks, or a stock index.

3.1.1 ForwarD CONTRACTS ON INDIVIDUAL STOCKS

Consider an asset manager responsible for the portfolio of a high-net-worth individual. As
is sometimes the case, such portfolios may be concentrated in a small number of stocks,
sometimes stocks that have been in the family for years. In many cases, the individual may
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be part of the founding family of a particular company. Let us say that the stock is called
Gregorian Industries, Inc., or GII, and the client is so heavily invested in this stock that her
portfolio is not diversified. The client notifies the portfolio manager of her need for $2 mil-
lion in cash in six months. This cash can be raised by selling 16,000 shares at the current
price of $125 per share. Thus, the risk exposure concerns the market value of $2 million of
stock. For whatever reason, it is considered best not to sell the stock any earlier than nec-
essary. The portfolio manager realizes that a forward contract to sell GII in six months will
accomplish the client’s desired objective. The manager contacts a forward contract dealer
and obtains a quote of $128.13 as the price at which a forward contract to sell the stock in
six months could be constructed.” In other words, the portfolio manager could enter into a
contract to sell the stock to the dealer in six months at $128.13. We assume that this con-
tract is deliverable, meaning that when the sale is actually made, the shares will be deliv-
ered to the dealer. Assuming that the client has some flexibility in the amount of money
needed, let us say that the contract is signed for the sale of 15,600 shares at $128.13, which
will raise $1,998,828. Of course when the contract expires, the stock could be selling for
any price. The client can gain or lose on the transaction. If the stock rises to a price above
$128.13 during the six-month period, the client will still have to deliver the stock for
$128.13. But if the price falls, the client will still get $128.13 per share for the stock.

3.1.2 Forwarp CONTRACTS ON STock PORTFOLIOS

Because modern portfolio theory and good common sense dictate that investors should
hold diversified portfolios, it is reasonable to assume that forward contracts on specific
stock portfolios would be useful. Suppose a pension fund manager knows that in three
months he will need to sell about $20 million of stock to make payments to retirees. The
manager has analyzed the portfolio and determined the precise identities of the stocks he
wants to sell and the number of shares of each that he would like to sell. Thus the manager
has designated a specific subportfolio to be sold. The problem is that the prices of these
stocks in three months are uncertain. The manager can, however, lock in the sale prices by
entering into a forward contract to sell the portfolio. This can be done one of two ways.

The manager can enter into a forward contract on each stock that he wants to sell.
Alternatively, he can enter into a forward contract on the overall portfolio. The first way
would be more costly, as each contract would incur administrative costs, whereas the sec-
ond way would incur only one set of costs.® Assume that the manager chooses the second
method. He provides a list of the stocks and number of shares of each he wishes to sell to
the dealer and obtains a quote. The dealer gives him a quote of $20,200,000. So, in three
months, the manager will sell the stock to the dealer and receive $20,200,000. The trans-
action can be structured to call for either actual delivery or cash settlement, but in either
case, the client will effectively receive $20,200,000 for the stock.”

% In Section 4, we shall learn how to calculate forward prices such as this one.

§ Ignoring those costs, there would be no difference in doing forward contracts on individual stocks or a single
forward contract on a portfolio. Because of the non-linearity of their payoffs, this is not true for options. A
portfolio of options is not the same as an option on a portfolio, but a portfolio of forward contracts is the same
as a forward contract on a portfolio, ignoring the aforementioned costs,

7 1f, for example, the stock is worth $20,500,000 and the transaction calls for delivery, the manager will transfer
the stocks to the dealer and receive $20,200,000. The client effectively takes an opportunity loss of $300,000. If
the transaction is structured as a cash settlement, the client will pay the dealer $300,000. The client would then
sell the stock in the market, receiving $20,500,000 and netting $20,200,000 after settling the forward contract
with the dealer. Similarly, if the stock is selling for less than the amount guaranteed by the forward contract, the
client will deliver the stock and receive $20,200,000 or, if the transaction is cash settled, the client will sell the
stock in the market and receive a cash payment from the dealer, making the effective sale price still $20,200,000,
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3.1.3 ForwarRD CONTRACTS ON STOCK INDICES

Many equity forward contracts are based on a stock index. For example, consider a U.K.
asset manager who wants to protect the value of her portfolio that is a Financial Times Stock
Exchange 100 index fund, or who wants to eliminate a risk for which the FTSE 100 Index
is a sufficiently accurate representation of the risk she wishes to eliminate. For example, the
manager may be anticipating the sale of a number of U.K. blue chip shares at a future date.

. The manager could, as in our stock portfolio example, take a specific portfolio of stocks to

a forward contract dealer and obtain a forward contract on that portfolio. She realizes, how-
ever, that a forward contract on a widely accepted benchmark would result in a better price
quote, because the dealer can more easily hedge the risk with other transactions. Moreover,
the manager is not even sure which stocks she will still be holding at the later date. She sim-
ply knows that she will sell a certain amount of stock at a later date and believes that the
FTSE 100 is representative of the stock that she will sell. The manager is concerned with
the systematic risk associated with the U.K. stock market, and accordingly, she decides that
selling a forward contract on the FTSE 100 would be a good way to manage the risk.

Assume that the portfolio manager decides to protect £15,000,000 of stock. The
dealer quotes a price of £6,000 on a forward contract covering £15,000,000. We assume
that the contract will be cash settled because such index contracts are nearly always done
that way. When the contract expiration date arrives, let us say that the index is at £5,925—
a decrease of 1.25 percent from the forward price. Because the manager is short the con-
tract and its price went down, the transaction makes money. But how much did it make on
a notional principal of £15,000,000?

The index declined by 1.25 percent. Thus, the transaction should make 0.0125 X
£15,000,000 = £187,500. In other words, the dealer would have to pay £187,500 in cash.
If the portfolio were a FTSE 100 index fund, then it would be viewed as a portfolio ini-
tially worth £15,000,000 that declined by 1.25 percent, a loss of £187,500. The forward
contract offsets this loss. Of course, in reality, the portfolio is not an index fund and such
a hedge is not perfect, but as noted above, there are sometimes reasons for preferring that
the forward contract be based on an index.

3.1.4 THe Errect ofF DIVIDENDS

It is important to note the effect of dividends in equity forward contracts. Any equity portfo-
lio nearly always has at least a few stocks that pay dividends, and it is inconceivable that any
well-known equity index would not have some component stocks that pay dividends. Equity
forward contracts typically have payoffs based only on the price of the equity, value of the
portfolio, or level of the index. They do not ordinarily pay off any dividends paid by the com-
ponent stocks. An exception, however, is that some equity forwards on stock indices are
based on total return indices. For example, there are two versions of the well-known S&P
500 Index. One represents only the market value of the stocks. The other, called the S&P 500
Total Return Index, is structured so that daily dividends paid by the stocks are reinvested in
additional units of the index, as though it were a portfolio. In this manner, the rate of return
on the index, and the payoff of any forward contract based on it, reflects the payment and
reinvestment of dividends into the underlying index. Although this feature might appear
attractive, it is not necessarily of much importance in risk management problems. The vari-
ability of prices is so much greater than the variability of dividends that managing price risk
is considered much more important than worrying about the uncertainty of dividends.

In summary, equity forwards can be based on individual stocks, specific stock port-
folios, or stock indices. Moreover, these underlying equities often pay dividends, which
can affect forward contracts on equities. Let us now look at bond and interest rate forward
contracts.
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3.2 BOND AND
INTEREST RATE
FORWARD

CONTRACTS

Forward contracts on bonds are similar to forward contracts on interest rates, but the two
are different instruments. Forward contracts on bonds, in fact, are no more difficult to un-
derstand than those on equities. Drawing on our experience of Section 3.1, we simply ex-
tend the notion of a forward contract on an individual stock, a specific stock portfolio, or
a stock index to that of a forward contract on an individual bond, a specific bond portfo-
lio, or a bond index.?

3.2.1 ForwarRD CONTRACTS ON INDIVIDUAL BONDS AND BOND PORTFOLIOS

Although a forward contract on a bond and one on a stock are similar, some basic differ-
ences nonetheless exist between the two. For example, the bond may pay a coupon, which
corresponds somewhat to the dividend that a stock might pay. But unlike a stock, a bond
matures, and a forward contract on a bond must expire prior to the bond’s maturity date. In
addition, bonds often have many special features such as calls and convertibility. Finally, we
should note that unlike a stock, a bond carries the risk of default. A forward contract writ-
ten on a bond must contain a provision to recognize how default is defined, what it means
for the bond to default, and how default would affect the parties to the contract.

In addition to forward contracts on individual bonds, there are also forward contracts
on portfolios of bonds as well as on bond indices. The technical distinctions between
forward contracts on individual bonds and collections of bonds, however, are relatively
minor.

The primary bonds for which we shall consider forward contracts are default-free
zero-coupon bonds, typically called Treasury bills or T-bills in the United States, which
serve as a proxy for the risk-free rate.” In a forward contract on a T-bill, one party agrees
to buy the T-bill at a later date, prior to the bill’s maturity, at a price agreed on today.
T-bills are typically sold at a discount from par value and the price is quoted in terms of
the discount rate. Thus, if a 180-day T-bill is selling at a discount of 4 percent, its price per
$1 par will be $1 — 0.04(180/360) = $0.98. The use of 360 days is the convention in cal-
culating the discount. So the bill will sell for $0.98. If purchased and held to maturity, it
will pay off $1. This procedure means that the interest is deducted from the face value in
advance, which is called discount interest.

The T-bill is usually traded by quoting the discount rate, not the price. It is under-
stood that the discount rate can be easily converted to the price by the above procedure. A
forward contract might be constructed that would call for delivery of a 90-day T-bill in 60
days. Such a contract might sell for $0.9895, which would imply a discount rate of 4.2 per-
cent because $1 — 0.042(90/360) = $0.9895. Later in this chapter, we shall see how for-
ward prices of T-bills are derived.

In addition to forward contracts on zero-coupon bonds/T-bills, we shall consider
forward contracts on default-free coupon-bearing bonds, also called Treasury bonds in the
United States. These instruments pay interest, typically in semiannual installments, and
can sell for more (less) than par value if the yield is lower (higher) than the coupon rate.
Prices are typically quoted without the interest that has accrued since the last coupon date,
but with a few exceptions, we shall always work with the full price—that is, the price
including accrued interest. Prices are often quoted by stating the yield. Forward contracts

8 It may be useful to review Chapters 1 and 3 of Fixed Income Analysis for the Chartered Financial Analyst
Program by Frank J. Fabozzi, New Hope, PA: Frank J. Fabozzi Associates (2000).

A government-issued zero-coupon bond is typically used as a proxy for a risk-free asset because it is
assumed to be free of default risk. It can be purchased and held to maturity, thereby eliminating any market
value risk, and it has no reinvestment risk because it has no coupons. If the bond is liquidated before maturity,
however, some market value risk exists in addition to the risk associated with reinvesting the market price.
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call for delivery of such a bond at a date prior to the bond’s maturity, for which the short
pays the long the agreed-upon price.

"3.2.2 FORWARD CONTRACTS ON INTEREST RATES: FORWARD RATE AGREEMENTS

So far in Section 3.2 we have discussed forward contracts on actual fixed-income securi-
ties. Fixed-income security prices are driven by interest rates. A more common type of for-
ward contract is the interest rate forward contract, more commonly called a forward rate
agreement or FRA. Before we can begin to understand FRAs, however, we must exam-
ine the instruments on which they are based.

There is a large global market for time deposits in various currencies issued by large
creditworthy banks. This market is primarily centered in London but also exists elsewhere,
though not in the United States. The primary time deposit instrument is called the
Eurodollar, which is a dollar deposited outside the Unites States. Banks borrow dollars
from other banks by issuing Eurodollar time deposits, which are essentially short-term
unsecured loans. In London, the rate on such dollar loans is called the London Interbank
Rate. Although there are rates for both borrowing and lending, in the financial markets the
lending rate, called the London Interbank Offer Rate or LIBOR, is more commonly
used in derivative contracts. LIBOR is the rate at which London banks lend dollars to other
London banks. Even though it represents a loan outside of the United States, LIBOR is
considered to be the best representative rate on a dollar borrowed by a private, i.e., non-
governmental, high-quality borrower. It should be noted, however, that the London market
includes many branches of banks from outside the United Kingdom, and these banks are
also active participants in the Eurodollar market.

A Eurodollar time deposit is structured as follows. Let us say a London bank such
as NatWest needs to borrow $10 million for 30 days. It obtains a quote from the Royal
Bank of Scotland for a rate of 5.25 percent. Thus, 30-day LIBOR is 5.25 percent. If
NatWest takes the deal, it will owe $10,000,000 X [1 + 0.0525(30/360)] = $10,043,750
in 30 days. Note that, like the Treasury bill market, the convention in the Eurodollar mar-
ket is to prorate the quoted interest rate over 360 days. In contrast to the Treasury bill mar-
ket, the interest is not deducted from the principal. Rather, it is added on to the face value,
a procedure appropriately called add-on interest. The market for Eurodollar time deposits
is quite large, and the rates on these instruments are assembled by a central organization
and quoted in financial newspapers. The British Bankers Association publishes a semi-
official Eurodollar rate, compiled from an average of the quotes of London banks.

The U.S. dollar is not the only instrument for which such time deposits exist.
Eurosterling, for example, trades in Tokyo, and Euroyen trades in London. You may be
wondering about Euroeuro. Actually, there is no such entity as Euroeuro, at least not by
that name. The Eurodollar instrument described here has nothing to do with the European
currency known as the euro. Eurodollars, Euroyen, Eurosterling, etc. have been around
longer than the euro currency and, despite the confusion, have retained their nomenclature.
An analogous instrument does exist, however—a euro-denominated loan in which one
bank borrows euros from another. Trading in euros and euro deposits occurs in most major
world cities, and two similar rates on such euro deposits are commonly quoted. One, called
EuroLIBOR, is compiled in London by the British Bankers Association, and the other,
called Euribor, is compiled in Frankfurt and published by the European Central Bank.
Euribor is more widely used and is the rate we shall refer to in this book.

Now let us return to the world of FRAs. FRAs are contracts in which the underlying
is neither a bond nor a Eurodollar or Euribor deposit but simply an interest payment made
in dollars, Euribor, or any other currency at a rate appropriate for that currency. Our pri-
mary focus will be on dollar LIBOR and Euribor, so we shall henceforth adopt the termi-
nology LIBOR to represent dollar LIBOR and Euribor to represent the euro deposit rate.
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Because the mechanics of FRAs are the same for all currencies, for illustrative pur-
poses we shall use LIBOR. Consider an FRA expiring in 90 days for which the underly-
ing is 180-day LIBOR. Suppose the dealer quotes this instrument at a rate of 5.5 percent.
Suppose the end user goes long and the dealer goes short. The end user is essentially long
the rate and will benefit if rates increase. The dealer is essentially short the rate and will
benefit if rates decrease. The contract covers a given notional principal, which we shall
assume is $10 million.

The contract stipulates that at expiration, the parties identify the rate on new 180-day
LIBOR time deposits. This rate is called 180-day LIBOR. It is, thus, the underlying rate
on which the contract is based. Suppose that at expiration in 90 days, the rate on 180-day
LIBOR is 6 percent. That 6 percent interest will be paid 180 days later. Therefore, the pres-
ent value of a Eurodollar time deposit at that point in time would be

$10,000,000

180
1+ 0.06\ —
( 360 )
At expiration, then, the end user, the party going long the FRA in our example, receives

the following payment from the dealer, which is the party going short:

180
0.06 — 0.055 (——)
$10,000,000 ( ) 360/ | = $24,272
K 180
1 + 0.06| —
(360)

If the underlying rate is less than 5.5 percent, the payment is calculated based on the differ-
ence between the 5.5 percent rate and the underlying rate and is paid by the long to the short.
It is important to note that even though the contract expires in 90 days, the rate is on a 180-
day LIBOR instrument; therefore, the rate calculation adjusts by the factor 180/360. The fact

that 90 days have elapsed at expiration is not relevant to the calculation of the payoff.
Before presenting the general formula, let us review the calculations in the numera-
tor and denominator. In the numerator, we see that the contract is obviously paying the dif-
ference between the actual rate that exists in the market on the contract expiration date and
the agreed-upon rate, adjusted for the fact that the rate applies to a 180-day instrument,
multiplied by the notional principal. The divisor appears because when Eurodollar rates
are quoted in the market, they are based on the assumption that the rate applies to an
instrument that accrues interest at that rate with the interest paid a certain number of days
(here 180) later. When participants determine this rate in the London Eurodollar market, it
is understood to apply to a Eurodollar time deposit that begins now and matures 180 days
later. So the interest on an actual Eurodollar deposit would not be paid until 180 days later.
Thus, it is necessary to adjust the FRA payoff to reflect the fact that the rate implies a pay-
| ment that would occur 180 days later on a standard Eurodollar deposit. This adjustment is
easily done by simply discounting the payment at the current LIBOR, which here is 6 per-
cent, prorated over 180 days. These conventions are also followed in the market for FRAs

with other underlying rates.

In general, the FRA payoff formula (from the perspective of the party going long) is

Days in underlying rate )
360

Days in underlying rate)
360

(Underlying rate at expiration — Forward contract rate) (
i Notional principal

1 + Underlying rate at expiration (
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where forward contract rate represents the rate the two parties agree will be paid and days
in underlying rate refers to the number of days to maturity of the instrument on which the
underlying rate is based.

One somewhat confusing feature of FRAs is the fact that they mature in a certain
number of days and are based on a rate that applies to an instrument maturing in a certain
number of days measured from the maturity of the FRA. Thus, there are two day figures
associated with each contract. Our example was a 90-day contract on 180-day LIBOR. To
avoid confusion, the FRA markets use a special type of terminology that converts the num-
ber of days to months. Specifically, our example FRA is referred to as a 3 X 9, reflecting
the fact that the contract expires in three months and that six months later, or nine months
from the contract initiation date, the interest is paid on the underlying Eurodollar time
deposit on whose rate the contract is based.'®

FRA s are available in the market for a variety of maturities that are considered some-
what standard. Exhibit 2-2 presents the most common maturities. Most dealers follow the
convention that contracts should expire in a given number of exact months and should be
on the most commonly traded Eurodollar rates such as 30-day LIBOR, 60-day LIBOR,
90-day LIBOR, 180-day LIBOR, and so on. If a party wants a contract expiring in 37 days
on 122-day LIBOR, it would be considered an exception to the standard, but most dealers
would be willing to make a market in such an instrument. Such nonstandard instruments
are called off the run. Of course, FRAs are available in all of the leading currencies.

EXHIBIT 2-2 FRA Descriptive Notation and Interpretation

Notation Contract Expires in Underlying Rate
1X3 1 month 60-day LIBOR
1 X4 1 month 90-day LIBOR
1 X7 1 month 180-day LIBOR
3X6 3 months 90-day LIBOR
3X9 3 months 180-day LIBOR
6 X 12 6 months 180-day LIBOR

12 X 18 12 months 180-day LIBOR

Note: This list is not exhaustive and represents only the most commonly traded FRAs.

The FRA market is large, but not as large as the swaps market. It is important, how-
ever, to understand FRAs before trying to understand swaps. As we will show in Chapter
5, a swap is a special combination of FRAs. But let us now turn to another large forward
market, the market for currency forwards.

Spurred by the relaxation of government controls over the exchange rates of most major
currencies in the early 1970s, a currency forward market developed and grew extremely
large. Currency forwards are widely used by banks and corporations to manage foreign ex-
change risk. For example, suppose Microsoft has a European subsidiary that expects to
send it €12 million in three months. When Microsoft receives the euros, it will then con-

10 The notation “3 X 9” is pronounced “three by nine.”
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vert them to dollars. Thus, Microsoft is essentially long euros because it will have to sell
euros, or equivalently, it is short dollars because it will have to buy dollars. A currency for-
ward contract is especially useful in this situation, because it enables Microsoft to lock in
the rate at which it will sell euros and buy dollars in three months. It can do this by going
short the forward contract, meaning that it goes short the euro and long the dollar. This
arrangement serves to offset its otherwise long-euro, short-dollar position. In other words,
it needs a forward contract to sell euros and buy dollars.

For example, say Microsoft goes to JP Morgan Chase and asks for a quote on a cur-
rency forward for €12 million in three months. JP Morgan Chase quotes a rate of $0.925,
which would enable Microsoft to sell euros and buy dollars at a rate of $0.925 in three
months. Under this contract, Microsoft would know it could convert its €12 million to
12,000,000 X $0.925 = $11,100,000. The contract would also stipulate whether it will set-
tle in cash or will call for Microsoft to actually deliver the euros to the dealer and be paid
$11,100,000. This simplified example is a currency forward hedge, a transaction we
explore more thoroughly in Chapter 6.

Now let us say that three months later, the spot rate for euros is $0.920. Microsoft is
quite pleased that it locked in a rate of $0.925. It simply delivers the euros and receives
$11,100,000 at an exchange rate of $0.925."' Had rates risen, however, Microsoft would
still have had to deliver the euros and accept a rate of $0.925.

A few variations of currency forward contracts exist, but most of them are somewhat
specialized and beyond the objectives of this book. Let us now take a very brief look at a
few other types of forward contracts.

Although this book focuses primarily on the financial derivatives used by asset managers,
we should mention here some of the other types. Commodity forwards-—in which the
underlying asset is oil, a precious metal, or some other commodity—are widely used. In
addition, the derivatives industry has created forward contracts and other derivatives on
various sources of energy (electricity, gas, etc.) and even weather, in which the underlying
is a measure of the temperature or the amount of disaster damage from hurricanes, earth-
quakes, or tornados.

Many of these instruments are particularly difficult to understand, price, and trade.
Nonetheless, through the use of derivatives and indirect investments, such as hedge funds,
they can be useful for managing risk and investing in general. They are not, however, the
focus of this book.

In the examples and illustrations used above, we have made reference to certain
prices. Determining appropriate prices and fair values of financial instruments is a central
objective of much of the process of asset management. Accordingly, pricing and valuation
occupies a major portion of the CFA Program. As such, we turn our attention to the pric-
ing and valuation of forward contracts.

4 PRICING AND VALUATION OF FORWARD CONTRACTS

Before getting into the actual mechanics of pricing and valuation, the astute reader might
wonder whether we are being a bit redundant. Are pricing and valuation not the same thing?

" Had the contract been structured to settle in cash, the dealer would have paid Microsoft 12,000,000 X
($0.925 — $0.920) = $60,000. Microsoft would have converted the euros to dollars at the current spot
exchange rate of $0.920, receiving 12,000,000 X $0.920 = $11,040,000. Adding the $60,000 payment from
the dealer, Microsoft would have received $11,100,000, an effective rate of $0.925.
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An equity analyst often finds that a stock is priced at more or less than its fair mar-
ket value and uses this conclusion as the basis for a buy or sell recommendation.!? In an
efficient market, the price of a stock would always equal its value or the price would
quickly converge to the value. Thus, for all practical purposes, pricing and valuation would
be the same thing. In general, when we speak of the value and price of an asset, we are
referring to what that asset is worth and what it sells for. With respect to certain deriva-
tives, however, value and price take on slightly different meanings.

So let us begin by defining value: Value is what you can sell something for or what you
must pay to acquire something. This applies to stocks, bonds, derivatives, and used cars.'?
Accordingly, valuation is the process of determining the value of an asset or service. Pricing
is a related but different concept; let us explore what we mean by pricing a forward contract.

A forward contract price is the fixed price or rate at which the transaction scheduled
to occur at expiration will take place. This price is agreed to on the contract initiation date
and is commonly called the forward price or forward rate. Pricing means to determine
the forward price or forward rate. Valuation, however, means to determine the amount of
money that one would need to pay or would expect to receive to engage in the transaction.
Alternatively, if one already held a position, valuation would mean to determine the
amount of money one would either have to pay or expect to receive in order to get out of
the position. Let us look at a generic example.

Because derivative contracts have finite lives, it is important to carefully specify the time
frame in which we are operating. We denote time in the following manner: Today is iden-
tified as time 0. The expiration date is time T. Time t is an arbitrary time between today
and the expiration. Usually when we refer to “today,” we are referring to the date on which
the contract is created. Later we shall move forward to time t and time T, which will then
be “today.”

I |

0 t T
(today) (expiration)

The price of the underlying asset in the spot market is denoted as S at time 0, S, at time
t, and St at time T. The forward contract price, established when the contract is initiated at
time 0, is F(0,T). This notation indicates that F(0,T) is the price of a forward contract initiated
at time 0 and expiring at time T. The value of the forward contract is V(0,T). This notation
indicates that Vo(0,T) is the value at time O of a forward contract initiated at time 0 and expir-
ing at time T. In this book, subscripts always indicate that we are at a specific point in time.

We have several objectives in this analysis. First, we want to determine the forward
price F(0,T). We also want to determine the forward contract value today, denoted V(0,T), the
value at a point during the life of the contract such as time t, denoted V(0,T), and the value at
expiration, denoted V(0,T). Valuation is somewhat easier to grasp from the perspective of the
party holding the long position, so we shall take that point of view in this example. Once that
value is determined, the value to the short is obtained by simply changing the sign.

'2 From your study of equity analysis, you should recall that we often use the discounted cash flow model,
sometimes combined with the capital asset pricing model, to determine the fair market value of a stock.

13 Be careful. You may think the “value” of a certain used car is $5,000, but if no one will give you that price,
it can hardly be called the value.

y B
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If we are at expiration, we would observe the spot price as St. The long holds a posi-
tion to buy the asset at the already agreed-upon price of F(0,T). Thus, the value of the for-
ward contract at expiration should be obvious: St — F(0,T). If the value at expiration does
not equal this amount, then an arbitrage profit can be easily made. For example, suppose
the forward price established at the initiation of the contract, F(0,T), is $20. Now at expi-
ration, the spot price, St, is $23. The contract value must be $3. If it were more than $3,
then the long would be able to sell the contract to someone for more than $3—someone
would be paying the long more than $3 to obtain the obligation of buying a $23 asset for
$20. Obviously, no one would do that. If the value were less than $3, the long would have
to be willing to sell for less than $3 the obligation of buying a $23 asset for $20. Obvi-
ously, the long would not do that. Thus, we state that the value at expiration of a forward
contract established at time 0 is

V(0,T) = St — F(0,T) 2-1)

Note that the value of a forward contract can also be interpreted as its profit, the difference
between what the long pays for the underlying asset, F(0,T), and what the long receives, the
asset price St. Of course, we have still not explained how F(0,T) is determined, but the
above equation gives the value of the contract at expiration, at which time F(0,T) would cer-
tainly be known because it was agreed on at the initiation date of the contract.

Now let us back up to the time when the contract was originated. Consider a con-
tract that expires in one year. Suppose that the underlying asset is worth $100 and that the
forward price is $108. We do not know if $108 is the correct forward price; we will sim-
ply try it and see.

Suppose we buy the asset for $100 and sell the forward contract for $108. We hold
the position until expiration. We assume that there are no direct costs associated with buy-
ing or holding the asset, but we must recognize that we lose interest on the $100 tied up in
the asset. Assume that the interest rate is 5 percent.

Recall that no money changes hands at the start with a forward contract. Conse-
quently, the $100 invested in the asset is the full outlay. At the end of the year, the forward
contract expires and we deliver the asset, receiving $108 for it—not bad at all. At a 5 per-
cent interest rate, we lose only $5 in interest on the $100 tied up in the asset. We receive
$108 for the asset regardless of its price at expiration. We can view $108 — $105 = $3 as
a risk-free profit, which more than covered the cost. In fact, if we had also borrowed the
$100 at 5 percent, we could have done this transaction without putting up any money of
our own. We would have more than covered the interest on the borrowed funds and netted
a $3 risk-free profit. This profit is essentially free money—there is no cost and no risk.
Thus, it is an arbitrage profit, a concept we introduced in Chapter 1 and a dominant theme
throughout this book. We would certainly want to execute any transaction that would gen-
erate an arbitrage profit.

In the market, the forces of arbitrage would then prevail. Other market participants
would execute this transaction as well. Although it is possible that the spot price would
bear some of the adjustment, in this book we shall always let the derivative price make the
full adjustment. Consequently, the derivative price would have to come down to $105.

If the forward price were below $105, we could also earn an arbitrage profit,
although it would be a little more difficult because the asset would have to be sold short.
Suppose the forward price is $103. If the asset were a financial asset, we could borrow it
and sell it short. We would receive $100 for it and invest that $100 at the 5 percent rate.
We would simultaneously buy a forward contract. At expiration, we would take delivery
of the asset paying $103 and then deliver it to the party from whom we borrowed it. The
short position is now covered, and we still have the $100 invested plus 5 percent interest
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s the forward price that eliminates the arbitrage profit.

on it. This transaction offers a clear arbitrage profit of $2. Again, the forces of arbitrage
would cause other market participants to undertake the transaction, which would push the
forward price up to $105.

If short selling is not permitted, too difficult, or too costly, a market participant who
already owns the asset could sell it, invest the $100 at 5 percent, and buy a forward con-
tract. At expiration, he would pay $103 and take delivery on the forward contract, which
would return him to his original position of owning the asset. He would now, however,
receive not only the stock but also 5 percent interest on $100. Again, the forces of arbitrage
would make this transaction attractive to other parties who held the asset, provided they i
could afford to part with it for the necessary period of time.'*

Going back to the situation in which the forward contract price was $103, an arbi- E
trage profit could, however, be eliminated if the party going long the forward contract were
required to pay some money up front. For example, suppose the party going long the for- ;,
ward contract paid the party going short $1.9048. Then the party going long would lose 5
$1.9048 plus interest on this amount. Notice that $1.9048 compounded at 5 percent inter-
est equals precisely $2, which not surprisingly is the amount of the arbitrage profit.

Thus, if the forward price were $103, the value of the contract would be $1.9048.
With T = 1, this value equals

Vo(0,T) = Vg(0,1) = $100 — $103/1.05 = $1.9048

Therefore, to enter into this contract at this forward price, one party must pay another.
Because the value is positive, it must be paid by the party going long the forward contract
to the party going short. Parties going long must pay positive values; parties going short
pay negative values.'”

If the forward price were $108, the value would be

Vo(0,T) = $100 — $108/1.05 = —$2.8571

In this case, the value is negative and would have to be paid from the short to the long.
Doing so would eliminate the arbitrage profit that the short would have otherwise been
able to make, given the forward price of $108.

Arbitrage profits can be eliminated with an up-front payment from long to short or
vice versa that is consistent with the forward price the parties select. The parties could sim-
ply negotiate a forward price, and any resulting market value could be paid from one party
to the other. It is customary, however, in the forward market for the initial value to be set
to zero. This convention eliminates the necessity of either party making a payment to the
other and results in a direct and simple determination of the forward price. Specifically,
setting Vo(0,T) = 0 and letting r represent the interest rate,

Vo(0,T) =S — FOT/(1 +1)=0

which means that F(0,T) = So(1 + r). In our example, F(0,T) = $100(1.05) = $105, which

!4 In other words, a party holding the asset must be willing to part with it for the length of time it would take
for the forces of arbitrage to bring the price back in line, thereby allowing the party to capture the risk-free
profit and return the party to its original state of holding the asset. The period of time required for the price to
adjust should be very short if the market is relatively efficient.

!5 For example, when a stock is purchased, its value, which is always positive, is paid from the long to the
short. This is true for any asset.
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Our forward price formula can be interpreted as saying that the forward price is the
spot price compounded at the risk-free interest rate. In our example, we had an annual
interest rate of r and one year to expiration. With today being time O and expiration being
time T, the time T — 0 = T is the number of years to expiration of the forward contract.
Then we more generally write the forward price as

F(O,T) = So(1 + )T (2-2)

Again, this result is consistent with the custom that no money changes hands at the start of
a forward contract, meaning that the value of a forward contract at its start is zero.

Exhibit 2-3 summarizes the process of pricing a forward contract. At time 0, we buy
the asset and sell a forward contract for a total outlay of the spot price of the asset.'® Over
the life of the contract, we hold the asset and forgo interest on the money. At expiration,
we deliver the asset and receive the forward price for a payoff of F(0,T). The overall trans-
action is risk free and equivalent to investing the spot price of the asset in a risk-free bond
that pays F(0,T) at time T. Therefore, the payoff at T must be the future value of the spot
price invested at the risk-free rate. This equality can be true only if the forward price is the
spot price compounded at the risk-free rate over the life of the asset.

EXHIBIT 2-3 Pricing a Forward Contract

Buy asset at Sg Deli t
cliver asse
Sell forward contract p| Hold asset and > _
at F(0,T) lose interest on Receive F(0,T)
' outlay
Outlay: So
0 T

The transaction is risk free and should be equivalent to investing Sy dollars in a risk-
free asset that pays F(0,T) at time T. Thus, the amount received at T must be the
future value of the initial outlay invested at the risk-free rate. For this equality to
hold, the forward price must be given as

FO,T)=So(1 + )T

Example: The spot price is $72.50, the risk-free rate is 8.25 percent, and the contract
is for five years. The forward price would be

F(0,T) = F(0,5) = 72.50(1.0825)° = 107.76

A contract in which the initial value is intentionally set at a nonzero value is called an
off-market FRA. In such a contract, the forward price is set arbitrarily in the process of
negotiation between the two parties. Given the chosen forward price, the contract will have
a nonzero value. As noted above, if the value is positive, the long pays that amount up front
to the short. If it is negative, the short pays that amount up front to the long. Although off-
market FRAs are not common, we shall use them in Chapter 5 when studying swaps.

Now suppose we are at a time t, which is a point during the life of the contract. We may
want to know the value of the forward contract for several reasons. For one, it makes good

16 Remember that in a forward contract, neither party pays anything for the forward contract at the start.
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business sense to know the monetary value of an obligation to do something at a later date.
Also, accounting rules require that a company mark its derivatives to their current market val-
ues and report the effects of those values in income statements and balance sheets. In addition,
the market value can be used as a gauge of the credit exposure. Finally, the market value can
be used to determine how much money one party can pay the other to terminate the contract.
Let us start by assuming that we established a long forward contract at time O at the
price F(0,T). Of course, its value at time  was zero. But now it is time t, and we want to
know its new value, V(0,T). Let us consider what it means to hold the position of being long
at time t a forward contract established at time O at the price F(0,T) and expiring at time T:

We will have to pay F(0,T) dollars at T.
We will receive the underlying asset, which will be worth Sg, at T.

At least part of the value will clearly be the present value of a payment of F(0,T), or in
other words, —~F(0,T)/(1 + r)T“. The other part of the contract value comes from the fact
that we have a claim on the asset’s value at T. We do not know what St (the asset value at
T) will be, but we do know that the market tells us its present value is S,, the current asset
price. By definition, an asset’s value today is the present value of its future value."” Thus
we can easily value our forward contract at time t during the life of the contract:

V(0,T) =S, — FO,T)/(1 + T ? (2-3)

Consider our earlier example in which we entered into a one-year forward contract
to buy the asset at $105. Now assume it is three months later and the price of the asset is
$102. Witht = 0.25 and T = 1, the value of the contract would be

V(0,T) = Vg25(0,1) = $102 — $105/(1.05)°7° = $0.7728

Again, why is this the value? The contract provides the long with a claim on the asset at
expiration. That claim is currently worth the current asset value of $102. That claim also
obligates the long to pay $105 at expiration, which has a present value of $105/(1.05)°7° =
$101.2272. Thus, the long position has a value of $102 — $101.2272 = $0.7728.

As noted above, this market value may well affect the income statement and balance
sheet. In addition, it gives an idea of the contract’s credit exposure, a topic we have touched
on and will cover in more detail in Section 5 and in Chapter 9. Finally, we noted earlier
that a party could re-enter the market and offset the contract by paying the counterparty or
having the counterparty pay him a cash amount. This cash amount is the market value as
calculated here.'®

Exhibit 2-4 summarizes how we value a forward contract. If we went long a forward
contract at time 0 and we are now at time t prior to expiration, we hold a claim on the asset
at expiration and are obligated to pay the forward price at expiration. The claim on the
asset is worth its current price; the obligation to pay the forward price at expiration is
worth the negative of its present value. Thus, the value of the forward contract is the cur-
rent spot price minus the forward price discounted from expiration back to the present.

'7 This statement is true for any type of asset or financial instrument. It always holds by definition.

'® If the market value is positive, the value of the asset exceeds the present value of what the long promises to
pay. Thus, it makes sense that the short must pay the long. If the market value is negative, then the present
value of what the long promises to pay exceeds the value of the asset. Then, it makes sense that the long must
pay the short.
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EXHIBIT 2-4 Valuing a Forward Contract

e W

Went long forward Hold a claim on asset .
A Receive asset
contract at price currently worth S, - worth S
g F(0,T) > . T
Obligated to pay Pay F(0,T)
‘ Outlay =0 F(0,T)atT ’
i 0 t T

The value of the forward contract at t must be the value of what it will produce at T:
Vi(0,T) = S, — F©O,T)/(1 + )™
\ Example: A two-year forward contract was established with a price of $62.25. Now,

a year and a half later (t = 1.5), the spot price is $71.19 and the risk-free rate is 7 per-
cent. The value of the forward contract is

V(0,T) = V,5(0,2) =71.19 - 62.25/(1.07)°° = 11.01

Therefore, we have seen that the forward contract value is zero today: the asset price
minus the present value of the forward price at a time prior to expiration, and the asset
price minus the forward price at expiration. It may be helpful to note that in general, we
can always say that the forward contract value is the asset price minus the present value
of the exercise price, because given V(0,T) = S, — F(0,T)/(1 + r)T™*:

Ift =0, V(O,T) = Vo(0,T) = So — FO.TY(1 + )T = 0
because F(0,T) = Sy(1 + )T

Ift = T, V(0,T) = V¢(0,T) = St = FO,D/1 + n° = Sy — F(O,T)

The formulas for pricing and valuation of a forward contract are summarized in Exhibit 2-5.

EXHIBIT 2-5 Pricing and Valuation Formulas for a Forward Contract

Today = time 0

Arbitrary point during the contract’s life = time t

Expiration = time T

Value of a forward contract at any time t:
V{O,T) = S, — FO,T)/(1 + )"

Value of a forward contract at expiration (t = T):

v(0,T) = St — FO,T)

Value of a forward contract at initiation (t = 0):

Vo(0,T) = Sy — FO,D/(1 + n)T

[
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Customarily, no money changes hands at initiation so V(0,T) is set equal to zero. Thus,

FO,T) = So(1 + )T

PRACTICE PROBLEM 1

An investor holds title to an asset worth €125.72. To raise money for an unrelated
purpose, the investor plans to sell the asset in nine months. The investor is concerned
about uncertainty in the price of the asset at that time. The investor learns about the
advantages of using forward contracts to manage this risk and enters into such a con-
tract to sell the asset in nine months. The risk-free interest rate is 5.625 percent.

A. Determine the appropriate price the investor could receive in nine months by
means of the forward contract.

B. Suppose the counterparty to the forward contract is willing to engage in such a
contract at a forward price of €140. Explain what type of transaction the investor
could execute to take advantage of the situation. Calculate the rate of return
(annualized), and explain why the transaction is attractive.

C. Suppose the forward contract is entered into at the price you computed in Part A,
Two months later, the price of the asset is €118.875. The investor would like to
evaluate her position with respect to any gain or loss accrued on the forward con-
tract. Determine the market value of the forward contract at this point in time
from the perspective of the investor in Part A.

D. Determine the value of the forward contract at expiration assuming the contract
is entered into at the price you computed in Part A and the price of the underly-
ing asset is €123.50 at expiration. Explain how the investor did on the overall
position of both the asset and the forward contract in terms of the rate of return.

SOLUTIONS
A. T=09/12=0.75
S, = 125.72
r = 0.05625

F(0,T) = 125.72(1.05625)°7° = 130.99

B. As found in Part A, the forward contract should be selling at €130.99, but it is
selling for €140. Consequently, it is overpriced—and an overpriced contract
should be sold. Because the investor holds the asset, she will be hedged by sell-
ing the forward contract. Consequently, her asset, worth €125.72 when the for-
ward contract is sold, will be delivered in nine months and she will receive €140
for it. The rate of return will be

( 140
125.72

)—- 1=0.1136
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4.2 PRICING AND

VALUATION OF
EQuITY FORWARD
CONTRACTS

This risk-free return of 11.36 percent for nine months is clearly in excess of
the 5.625 percent annual rate. In fact, a rate of 11.36 percent for nine months
annualizes to

(1.1136)'*° — 1 = 0.1543
An annual risk-free rate of 15.43 percent is clearly preferred over the actual risk-

free rate of 5.625 percent. The position is not only hedged but also earns an
arbitrage profit.

C. t=2/12
T—t=9/12 - 2/12 = 7/12
S, = 118.875

F(O,T) = 130.99
V«(0,T) = V,,15(0,9/12) = 118.875 — 130.99/(1.05625)"1? = —8.0

The contract has a negative value. Note, however, that in this form, the answer
applies to the holder of the long position. This investor is short. Thus, the value
to the investor in this problem is positive 8.0.

D. Sy =123.50
V1(0,T) = Vg,12(0,9/12) = 123.50 — 130.99 = —7.49

This amount is the value to the long. This investor is short, so the value is a pos-
itive 7.49. The investor incurred a loss on the asset of 125.72 — 123.50 = 2.22.
Combined with the gain on the forward contract, the net gain is 7.49 — 2.22 =
5.27. A gain of 5.27 on an asset worth 125.72 when the transaction was initiated
represents a return of 5.27/125.72 = 4.19 percent. When annualized, the rate of
return equals

(1.0419)'%° — 1 = 0.05625

It should come as no surprise that this number is the annual risk-free rate. The
transaction was executed at the no-arbitrage forward price of €130.99. Thus, it
would be impossible to earn a return higher or lower than the risk-free rate,

In our examples, there were no costs or cash flows associated with holding the
underlying assets. In the specific examples below for equity derivatives, fixed-income and
interest rate derivatives, and currency derivatives, we present cases in which cash flows on
the underlying asset will slightly alter our results. We shall ignore any costs of holding
assets. Such costs are primarily associated with commodities, an asset class we do not
address in this book.

Equity forward contracts are priced and valued much like the generic contract described
above, with one important additional feature. Many stocks pay dividends, and the effects
of these dividends must be incorporated into the pricing and valuation process. Our con-
cern is with the dividends that occur over the life of the forward contract, but not with those
that may come after the contract ends. Following standard procedure, we assume that these
dividends are known or are a constant percentage of the stock price.
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We begin with the idea of a forward contract on either a single stock, a portfolio of
stocks, or an index in which dividends are to be paid during the life of the contract. Using
the time notation that today is time 0, expiration is time T, and there is an arbitrary time t
during its life when we need to value the contract, assume that dividends can be paid at
various times during the life of the contract between t and T."°

In the examples that follow, we shall calculate present and future values of this
stream of dividends over the life of the forward contract. Given a series of these dividends
of Dy, Dy, . .. D,, whose values are known, that occur at times t, t,, . . . t,, the present
value will be defined as PV(D,0,T) and computed as
n Dl

PV(D,0,T) =Zl T+

The future value will be defined as FV(D,0,T) and computed as
n
FV(DOT) = D+
i=1

Recall that the forward price is established by eliminating any opportunity to arbitrage
from establishing a forward contract without making any cash outlay today, as is customary
with forward contracts. We found that the forward price is the spot price compounded at the
risk-free interest rate. To include dividends, we adjust our formula slightly to

F(0,T) = [Sp — PV(D,0,D)](1 + 1)T (2-4)

In other words, we simply subtract the present value of the dividends from the stock price.
Note that the dividends reduce the forward price, a reflection of the fact that holders of
long positions in forward contracts do not benefit from dividends in comparison to hold-
ers of long positions in the underlying stock.

For example, consider a stock priced at $40, which pays a dividend of $3 in 50 days.
The risk-free rate is 6 percent. A forward contract expiring in six months (T = 0.5) would
have a price of

F(0,T) = F(0,0.5) = [$40 — $3/(1.06)°*°5%1(1.06)°° = $38.12

If the stock had more than one dividend, we would simply subtract the present value of all

dividends over the life of the contract from the stock price, as in the following example.
The risk-free rate is 4 percent. The forward contract expires in 300 days and is on a stock

currently priced at $35, which pays quarterly dividends according to the following schedule:

Days to Ex-Dividend Date Dividend
10 $0.45
102 $0.45
193 $0.45
283 $0.45

1% Given the way dividends are typically paid, the right to the dividend leaves the stock on the ex-dividend date,
which is prior to the payment date. To precisely incorporate this feature, either the dividend payment date should
be the ex-dividend date or the dividend should be the present value at the ex-dividend date of the dividend to be
paid at a later date. We shall ignore this point here and assume that it would be taken care of in practice.
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The present value of the dividends is found as follows:

PV(D,0,T) = $0.45/(1.04)'%73%5 + $0.45/(1.04)0%/36>
+ $0.45/(1.04)'93/365 + $0.45/(1.04)%8%3%5 = $1.77

The time to expiration is T = 300/365. Therefore, the forward price equals

e

F(0,T) = F(0,300/365) = ($35 — $1.77)(1.04)*°%3% = $34.32

Another approach to incorporating the dividends is to use the future value of the div-
idends. With this forward contract expiring in 300 days, the first dividend is reinvested for
290 days, the second for 198 days, the third for 107 days, and the fourth for 17 days. Thus,

FV(D,0,T) = $0.45(1.04)°°° + $0.45(1.04)'%%3%°
+ $0.45(1.04)' 9% + $0.45(1.04)'77%5 = $1.83

To obtain the forward price, we compound the stock value to expiration and subtract the
future value of the dividends. Thus, the forward price would be

F(0,T) = So(1 + 1! — FV(D,0,T) (2-5)

This formula will give the same answer as the one using the present value of the dividends,
as shown below:

F(0,300/365) = $35(1.04)3%9355 — $1.83 = $34.32

An alternative way to incorporate dividends is to express them as a fixed percentage
of the stock price. The more common version of this formulation is to assume that the
stock, portfolio, or index pays dividends continuously at a rate of &°. By specifying the div-
idends in this manner, we are allowing the dividends to be uncertain and completely deter-
mined by the stock price at the time the dividends are being paid. In this case, the stock is
constantly paying a dividend at the rate 8°. In Chapter 3, we will again discuss how to
incorporate dividends.

Because we pay dividends continuously, for consistency we must also compound the
interest continuously. The continuously compounded equivalent of the discrete risk-free
rate r will be denoted ¢ and is found as 1° = In(1 + r).2° The future value of $1 at time T
is exp(r“T). Then the forward price is given as

F(O,T) = (Sge > Ne"T (2-6)

The term in parentheses, the stock price discounted at the dividend yield rate, is equivalent
to the stock price minus the present value of the dividends. This value is then compounded
at the risk-free rate over the life of the contract, just as we have done in the other versions.

20 The notation “In” stands for natural logarithm. A logarithm is the power to which its base must be raised to
equal a given number. The base of the natural logarithm system is e, approximately 2.71828. With an interest
rate of r = 0.06, we would have r° = In(1.06) = 0.058. Then ¢°%*® = 1.06 is called the exponential function
and often written as exp(0.058) = 1.06. The future value factor is thus exp(t®). The present value factor is
1/exp(r) or exp(—r°). If the period is more or less than one year, we also multiply the rate by the number of
years or fraction of a year—that is, exp(—1°T) or exp(r°T).
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Some people attach significance to whether the forward price is higher than the spot
price. It is important to note that the forward price should not be interpreted as a forecast
of the future price of the underlying. This misperception is common, If the forward price
is higher than the spot price, it merely indicates that the effect of the risk-free rate is greater
than the effect of the dividends. In fact, such is usually the case with equity forwards. Inter-
est rates are usually greater than dividend yields.

As an example, consider a forward contract on France’s CAC 40 Index. The index is
at 5475, the continuously compounded dividend yield is 1.5 percent, and the continuously
compounded risk-free interest rate is 4.625 percent. The contract life is two years. With T
= 2, the contract price is, therefore,

F(0,T) = F(0,2) = (5475 X ¢~ 001%2) 00932 = 5828.11

This specification involving a continuous dividend yield is commonly used when the
underlying is a portfolio or stock index. If a single stock in the portfolio pays a dividend,
then the portfolio or index can be viewed as paying a dividend. Given the diversity of div-
idend policies and ex-dividend dates, such an assumption is usually considered a reason-
able approximation for stock portfolios or stock indices, but the assumption is not as
appropriate for individual stocks. No general agreement exists on the most appropriate
approach, and you must become comfortable with all of them. To obtain the appropriate
forward price, the most important point to remember is that one way or another, the analy-
sis must incorporate the dividend component of the stock price, portfolio value, or index
level. If the contract is not trading at the correct price, then it is mispriced and arbitrage,
as described in the generic forward contract pricing section, will force an alignment
between the market forward price and the theoretical forward price.

Recall that the value of a forward contract is the asset price minus the forward price
discounted back from the expiration date. Regardless of how the dividend is specified or
even whether the underlying stock, portfolio, or index pays dividends, the valuation for-
mulas for a forward contract on a stock differ only in that the stock price is adjusted by
removing the present value of the remaining dividends:

V(0,T) = S, — PV(D,,T) — FO,T)/(1 + )T~? (2-7)

where we now note that the dividends are only those paid after time t. If we are using con-
tinuous compounding,

V(0,T) = S,e TP — F(0,T)e " T~? (2-8)

At the contract initiation date, t = 0 and V(0,T) is set to zero because no cash changes
hands. At expiration, t = T and no dividends remain, so the valuation formula reduces to
St — F(,T).

The formulas for pricing and valuation of equity forward contracts are summarized
in Exhibit 2-6.

EXHIBIT 2-6 Pricing and Valuation Formulas for Equity Forward Contracts

Forward price = (Stock price — Present value of dividends over life of contract) X
1+ r)'r

or (Stock price) X (1 + )" minus Future value of dividends over life of contract
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Discrete dividends over the life of the contract:
F(0,T) = [So — PV(D,0,DI(1 + r)T or Se(1 + 1) — FV(D,0,T)
Continuous dividends at the rate 3
F(0,T) = (See~*T)e"™
Value of forward contract:
V{0,T) = S, = PV(D,t,T) = F(O,T)/(1 + nT™
or

V{O0,T) = S;e~¥(T~9 — R0, T)e~ T~V

PRACTICE PROBLEM 2

An asset manager anticipates the receipt of funds in 200 days, which he will use to
purchase a particular stock. The stock he has in mind is currently selling for $62.50
and will pay a $0.75 dividend in 50 days and another $0.75 dividend in 140 days.
The risk-free rate is 4.2 percent. The manager decides to commit to a future purchase
of the stock by going long a forward contract on the stock.

A. At what price would the manager commit to purchase the stock in 200 days
through a forward contract?

B. Suppose the manager enters into the contract at the price you found in Part A.
Now, 75 days later, the stock price is $55.75. Determine the value of the forward
contract at this point.

C. It is now the expiration day, and the stock price is $58.50. Determine the value
of the forward contract at this time.

SOLUTIONS
So = $62.50
T = 200/365

D, = $0.75, t; = 50/365
D, = $0.75, t, = 140/365
r = 0.042

A. First find the present value of the dividends:
$0.75/(1.042)°07%% + $0.75/(1.042)'49/%65 = g1 48
Then find the forward price:
F(0,T) = F(0,200/365) = ($62.50 — $1.48)(1.042)2%036% = g62.41

B. We must now find the present value of the dividends 75 days after the contract
begins. The first dividend has already been paid, so it is not relevant. Because only
one remains, the second dividend is now the “first” dividend. It will be paid in
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65 days. Thus, t; — t = 65/365. The present value of this dividend is
$0.75/(1.042)%53%% = $0.74. The other information is

t = 75/365
T — t = (200 — 75)/365 = 125/365
S, = $55.75

The value of the contract is, therefore,

VO, T) = V;5/365(0,200/365) = ($55.75 — $0.74) — $62.41/(1.042)'25/365
= —$6.53

Thus, the contract has a negative value.

C. St = $58.50
The value of the contract is

V200/365(0,200/365) = VT(O,T) = $58.50 - $62.41 = _$3.91

Thus, the contract expires with a value of negative $3.91.

Forward contracts on fixed-income securities are priced and valued in a virtually identical
manner to their equity counterparts. We can use the above formulas if S, represents the
bond price at time t and D; represents a coupon paid at time t;. We denote B as a coupon
bond and then use notation to draw attention to those coupons that must be included in the
forward contract pricing calculations. We will let B,(T + Y) represent the bond price at
time t, T is the expiration date of the forward contract, Y is the remaining maturity of the
bond on the forward contract expiration, and (T + Y) is the time to maturity of the bond
at the time the forward contract is initiated. Consider a bond with n coupons to occur
before its maturity date. Converting our formula for a forward contract on a stock into that
for a forward contract on a bond and letting CI be the coupon interest over a specified
period of time, we have a forward price of

F(0,T) = [BX(T + Y) — PV(CLO,D)](1 + n)T (2-9)

where PV(CL0,T) is the present value of the coupon interest over the life of the forward
contract. Alternatively, the forward price can be obtained as

F(0,T) = [BoS(T + Y)J(1 +1)" — FV(CL0,T) (2-10)

where FV(CL0,T) is the future value of the coupon interest over the life of the forward
contract.
The value of the forward contract at time t would be

V(0,T) = B&T +Y) — PV(CLLT) — FO,T)/1 + 0T (2-11)
at time t; note that the relevant coupons are only those remaining as of time t until expira-

tion of the forward contract. As in the case for stock, this formula will reduce to the appro-
priate values at time O and at expiration. For example, at expiration, no coupons would
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remain, t = T, and V(0,T) = B;(T + Y) — F(0,T). At time t = 0, the contract is being
initiated and has a zero value, which leads to the formula for F(0,T) above.

Consider a bond with semiannual coupons. The bond has a current maturity of 583
days and pays four coupons, each six months apart. The next coupon occurs in 37 days,
followed by coupons in 219 days, 401 days, and 583 days, at which time the principal is
repaid. Suppose that the bond price, which includes accrued interest, is $984.45 for a
$1,000 par, 4 percent coupon bond. The coupon rate implies that each coupon is $20. The
risk-free interest rate is 5.75 percent. Assume that the forward contract expires in 310 days.
Thus, T = 310, T +Y = 583, and Y = 273, meaning that the bond has 273 days remain-
ing after the forward contract expires. Note that only the first two coupons occur during
the life of the forward contract.

The present value of the coupons is

$20/(1.0575)%7%% + $20/(1.0575)193%° = $39.23
The forward price if the contract is initiated now is
F(0,T) = ($984.45 — $39.23)(1.0575)>'%%6% = $991.18

Thus, we assume that we shall be able to enter into this contract to buy the bond in 310
days at the price of $991.18.

Now assume it is 15 days later and the new bond price is $973.14. Let the risk-free
interest rate now be 6.75 percent. The present value of the remaining coupons is

$20/(1.0675)%%%° + $20/(1.0675)%*3%% = $39.20
The value of the forward contract is thus
$973.14 — $39.20 — $991.19/(1.0675)9>3%% = —$6.28

The contract has gone from a zero value at the start to a negative value, primarily as a result
of the decrease in the price of the underlying bond.

If the bond is a zero-coupon bond/T-bill, we can perform the same analysis as above,
but we simply let the coupons equal zero.

Exhibit 2-7 summarizes the formulas for the pricing and valuation of forward con-
tracts on fixed-income securities.

EXHIBIT 2-7  Pricing and Valuation Formulas for Fixed Income
Forward Contracts

Forward price = (Bond price — Present value of coupons over life of contract)(1 + r)* or
(Bond price)(1 + r)" — Future value of coupons over life of contract

Price of forward contract on bond with coupons CI:
F(0,T) = [Bo(T +Y) — PV(CLO,DI(1 + n)T

or [BoX(T + Y)I(1 + nT — FV(CLO,T)

Value of forward contract on bond with coupons CI:

V(0,T) = BXT +Y) — PV(CLt,T) — FO,T)/(1 + )" ?
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PRACTICE PROBLEM 3

An investor purchased a bond when it was originally issued with a maturity of five
years. The bond pays semiannual coupons of $50. It is now 150 days into the life of
the bond. The investor wants to sell the bond the day after its fourth coupon, The
first coupon occurs 181 days after issue, the second 365 days, the third 547 days,
and the fourth 730 days. At this point (150 days into the life of the bond), the price
is $1,010.25. The bond prices quoted here include accrued interest.

A. At what price could the owner enter into a forward contract to sell the bond on
the day after its fourth coupon? Note that the owner would receive that fourth
coupon. The risk-free rate is currently 8 percent.

B. Now move forward 365 days. The new risk-free interest rate is 7 percent and the
new price of the bond is $1,025.375. The counterparty to the forward contract
believes that it has received a gain on the position. Determine the value of the
forward contract and the gain or loss to the counterparty at this time. Note that
we have now introduced a new risk-free rate, because interest rates can obviously
change over the life of the bond and any calculations of the forward contract
value must reflect this fact. The new risk-free rate is used instead of the old rate
in the valuation formula.

SOLUTIONS

A. First we must find the present value of the four coupons over the life of the for-
ward contract. At the 150th day of the life of the bond, the coupons occur 31 days
from now, 215 days from now, 397 days from now, and 580 days from now. Keep
in mind that we need consider only the first four coupons because the owner will
sell the bond on the day after the fourth coupon. The present value of the
coupons is

$50/(1.08)17265 + $50/(1.08)>'¥36% + $50/(1.08)*°773%% + $50/(1.08)%89365 = $187.69

Because we want the forward contract to expire one day after the fourth coupon,
it expires in 731 — 150 = 581 days. Thus, T = 581/365.

F(0,T) = F(0,581/365) = ($1,010.25 — $187.69)(1.08)%1365 = $929.76

B. Itis now 365 days later—the 515th day of the bond’s life. There are two coupons
to go, one occurring in 547 — 515 = 32 days and the other in 730 — 515 = 215
days. The present value of the coupons is now

$50/(1.07)°%3%5 + $50/(1.07)%1536% = $97.75

To address the value of the forward contract and the gain or loss to the counterparty,
note that 731 — 515 = 216 days now remain until the contract’s expiration. Because
the bondholder would sell the forward contract to hedge the future sale price of the
bond, the bondholder’s counterparty to the forward contract would hold a long posi-
tion. The value of the forward contract is the current spot price minus the present
value of the coupons minus the present value of the forward price:

$1,025.375 — $97.75 — $929.76/(1.07)%'93%5 = $34.36

Because the contract was initiated with a zero value at the start and the counterparty
is long the contract, the value of $34.36 represents a gain to the counterparty.
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Now let us look at the pricing and valuation of FRAs. Previously we used the nota-
tions t and T to represent the time to a given date. The expressions t or T were, respectively,
the number of days to time point t or T, each divided by 365. In the FRA market, contracts
are created with specific day counts. We will use the letter h to refer to the day on which
the FRA expires and the letter g to refer to an arbitrary day prior to expiration. Consider
the time line shown below. We shall initiate an FRA on day 0. The FRA expires on day h.
The rate underlying the FRA is the rate on an m-day Eurodollar deposit. Thus, there are h
days from today until the FRA expiration and h + m days until the maturity date of the
Eurodollar instrument on which the FRA rate is based. The date indicated by g will sim-
ply be a date during the life of the FRA at which we want to determine a value for the FRA.

| | |

0 g h h+m
(today) (expiration)

Now let us specify some notation. We let L;(j) represent the rate on a j-day LIBOR
deposit on an arbitrary day i, which falls somewhere in the above period from 0 to h,
inclusive. Remember that this instrument is a j-day loan from one bank to another. For
example, the bank borrowing $1 on day i for j days will pay back the amount

N
$1[1 i L‘(”< 360)]

in j days.

The rate for m-day LIBOR on day h, Ly(m), will determine the payoff of the FRA.
We denote the fixed rate on the FRA as FRA(0,h,m), which stands for the rate on an FRA
established on day 0, expiring on day h, and based on m-day LIBOR. We shall use a $1
notional principal for the FRA, which means that at expiration its payoff is

[Ln(m) — FRA(o,h.mn(——m )
360
(2-12)

m
e L“(m)( 360)

The numerator is the difference between the underlying LIBOR on the expiration day and
the rate agreed on when the contract was initiated, multiplied by the adjustment factor
m/360. Both of these rates are annual rates applied to a Eurodollar deposit of m days;
hence, multiplying by m/360 is necessary. The denominator discounts the payoff by the
m-day LIBOR in effect at the time of the payoff. As noted earlier, this adjustment is nec-
essary because the rates in the numerator apply to Eurodollar deposits created on day h and
paying off m days later. If the notional principal is anything other than $1, we also must
multiply the above payoff by the notional principal to determine the actual payoff.

To derive the formula for pricing an FRA, a specific arbitrage transaction involving
Eurodollars and FRAs is required. We omit the details of this somewhat complex transac-
tion, but the end result is that the FRA rate is given by the following formula:

h+m)
360 _i (ﬂ)

m

FRA (0,h,m) =

(2-13)

1 + Loh) (526)
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This somewhat awkward-looking formula is actually just the formula for a LIBOR forward
rate, given the interest payment conventions in the FRA market. The numerator is the
future value of a Eurodollar deposit of h + m days. The denominator is the future value of
a shorter-term Eurodollar deposit of h days. This ratio is 1 plus a rate; subtracting 1 and
multiplying by 360/m annualizes the rate.?!

Consider a 3 X 9 FRA. This instrument expires in 90 days and is based on 180-day
LIBOR. Thus, the Eurodollar deposit on which the underlying rate is based begins in 90
days and matures in 270 days. Because we are on day 0, h = 90, m = 180, andh + m =
270. Let the current rates be

Lo(h) = Lo(90) = 0.056
Lo(h + m) = Ly(270) = 0.06

In other words, the 90-day rate is 5.6 percent, and the 270-day rate is 6 percent.
With h = 90 and m = 180, using our formula for the FRA rate, we obtain

FRA(O,h,m) = FRA(0,90,180) = | . 360 (%2%) = 0.0611
90
1+ 0.056] ——
(360)

So to enter into an FRA on day 0, the rate would be 6.11 percent.”

As noted, the initial outlay for entering the forward contract is zero. Thus, the initial
value is zero. Later during the life of the contract, its value will rise above or fall below
zero. Now let us determine the value of an FRA during its life. Specifically, we use the
notation V,4(0,h,m) to represent the value of an FRA on day g, prior to expiration, which
was established on day 0, expires on day h, and is based on m-day LIBOR. Omitting the
derivation, the value of the FRA will be

| 1+ FRA(O,h,m)(—’;‘—)
Vg(0,h,m) = - 360 (2-14)
1+L(h—g)<b—:§> 1+L(h+m—g)<m—_—g->
& 360 € 360

This formula looks complicated, but the ideas behind it are actually quite simple. Recall
that we are at day g. The first term on the right-hand side is the present value of $1 received
at day h. The second term is the present value of 1 plus the FRA rate to be received on day
h + m, the maturity date of the underlying Eurodollar time deposit.

Assume that we go long the FRA, and it is 25 days later. We need to assign a value to the
FRA. First note thatg = 25, h — g =90 — 25 =65, andh+ m — g =90 + 180 — 25 =
245. In other words, we are 25 days into the contract, 65 days remain until expiration, and
245 days remain until the maturity of the Eurodollar deposit on which the underlying LIBOR

is based. First we need information about the new term structure. Let
Ly(h — g) = L,5(65) = 0.059
Ly(h + m — g) = L,5(245) = 0.065

2! To compare with the traditional method of calculating a forward rate, consider a two-year rate of 10 percent
and a one-year rate of 9 percent. The forward rate is [(1.10)%(1.09)] — 1 = 0.1101. The numerator is the future
value of the longer-term bond, and the denominator is the future value of the shorter-term bond. The ratio is 1
plus the rate. We do not need to annualize in this example, because the forward rate is on a one-year bond.

22 1t is worthwhile to point out again that this rate is the forward rate in the LIBOR term structure.
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We now use the formula for the value of the FRA to obtain

1 + 0.061 1(—@>

V,(0,h,m) = V,5(0,90,180) = ! 65\ 2'1650 = (0.0026
1+ 0. - 1+ 0.065{=—
059( 360 ) 0 ( 360 >

Thus, we went long this FRA on day 0. Then 25 days later, the term structure changes to
the rates used here and the FRA has a value of $0.0026 per $1 notional principal. If the
notional principal is any amount other than $1, we multiply the notional principal by
$0.0026 to obtain the full market value of the FRA.

We summarize the FRA formulas in Exhibit 2-8. We have now looked at the pricing
and valuation of equity, fixed-income, and interest rate forward contracts. One of the most
widely used types of forward contracts is the currency forward. The pricing and valuation
of currency forwards is remarkably similar to that of equity forwards.

EXHIBIT 2-8 Pricing and Valuation Formulas for Interest Rate
i Forward Contracts (FRAs)

. Forward price (rate):

h+m

)y

|+ L h)(l) m
o360

1 + Loth + m)(

FRA(O,h,m) =

Value of FRA on day g:

1+ FRA(O,h,m)(—rE—)

+Lyh - g 2] 1+ +m -~ ————i)
T+Lb—g ( 360 ) Le(h + m g)( 360

©
he
:

PRACTICE PROBLEM 4

A corporate treasurer needs to hedge the risk of the interest rate on a future transac-
tion. The risk is associated with the rate on 180-day Euribor in 30 days. The relevant
term structure of Euribor is given as follows:

30-day Euribor 5.75%
210-day Euribor 6.15%

A. State the terminology used to identify the FRA in which the manager is
interested.

B. Determine the rate that the company would get on an FRA expiring in 30 days
on 180-day Euribor.
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4.4 PrICING
AND VALUATION
ofF CURRENCY
FORWARD
CONTRACTS

C. Suppose the manager went long this FRA. Now, 20 days later, interest rates have
moved significantly downward to the following:

10-day Euribor 5.45%
190-day Euribor 5.95%

The manager would like to know where the company stands on this FRA
transaction. Determine the market value of the FRA for a €20 million notional
principal.

D. On the expiration day, 180-day Euribor is 5.72 percent. Determine the payment
made to or by the company to settle the FRA contract.

SOLUTIONS

A. This transaction would be identified as a 1 X 7 FRA.
B. Here the notation would be h = 30, m = 180, h + m = 210. Then

1+ 0.0615(319) 360
FRA(0,h,m) = FRA(0,30,180) = 360/ _ (%) = 0.0619
30
1 + 0.0575( =
(360)

C. Hereg=20,h—g=30—-20=10,h+ m — g =30 + 180 — 20 = 190. The
value of the FRA for a €1 notional principal would be

i 1+ 0.0619(%)

Vg(0,h,m) = V5(0,30,180) = o - 190 = —0.0011
1 + 0.0545{ —— . -
(3) 1+ 0omd{5)

Thus, for a notional principal of €20 million, the value would be
€20,000,000(—0.0011) = —€22,000.

D. At expiration, the payoff is

1
[Lp(m) — FRA(O,h,m)]<_£) (0.0572 ~ 0.0619)<—§%>
07— 0 = ~0.0023
m
— 1+ 0.0572( ===
H Lh(m)< 360) 0.057 (360)

For a notional principal of €20 million, the payoff would then be
€20,000,000(—0.0023) = —€46,000. Thus, €46,000 would be paid by the company,
because it is long and the final rate was lower than the FRA rate.

Foreign currency derivative transactions as well as spot transactions must be handled with
care. The exchange rate can be quoted in terms of units of the domestic currency per unit
of foreign currency, or units of the foreign currency per unit of the domestic currency. In
this book, we shall always quote exchange rates in terms of units of the domestic currency
per unit of the foreign currency, which is also called a direct quote. This approach is in
keeping with the way in which other underlying assets are quoted. For example, from the
perspective of a U.S. investor, a stock that sells for $50 is quoted in units of the domestic
currency per unit (share) of stock. Likewise, if the euro exchange rate is quoted as $0.90,
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then the euro sells for $0.90 per unit, which is one euro. Alternatively, we could quote that
$1 sells for 1/$0.90 = €1.1111—that is, €1.1111 per $1; in this case, units of foreign cur-
rency per one unit of domestic currency from the perspective of a U.S. investor. In fact,
this type of quote is commonly used and is called an indirect quote. Taking that approach,
however, we would quote the stock price as 1/$50 = 0.02 shares per $1, a very unusual
and awkward way to quote a stock price.

By taking the approach of quoting prices in terms of units of the domestic currency
per unit of foreign currency, we facilitate a comparison of currencies and their derivatives
with equities and their derivatives—a topic we have already covered. For example, we
have previously discussed the case of a stock selling for Sy, which represents units of the
domestic currency per share of stock. Likewise, we shall treat the currency as having an
exchange rate of Sy, meaning that it is selling for So. We also need the foreign interest rate,
denoted as ', and the domestic interest rate, denoted as r.?>

Consider the following transactions executed today (time 0), assuming a contract
expiration date of T:

Take Sy/(1 + r¥)T units of the domestic currency and convert it to 141 + r’)T units of
the foreign currency.**

Sell a forward contract to deliver one unit of the foreign currency at the rate F(0,T)
expiring at time T.

Hold the position until time T. The (1 + r*)T units of foreign currency will accrue inter-
est at the rate r* and grow to one unit of the currency at T as follows:

1\ £\T
T+ A=l

Thus, at expiration we shall have one unit of the foreign currency, which is then delivered
to the holder of the long forward contract, who pays the amount F(0,T). This amount was
known at the start of the transaction. Because the risk has been hedged away, the exchange
rate at expiration is irrelevant. Hence, this transaction is risk-free. Accordingly, the present
value of F(0,T), found by discounting at the domestic risk-free interest rate, must equal the
initial outlay of So/(1 + r*)T. Setting these amounts equal and solving for F(0,T) gives

F(0.T) = [UE—OH)T] a+nT 2-15)
The term in brackets is the spot exchange rate discounted by the foreign interest rate. This
term is then compounded at the domestic interest rate to the expiration day.>

Recall that in pricing equity forwards, we always reduced the stock price by the pres-
ent value of the dividends and then compounded the resulting value to the expiration date.
We can view currencies in the same way. The stock makes cash payments that happen to

23 We do not use a superscript “d” for the domestic rate, because in all previous examples we have used r to
denote the interest rate in the home country of the investor.

24 In other words, if one unit of the foreign currency costs Sq, then So/(1 + )T units of the domestic currency
would, therefore, buy 1/(1 + DT units of the foreign currency.

25 1t is also common to see the above Equation 2-15 written inversely, with the spot rate divided by the domestic
interest factor and compounded by the foreign interest factor. This variation would be appropriate if the spot and
forward rates were quoted in terms of units of the foreign currency per unit of domestic currency (indirect
quotes). As we mentioned earlier, however, it is easier to think of a currency as just another asset, which naturally
should have its price quoted in units of the domestic currency per unit of the asset or foreign currency.
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be called dividends; the currency makes cash payments that happen to be called interest.
Although the time pattern of how a stock pays dividends is quite different from the time
pattern of how interest accrues, the general idea is the same. After reducing the spot price
or rate by any cash flows over the life of the contract, the resulting value is then com-
pounded at the risk-free rate to the expiration day.

The formula we have obtained here is simply a variation of the formula used for
other types of forward contracts. In international financial markets, however, this formula
has acquired its own name: interest rate parity (sometimes called covered interest rate
parity). It expresses the equivalence, or parity, of spot and forward exchange rates, after
adjusting for differences in the interest rates in the two countries. One implication of inter-
est rate parity is that the forward rate will exceed (be less than) the spot rate if the domes-
tic interest rate exceeds (is less than) the foreign interest rate. With a direct quote, if the
forward rate exceeds (is less than) the spot rate, the foreign currency is said to be selling
at a premium (discount). One should not, on the basis of this information, conclude that a
currency selling at a premium is expected to increase or one selling at a discount is
expected to decrease. A forward premium or discount is merely an implication of the rela-
tionship between interest rates in the two countries. More information would be required
to make any assumptions about the outlook for the exchange rate.

If the forward rate in the market does not equal the forward rate given by interest rate
parity, then an arbitrage transaction can be executed. Indeed, a similar relationship is true
for any of the forward rates we have studied. In the foreign exchange markets, however,
this arbitrage transaction has its own name: covered interest arbitrage. If the forward rate
in the market is higher than the rate given by interest rate parity, then the forward rate is
too high. When the price of an asset or derivative is too high, it should be sold. Thus, a
trader would 1) sell the forward contract at the market rate, 2) buy 1/(1 + r')T units of the
foreign currency, 3) hold the position, earning interest on the currency, and 4) at maturity
of the forward contract deliver the currency and be paid the forward rate. This arbitrage
transaction would earn a return in excess of the domestic risk-free rate without any risk. If
the forward rate is less than the rate given by the formula, the trader does the opposite, sell-
ing the foreign currency and buying a forward contract, in a similar manner. The combined
actions of many traders undertaking this transaction will bring the forward price in the
market in line with the forward price given by the model.

In Equation 2-15, both interest rates were annual rates with discrete compounding.
In dealing with equities, we sometimes assume that the dividend payments are made con-
tinuously. Similarly, we could also assume that interest is compounded continuously. If
that is the case, let r'* be the continuously compounded foreign interest rate, defined as
™ = In(1 + r*), and as before, let 1° be the continuously compounded domestic interest
rate. Then the forward price is given by the same formula, with appropriately adjusted
symbols, as we obtained when working with equity derivatives:

FO,T) = (Spe " D" T (2-16)

Now consider how we might value a foreign currency forward contract at some point in
time during its life. In fact, we already know how: We simply apply to foreign currency for-
ward contracts what we know about the valuation of equity forwards during the contract’s life.
Recall that the value of an equity forward is the stock price minus the present value of the div-
idends over the remaining life of the contract minus the present value of the forward price over
the remaining life of the contract. An analogous formula for a currency forward gives us

S, ___Fom
1+HTY a+pTY

V(0,T) = (2-17)
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In other words, we take the current exchange rate at time t, S,, discount it by the foreign inter-
est rate over the remaining life of the contract, and subtract the forward price discounted by
the domestic interest rate over the remaining life of the contract. Under the assumption that
we are using continuous compounding and discounting, the formula would be

V(O.T) = (S~ Ty — F(0,T)e TV (2-18)

For example, suppose the domestic currency is the U.S. dollar and the foreign
currency is the Swiss franc. Let the spot exchange rate be $0.5987, the U.S. interest rate
be 5.5 percent, and the Swiss interest rate be 4.75 percent. We assume these interest rates
are fixed and will not change over the life of the forward contract. We also assume that
these rates are based on annual compounding and are not quoted as LIBOR-type rates.
Thus, we compound using formulas like (1 + r)T, where T is the number of years and r is
the annual rate.”®

Assuming the forward contract has a maturity of 180 days, we have T = 180/365.
Using the above formula for the forward rate, we find that the forward price should be

$0.5987

F(0,T) = F(0,180/365) = [W

] (1.055)'189365 = $0.6008

Thus, if we entered into a forward contract, it would call for us to purchase (if long) or sell
(if short) one Swiss franc in 180 days at a price of $0.6008.

Suppose we go long this forward contract. It is now 40 days later, or 140 days until
expiration. The spot rate is now $0.65. As assumed above, the interest rates are fixed. With
t = 40/365 and T — t = 140/365, the value of our long position is

$0.6500 $0.6008
V[(O,T) = V40/365(0,180/365) = (1‘0475)140/365 - (1.055)]40/365 = $OO499

So the contract value is $0.0499 per Swiss franc. If the notional principal were more than
one Swiss franc, we would simply multiply the notional principal by $0.0499.

If we were working with continuously compounded rates, we would have r° =
In(1.055) = 0.0535 and " = In(1.0475) = 0.0464. Then the forward price would be
F(0,T) = F(0,180/365) = (0.5987¢ ~0-0464(180/365), ,0.0535(180/365) — () 6008, and the value 40
days later would be V40,365(0,180/365) = 0.65¢ 00464140365y _ (3 600ge 005351407365 —
0.0499. These are the same results we obtained working with discrete rates.

Exhibit 2-9 summarizes the formulas for pricing and valuation of currency forward
contracts.

EXHIBIT 2-9 Pricing and Valuation Formulas for Currency Forward Contracts

Forward price (rate) = (Spot price discounted by foreign interest rate) compounded at
domestic interest rate:

. . So T
Dis :FOT) = |—= +
iscrete interest: F(0,T) [(1 T ](1 r)
Continuous interest: F(0,T) = (S()e"ch)erCT

26If these were LIBOR-style rates, the interest would be calculated using the factor 1 + {Rate(Days/360)].
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Value of forward contract:

S, ]_ F(0,T)
(1 + rf)(T—t) (1 + r)(T—t)

Continuous interest: V,(0,T) = [S;e™™ (T™9] — F(0,T)e *T~9

Discrete interest: V(0,T) = [

Note: The exchange rate is quoted in units of domestic currency per unit of foreign
currency.

PRACTICE PROBLEM 5

The spot rate for British pounds is $1.76. The U.S. risk-free rate is 5.1 percent, and
the U.K. risk-free rate is 6.2 percent; both are compounded annually. One-year for-
ward contracts are currently quoted at a rate of $1.75.

A. Identify a strategy with which a trader can earn a profit at no risk by engaging in
a forward contract, regardless of her view of the pound’s likely movements.
Carefully describe the transactions the trader would make. Show the rate of
return that would be earned from this transaction. Assume the trader’s domestic
currency is U.S. dollars.

B. Suppose the trader simply shorts the forward contract. It is now one month later.
Assume interest rates are the same, but the spot rate is now $1.72. What is the
gain or loss to the counterparty on the trade?

C. At expiration, the pound is at $1.69. What is the value of the forward contract to
the short at expiration?

SOLUTIONS

A. The following information is given:

So = $1.76
r = 0.051
' = 0.062
T=1.0
The forward price should be
_ $1.76) _
F(0,T) <———1.062 (1.051) = $1.7418

With the forward contract selling at $1.75, it is slightly overpriced. Thus, the

trader should be able to buy the currency and sell a forward contract to earn a

return in excess of the risk-free rate at no risk. The specific transactions are as

follows:

* Take $1.76/(1.062) = $1.6573. Use it to buy 1/1.062 = £0.9416.

* Sell a forward contract to deliver £1.00 in one year at the price of $1.75.

* Hold the position for one year, collecting interest at the U.K. risk-free rate of
6.2 percent. The £0.9416 will grow to (0.9416)(1.062) = £1.00.

* At expiration, deliver the pound and receive $1.75. This is a return of

1.75
1.6573

- 1=0.0559




Credit Risk and Forward Contracts 61

IR W

A risk-free return of 5.59 percent is better than the U.S. risk-free rate of 5.1 per-
cent, a result of the fact that the forward contract is overpriced.

B. We now need the value of the forward contract to the counterparty, who went
long at $1.75. The inputs are

t=1/12

S, = $1.72
T—t=11/12
F(O,T) = $1.75

The value of the forward contract to the long is

1.72 175
VO = 062y ~ (qospyi  T0044

which is a loss of $0.0443 to the long and a gain of $0.0443 to the short.
C. The pound is worth $1.69 at expiration. Thus, the value to the long is

V+(0,T) = 1.69 — 1.75 = —0.06

and the value to the short is +$0.06. Note the minus sign in the equation
V1(0,T) = —0.06. The value to the long is always the spot value at expiration
minus the original forward price. The short will be required to deliver the foreign
currency and receive $1.75, which is $0.06 more than market value of the pound.
The contract’s value to the short is thus $0.06, which is the negative of its value
to the long.

We have now seen how to determine the price and value of equity, fixed-income and
interest rate, and currency forward contracts. We observed that the price is determined such
that no arbitrage opportunities exist for either the long or the short. We have found that the
value of a forward contract is the amount we would pay or receive to enter or exit the con-
tract. Because no money changes hands up front, the value of a forward contract when ini-
tiated is zero. The value at expiration is determined by the difference between the spot
price or rate at expiration and the forward contract price or rate. The value prior to expira-
tion can also be determined and is the present value of the claim at expiration.

Determining the value of a forward contract is important for several reasons. One,
however, is particularly important: Forward contracts contain the very real possibility that
one of the parties might default. By knowing the market value, one can determine the
amount of money at risk if a counterparty defaults. Let us now look at how credit risk
enters into a forward contract.

5 CREDIT RISK AND FORWARD CONTRACTS

To illustrate how credit risk affects a forward contract, consider the currency forward con-
tract example we just finished in the previous section. It concerns a contract that expires
in 180 days in which the long will pay a forward rate of $0.6008 for each Swiss franc to
be received at expiration. Assume that the contract covers 10 million Swiss francs. Let us
look at the problem from the point of view of the holder of the long position and the credit
risk faced by this party.

Assume it is the contract expiration day and the spot rate for Swiss francs is $0.62.
The long is due to receive 10 million Swiss francs and pay $0.6008 per Swiss franc, or
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$6,008,000 in total. Now suppose that perhaps because of bankruptcy or insolvency, the
short cannot come up with the $6,200,000 that it would take to purchase the Swiss francs
on the open market at the prevailing spot rate.>’ In order to obtain the Swiss francs, the
long would have to buy them in the open market. Doing so would incur an additional cost
of $6,200,000 — $6,008,000 = $192,000, which can be viewed as the credit risk at the
point of expiration when the spot rate is $0.62. Not surprisingly, this amount is also the
market value of the contract at this point.

This risk is an immediate risk faced at expiration. Prior to expiration, the long faces
a potential risk that the short will default. If the Jong wanted to gauge the potential expo-
sure, he would calculate the current market value. In the example we used in which the
long is now 40 days into the life of the contract, the market value to the long is $0.0499
per Swiss franc. Hence, the long’s exposure would be 10,000,000($0.0499) = $499,000.
Although no payments are due at this point, $499,000 is the market value of the claim on
the payment at expiration. Using an estimate of the probability that the short would default,
the long can gauge the expected credit loss from the transaction by multiplying that prob-
ability by $499,000.

The market value of a forward contract reflects the current value of the claim at expi-
ration, given existing market conditions. If the Swiss franc rises significantly, the market
value will increase along with it, thereby exposing the long to the potential for even greater
losses. Many participants in derivatives markets estimate this potential loss by running
simulations that attempt to reflect the potential market value of the contract along with the
probability of the counterparty defaulting.

We have viewed credit risk from the viewpoint of the long, but what about the short’s
perspective? In the case in which we went to expiration and the short owed the long the
greater amount, the short faces no credit risk. In the case prior to expiration in which the
contract’s market value was positive, the value of the future claim was greater to the long
than to the short. Hence, the short still did not face any credit risk.

The short would face credit risk, however, if circumstances were such that the value
of the transaction were negative to the long, which would make the value to the short pos-
itive. In that case, the scenario discussed previously in this section would apply from the
short’s perspective.

In Chapter 9, we shall discuss methods of managing the credit risk of various types
of derivatives transactions. At this point, however, it will be helpful to specifically exam-
ine one particular method. Let us go back to the long currency forward contract that had a
market value of $499,000. As it stands at this time, the holder of the long position has a
claim on the holder of the short position that is worth $499,000. Suppose the two parties
had agreed when they entered into the transaction that in 40 days, the party owing the
greater amount to the other would pay the amount owed and the contract would be repriced
at the new forward rate. Now on the 40th day, the short would pay the long $499,000.
Recalling that the U.S. interest rate was 5.5 percent and the Swiss interest rate was 4.75
percent, the contract, which now has 140 days to go (T = 140/365), would then be repriced
to the rate

$0.65

W] (1.055)'*7% = $0.6518

F(O0.T) = F(0,140/365) = [

Z’Even if the short already holds the Swiss franc, she might be declaring bankruptcy or otherwise unable to pay
debts such that the forward contract claim is combined with the claims of all of the short’s other creditors.
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In other words, from this point, the contract has a new rate of $0.6518. The long now
agrees to pay $0.6518 for the currency from the short in 140 days.

What the two parties have done is called marking to market. They have settled up
the amount owed and marked the contract to its current market rate. If the parties agree in
advance, a forward contract can be marked to market at whatever dates the parties feel are
appropriate. Marking to market keeps one party from becoming too deeply indebted to the
other without paying up. At the dates when the contract is marked to market, the parties
restructure the contract so that it remains in force but with an updated price.

Forward contracts and swaps are sometimes marked to market to mitigate credit risk.
In Chapter 3, we shall examine futures contracts. A distinguishing characteristic of futures
contracts is that they are marked to market every day. In essence, they are forward con-
tracts that are marked to market and repriced daily to reduce the credit risk.

6 THE ROLE OF FORWARD MARKETS

In this chapter we have discussed many aspects of forward contracts and forward markets.
We will conclude the chapter (and each of the following chapters, which cover futures,
options, and swaps) with a brief discussion of the role that these markets play in our finan-
cial system. Although forward, futures, options, and swap markets serve similar purposes
in our society, each market is unique. Otherwise, these markets would consolidate.

Forward markets may well be the least understood of the various derivative markets.
In contrast to their cousins, futures contracts, forward contracts are a far less visible seg-
ment of the financial markets. Both forwards and futures serve a similar purpose: They
provide a means in which a party can commit to the future purchase or sale of an asset at
an agreed-upon price, without the necessity of paying any cash until the asset is actually
purchased or sold. In contrast to futures contracts, forward contracts are private transac-
tions, permitting the ultimate in customization. As long as a counterparty can be found, a
party can structure the contract completely to its liking. Futures contracts are standardized
and may not have the exact terms required by the party. In addition, futures contracts, with
their daily marking to market, produce interim cash flows that can lead to imperfections in
a hedge transaction designed not to hedge interim events but to hedge a specific event at a
target horizon date. Forward markets also provide secrecy and have only a light degree of
regulation. In general, forward markets serve a specialized clientele, specifically large cor-
porations and institutions with specific target dates, underlying assets, and risks that they
wish to take or reduce by committing to a transaction without paying cash at the start.

As Chapter 5 will make clear, however, forward contracts are just miniature versions
of swaps. A swap can be viewed as a series of forward contracts. Swaps are much more
widely used than forward contracts, suggesting that parties that have specific risk man-
agement needs typically require the equivalent of a series of forward contracts. A swap
contract consolidates a series of forward contracts into a single instrument at lower cost.

Forward contracts are the building blocks for constructing and understanding both
swaps and futures. Swaps and futures are more widely used and better known, but forward
contracts play a valuable role in helping us understand swaps and futures. Moreover, as
noted, for some parties, forward contracts serve specific needs not met by other derivatives.

In Chapter 3 we shall look at futures contracts. We shall demonstrate how similar
they are to forward contracts, but the differences are important, and some of their benefits
to society are slightly different and less obvious than those of forwards.
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KEY POINTS

The holder of a long forward contract (the “long”) is obligated to take delivery of the
underlying asset and pay the forward price at expiration. The holder of a short for-
ward contract (the “short”) is obligated to deliver the underlying asset and accept
payment of the forward price at expiration.

At expiration, a forward contract can be terminated by having the short make deliv-
ery of the underlying asset to the long or having the long and short exchange the
equivalent cash value. If the asset is worth more (less) than the forward price, the
short (long) pays the long (short) the cash difference between the market price or rate
and the price or rate agreed on in the contract.

A party can terminate a forward contract prior to expiration by entering into an oppo-
site transaction with the same or a different counterparty. It is possible to leave both the
original and new transactions in place, thereby leaving both transactions subject to
credit risk, or to have the two transactions cancel each other. In the latter case, the party
owing the greater amount pays the market value to the other party, resulting in the elim-
ination of the remaining credit risk. This elimination can be achieved, however, only if
the counterparty to the second transaction is the same counterparty as in the first.

A dealer is a financial institution that makes a market in forward contracts and other
derivatives. A dealer stands ready to take either side of a transaction. An end user is
a party that comes to a dealer needing a transaction, usually for the purpose of man-
aging a particular risk.

Equity forward contracts can be written on individual stocks, specific stock portfo-
lios, or stock indices. Equity forward contract prices and values must take into
account the fact that the underlying stock, portfolio, or index could pay dividends.

Forward contracts on bonds can be based on zero-coupon bonds or on coupon bonds,
as well as portfolios or indices based on zero-coupon bonds or coupon bonds. Zero-
coupon bonds pay their return by discounting the face value, often using a 360-day
year assumption. Forward contracts on bonds must expire before the bond’s maturity.
In addition, a forward contract on a bond can be affected by special features of bonds,
such as callability and convertibility.

Eurodollar time deposits are dollar loans made by one bank to another. Although the
term “Eurodollars” refers to dollar-denominated loans, similar loans exist in other
currencies. Eurodollar deposits accrue interest by adding it on to the principal, using
a 360-day year assumption. The primary Eurodollar rate is called LIBOR.

LIBOR stands for London Interbank Offer Rate, the rate at which London banks are
willing to lend to other London banks. Euribor is the rate on a euro time deposit, a
loan made by banks to other banks in Frankfurt in which the currency is the euro.

An FRA is a forward contract in which one party, the long, agrees to pay a fixed inter-
est payment at a future date and receive an interest payment at a rate to be determined
at expiration. FRAs are described by a special notation. For example, a 3 X 6 FRA
expires in three months; the underlying is a Eurodollar deposit that begins in three
months and ends three months later, or six months from now.

The payment of an FRA at expiration is based on the net difference between the
underlying rate and the agreed-upon rate, adjusted by the notional principal and the
number of days in the instrument on which the underlying rate is based. The payoff
is also discounted, however, to reflect the fact that the underlying rate on which the
instrument is based assumes that payment will occur at a later date.
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® A currency forward contract is a commitment for one party, the long, to buy a cur-

rency at a fixed price from the other party, the short, at a specific date. The contract
can be settled by actual delivery, or the two parties can choose to settle in cash on the
expiration day.

A forward contract is priced by assuming that the underlying asset is purchased, a
forward contract is sold, and the position is held to expiration. Because the sale price
of the asset is locked in as the forward price, the transaction is risk free and should
earn the risk-free rate. The forward price is then obtained as the price that guarantees
a return of the risk-free rate. If the forward price is too high or too low, an arbitrage
profit in the form of a return in excess of the risk-free rate can be earned. The com-
bined effects of all investors executing arbitrage transactions will force the forward
price to converge to its arbitrage-free level.

The value of a forward contract is determined by the fact that a long forward contract
is a claim on the underlying asset and a commitment to pay the forward price at expi-
ration. The value of a forward contract is, therefore, the current price of the asset less
the present value of the forward price at expiration, Because no money changes hands
at the start, the value of the forward contract today is zero. The value of a forward
contract at expiration is the price of the underlying asset minus the forward price.

Valuation of a forward contract is important because 1) it makes good business sense
to know the values of future commitments, 2) accounting rules require that forward
contracts be accounted for in income statements and balance sheets, 3) the value gives
a good measure of the credit exposure, and 4) the value can be used to determine the
amount of money one party would have to pay another party to terminate a position.

An off-market forward contract is established with a nonzero value at the start. The
contract will, therefore, have a positive or negative value and require a cash payment
at the start. A positive value is paid by the long to the short; a negative value is paid
by the short to the long. In an off-market forward contract, the forward price will not
equal the price of the underlying asset compounded at the risk-free rate but rather will
be set in the process of negotiation between the two parties.

An equity forward contract is priced by taking the stock price, subtracting the present
value of the dividends over the life of the contract, and then compounding this
amount at the risk-free rate to the expiration date of the contract. The present value
of the dividends can be found by assuming the dividends are risk-free and calculat-
ing their present value using the risk-free rate of interest. Or one can assume that div-
idends are paid at a constant continuously compounded rate and then discount the
stock price by the exponential function using the continuously compounded dividend
rate. Alternatively, an equity forward can be priced by compounding the stock price
to the expiration date and then subtracting the future value of the dividends at the
expiration date. The value of an equity forward contract is the stock price minus the
present value of the dividends minus the present value of the forward price that will
be paid at expiration.

To price a fixed-income forward contract, take the bond price, subtract the present
value of the coupons over the life of the contract, and compound this amount at the
risk-free rate to the expiration date of the contract. The value of a fixed-income for-
ward contract is the bond price minus the present value of the coupons minus the
present value of the forward price that will be paid at expiration.

The price of an FRA, which is actually a rate, is simply the forward rate embedded

in the term structure of the FRA’s underlying rate. The value of an FRA based on a
Eurodollar deposit is the present value of $1 to be received at expiration minus the
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present value of $1 plus the FRA rate to be received at the maturity date of the Eurodol-
lar deposit on which the FRA is based, with appropriate (days/360) adjustments.

The price, which is actually an exchange rate, of a forward contract on a currency is
the spot rate discounted at the foreign interest rate over the life of the contract and
then compounded at the domestic interest rate to the expiration date of the contract.
The value of a currency forward contract is the spot rate discounted at the foreign
interest rate over the life of the contract minus the present value of the forward rate
at expiration.

Credit risk in a forward contract arises when the counterparty that owes the greater
amount is unable to pay at expiration or declares bankruptcy prior to expiration. The
market value of a forward contract is a measure of the net amount one party owes the
other. Only one party, the one owing the lesser amount, faces credit risk at any given
time. Because the market value can change from positive to negative, however, the
other party has the potential for facing credit risk at a later date. Counterparties occa-
sionally mark forward contracts to market, with one party paying the other the cur-
rent market value; they then reprice the contract to the current market price or rate.

Forward markets play an important role in society, providing a means by which a select
clientele of parties can engage in customized, private, unregulated transactions that
commit them to buying or selling an asset at a later date at an agreed-upon pricc with-
out paying any cash at the start. Forward contracts also are a simplified version of both
futures and swaps and, therefore, form a basis for understanding these other derivatives.
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PROBLEMS

1.

2.

3.

A. Calculate the price for a T-bill with a face value of $10,000, 153 days to maturity,
and a discount yield of 1.74 percent.

B. Calculate the asked discount yield for a T-bill that has 69 days to maturity, a face
value of $10,000, and a price of $9,950.

Assume that 60-day LIBOR is 4.35 percent. You are based in London and need to bor-
row $20,000,000 for 60 days. What is the total amount you will owe in 60 days?

The treasurer of Company A expects to receive a cash inflow of $15,000,000 in 90

days. The treasurer expects short-term interest rates to fall during the next 90 days. In

order to hedge against this risk, the treasurer decides to use an FRA that expires in 90

days and is based on 90-day LIBOR. The FRA is quoted at 5 percent. At expiration,

LIBOR is 4.5 percent. Assume that the notional principal on the contract is

$15,000,000.

A. Indicate whether the treasurer should take a long or short position to hedge inter-
est rate risk.

B. Using the appropriate terminology, identify the type of FRA used here.

C. Calculate the gain or loss to Company A as a consequence of entering the FRA.

. Suppose that a party wanted to enter into a FRA that expires in 42 days and is based

on 137-day LIBOR. The dealer quotes a rate of 4.75 percent on this FRA. Assume that
at expiration, the 137-day LIBOR is 4 percent and the notional principal is
$20,000,000.

A. What is the term used to describe such nonstandard instruments?

B. Calculate the FRA payoff on a long position.

. Assume Sun Microsystems expects to receive €20,000,000 in 90 days. A dealer pro-

vides a quote of $0.875 for a currency forward contract to expire in 90 days. Suppose
that at the end of 90 days, the rate is $0.90. Assume that settlement is in cash. Calcu-
late the cash flow at expiration if Sun Microsystems enters into a forward contract
expiring in 90 days to buy dollars at $0.875.

. Consider a security that sells for $1,000 today. A forward contract on this security that

expires in one year is currently priced at $1,100. The annual rate of intcrest is 6.75
percent. Assume that this is an off-market forward contract.

A. Calculate the value of the forward contract today, Vo(0,T).

B. Indicate whether payment is made by the long to the short or vice versa.

. Assume that you own a security currently worth $500. You plan to sell it in two

months. To hedge against a possible decline in price during the next two months, you

enter into a forward contract to sell the security in two months. The risk-free rate is

3.5 percent.

A. Calculate the forward price on this contract.

B. Suppose the dealer offers to enter into a forward contract at $498. Indicate how
you could earn an arbitrage profit.

C. After one month, the security sells for $490. Calculate the gain or loss to your
position.

Consider an asset currently worth $100. An investor plans to sell it in one year and is

concerned that the price may have fallen significantly by then. To hedge this risk, the

investor enters into a forward contract to sell the asset in one year. Assume that the

risk-free rate is 5 percent.

A. Calculate the appropriate price at which this investor can contract to sell the asset
in one year.
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B. Three months into the contract, the price of the asset is $90. Calculate the gain or
loss that has accrued to the forward contract.

C. Assume that five months into the contract, the price of the asset is $107, Calculate
the gain or loss on the forward contract.

D. Suppose that at expiration, the price of the asset is $98. Calculate the value of the
forward contract at expiration. Also indicate the overall gain or loss to the investor
on the whole transaction,

E. Now calculate the value of the forward contract at expiration assuming that at
expiration, the price of the asset is $110. Indicate the overall gain or loss to the
investor on the whole transaction, Is this amount more or less than the overall gain
or loss from Part D?

9. A security is currently worth $225. An investor plans to purchase this asset in one year

and is concerned that the price may have risen by then. To hedge this risk, the investor

enters into a forward contract to buy the asset in one year. Assume that the risk-free

rate is 4.75 percent.

A. Calculate the appropriate price at which this investor can contract to buy the asset
in one year.

B. Four months into the contract, the price of the asset is $250. Calculate the gain or
loss that has accrued to the forward contract.

C. Assume that eight months into the contract, the price of the asset is $200. Calcu-
late the gain or loss on the forward contract.

D. Suppose that at expiration, the price of the asset is $190. Calculate the value of the
forward contract at expiration. Also indicate the overall gain or loss to the investor
on the whole transaction.

E. Now calculate the value of the forward contract at expiration assuming that at
expiration, the price of the asset is $240. Indicate the overall gain or loss to the
investor on the whole transaction. Is this amount more or less than the overall gain
or loss from Part D?

10. Assume that a security is currently priced at $200. The risk-free rate is 5 percent.

A. A dealer offers you a contract in which the forward price of the security with
delivery in three months is $205. Explain the transactions you would undertake to
take advantage of the situation.

B. Suppose the dealer were to offer you a contract in which the forward price of the
security with delivery in three months is $198. How would you take advantage of
the situation?

11. Assume that you own a dividend-paying stock currently worth $150. You plan to sell

the stock in 250 days. In order to hedge against a possible price decline, you wish to
take a short position in a forward contract that expires in 250 days. The risk-free rate
is 5.25 percent. Over the next 250 days, the stock will pay dividends according to the
following schedule:

Days to Next Dividend Dividends per Share
30 $1.25
120 $1.25
210 $1.25

A. Calculate the forward price of a contract established today and expiring in 250
days.
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B. It is now 100 days since you entered the forward contract. The stock price is $115.
Calculate the value of the forward contract at this point.

C. At expiration, the price of the stock is $130. Calculate the value of the forward
contract at expiration.

hedge against a potential price increase over the next 90 days, she decides to take a
long position on a 90-day forward contract on the S&P 500 stock index. The index is
currently at 1145. The continuously compounded dividend yield is 1.75 percent. The
discrete risk-free rate is 4.25 percent.
A. Calculate the no-arbitrage forward price on this contract.
B. It is now 28 days since the portfolio manager entered the forward contract. The
i index value is at 1225. Calculate the value of the forward contract 28 days into the
contract.
C. At expiration, the index value is 1235. Calculate the value of the forward contract.

)
1
& 12. A portfolio manager expects to purchase a portfolio of stocks in 90 days. In order to
i

13. An investor purchased a newly issued bond with a maturity of 10 years 200 days ago.
The bond carries a coupon rate of 8 percent paid semiannually and has a face value of
$1,000. The price of the bond with accrued interest is currently $1,146.92. The
investor plans to sell the bond 365 days from now. The schedule of coupon payments
over the first two years, from the date of purchase, is as follows:

Coupon Days after Purchase Amount
First 181 $40
Second 365 $40
Third 547 $40
Fourth 730 $40

A. Should the investor enter into a long or short forward contract to hedge his risk
exposure? Calculate the no-arbitrage price at which the investor should enter the
forward contract. Assume that the risk-free rate is 6 percent.

B. The forward contract is now 180 days old. Interest rates have fallen sharply, and
the risk-free rate is 4 percent. The price of the bond with accrued interest is now
$1,302.26. Determine the value of the forward contract now and indicate whether
the investor has accrued a gain or loss on his position.

14. A corporate treasurer wishes to hedge against an increase in future borrowing costs due
to a possible rise in short-term interest rates. She proposes to hedge against this risk by
entering into a long 6 X 12 FRA. The current term structure for LIBOR is as follows:

Term Interest Rate

30 day 5.10%

90 day 5.25%
180 day 5.70%
360 day 5.95%

A. Indicate when this 6 X 12 FRA expires and identify which term of the LIBOR this
FRA is based on.
B. Calculate the rate the treasurer would receive on a 6 X 12 FRA.
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Suppose the treasurer went long this FRA. Now, 45 days later, interest rates have
risen and the LIBOR term structure is as follows:

Term Interest Rate
135 day 5.90%
315 day 6.15%

C. Calculate the market value of this FRA based on a notional principal of
$10,000,000.

D. At expiration, the 180-day LIBOR is 6.25 percent. Calculate the payoff on the
FRA. Does the treasurer receive a payment or make a payment to the dealer?

15. A financial manager needs to hedge against a possible decrease in short term interest
rates. He decides to hedge his risk exposure by going short on an FRA that expires in 90
days and is based on 90-day LIBOR. The current term structure for LIBOR is as follows:

Term Interest Rate

30 day 5.83%

90 day 6.00%
180 day 6.14%
360 day 6.51%

A. Identify the type of FRA used by the financial manager using the appropriate
terminology.

B. Calculate the rate the manager would receive on this FRA.
It is now 30 days since the manager took a short position in the FRA. Interest rates
have shifted down, and the new term structure for LIBOR is as follows:

Term Interest Rate
60 day 5.50%
150 day 5.62%

C. Calculate the market value of this FRA based on a notional principal of
$15,000,000.

16. Consider a U.S.-based company that exports goods to Switzerland. The U.S. company
expects to receive payment on a shipment of goods in three months. Because the pay-
ment will be in Swiss francs, the U.S. company wants to hedge against a decline in
the value of the Swiss franc over the next three months. The U.S. risk-free rate is 2
percent, and the Swiss risk-free rate is 5 percent. Assume that interest rates are
expected to remain fixed over the next six months. The current spot rate is $0.5974.
A. Indicate whether the U.S. company should use a long or short forward contract to
hedge currency risk.

B. Calculate the no-arbitrage price at which the U.S. company could enter into a for-
ward contract that expires in three months.

C. It is now 30 days since the U.S. company entered into the forward contract. The
spot rate is $0.55. Interest rates are the same as before. Calculate the value of the
U.S. company’s forward position.
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17.

18.

19.

20.

The euro currently trades at $1.0231. The dollar risk-free rate is 4 percent, and the
euro risk-free rate is 5 percent. Six-month forward contracts are quoted at a rate of
$1.0225. Indicate how you might earn a risk-free profit by engaging in a forward con-
tract. Clearly outline the steps you undertake to earn this risk-free profit.

Suppose that you are a U.S.-based importer of goods from the United Kingdom. You

expect the value of the pound to increase against the U.S. dollar over the next 30 days.

You will be making payment on a shipment of imported goods in 30 days and want

to hedge your currency exposure. The U.S. risk-free rate is 5.5 percent, and the U.K.

risk-free rate is 4.5 percent. These rates are expected to remain unchanged over the

next month. The current spot rate is $1.50.

A. Indicate whether you should use a long or short forward contract to hedge the cur-
rency risk.

B. Calculate the no-arbitrage price at which you could enter into a forward contract
that expires in 30 days.

C. Move forward 10 days. The spot rate is $1.53. Interest rates are unchanged. Cal-
culate the value of your forward position.

Consider the following: The U.S. risk-free rate is 6 percent, the Swiss risk-free rate is

4 percent, and the spot exchange rate between the United States and Switzerland is

$0.6667.

A. Calculate the continuously compounded U.S. and Swiss risk-free rates.

B. Calculate the price at which you could enter into a forward contract that expires in
90 days.

C. Calculate the value of the forward position 25 days into the contract. Assume that
the spot rate is $0.65.

The Japanese yen currently trades at $0.00812. The U.S. risk-free rate is 4.5 percent,
and the Japanese risk-free rate is 2.0 percent. Three-month forward contracts on the
yen are quoted at $0.00813. Indicate how you might earn a risk-free profit by engag-
ing in a forward contract. Outline your transactions.
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SOLUTIONS

10,000 — Price) ( 360 )

1. A. Discount yield = 0.0174 = ( 10,000 153

Price = $9,926.05

10,000 — 9,950) (360

10,000 5) = 0.0261

2. $20,000,000 [1 + 0.0435(60/360)] = $20,145,000
3. A. Taking a short position will hedge the interest rate risk for Company A. The gain on

the contract will offset the reduced interest rate that can be earned when rates fall.
B. Thisis a3 X 6 FRA.

(0.045 — 0.05)(90/360)
1 + 0.045(90/360)

The negative sign indicates a gain to the short position, which Company A holds.
4. A. These instruments are called oft-the-run FRAs.

(0.04 — 0.0475)(137/360)
1 + 0.04(137/360)

Because the party is long, this amount represents a loss.

5. The contract is settled in cash, so the settlement would be €20,000,000(0.875 —
0.90) = —$500,000. This amount would be paid by Sun Microsystems to the dealer.
Sun would convert euros to dollars at the spot rate of $0.90, receiving €20,000,000 X
(0.90) = $18,000,000. The net cash receipt is $17,500,000, which results in an effec-
tive rate of $0.875.

6. A. Sy = $1,000
F(0,T) = $1,100
T=1
Vo(0,T) = $1,000 — $1,100/(1.0675) = —$30.44
B. Because the value is negative, the payment is made by the short to the long.

B. Discount yield = (

C. $15,000,000[ } = —$18,541.41

B. $20,000,000[ } = —$56,227.43

7. A. So = $500
T = 2/12 = 0.1667
r = 0.035

F(O,T) = $500 X (1.035)%1657 =$502.88
B. Sell the security for $500 and invest at 3.5 percent for two months. At the end of
two months, you will have $502.88. Enter into a forward contract now to buy the
security at $498 in two months.
Arbitrage profit = $502.88 — $498 = $4.88
C. S, = $490
t = 1/12 = 0.0833
T = 2/12 = 0.1667
T —t=0.0834
r = 0.035
V,(0,T) = $490.00 — $502.88/(1.035)°%834 = —§11.44. This represents a gain to
the short position.

8. A. S, = $100
T=1
r = 0.05

F(0,T) = $100(1.05) = $105
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B. S, = $90
t=3/12=0.25
T=1
T—-t=075
r=0.05

V(0,T) = $90 — $105/(1.05)°7° = —$11.23
The investor is short so this represents a gain.

. S, = 8107

t = 5/12 = 0.4167

T=1

T—t=0.5834

r = 0.05

V(0,T) = $107 — $105/(1.05)°5834 = $4.95

The investor is short, so this represents a loss to the short position,

. S, = $98
F(0,T) = $105
V1(0,T) = $98 — $105 = —$7
Gain to short position = $7

Loss on asset —$2 (based on $100 — $98)

Net gain = §5

This represents a return of 5 percent on an asset worth $100, the same as the risk-
free rate.

. S =$110
F(0,T) = $105
VO0,T) = 110 — 105 = $5
Loss to short position = —$5
Gain on asset = $10 (based on $110 — $100)
Net gain =$5

This represents a return of 5 percent on an asset worth $100, the same as the risk-
free rate. The overall gain on the transaction is the same as in Part D because the
forward contract was executed at the no-arbitrage price of $105.

. So = $225
T=1
r = 0.0475

F(0,T) = $225(1.0475) = $235.69

. S, = $250

t = 4/12 = 0.3333

T=1

T — t = 0.6667

r = 0.0475

V(0,T) = $250.00 — $235.69/(1.0475)*%%" = $21.49
The investor is long, so a positive value represents a gain.

. S = 8200

t = 8/12 = 0.6667

T=1

T —t = 0.3333

r = 0.0475

V(0,T) = $200.00 — $235.69/(1.0475)°*333 = —$32,07

The investor is long, so this represents a loss to the long position.

. S, = 8190

F(0,T) = $235.69
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10.

11.

12.

Gain on asset = $35.00 (based on $225 — $190)
Net loss = —$10.69
. S, = $%$240

. At a price of $198.00, the contract offered by the dealer is underpriced relative to

. SO = $150

. S, = §115

. ST = $130

. So = $1,145

V1(0,T) = $190.00 — $235.69 = —$45.69
Loss to long position = —$45.69

F(0,T) = $235.69

V1(0.T) = $240.00 — $235.69 = $4.31

Gain to long position = $4.31

Loss on asset = —$15.00 (based on $240 — $225)

Net loss = —$10.69

This loss is the same as the loss in Part D. In fact, the loss would be the same for
any other price as well, because the forward contract was executed at the no-
arbitrage price of $235.69. The loss of $10.69 is the risk-free rate of 4.75 percent
applied to the initial asset price of $225.

. The no-arbitrage forward price is F(0,T) = $200(1.05)3/12 = $202.45.

Because the forward contract offered by the dealer is overpriced, sell the forward
contract and buy the security now. Doing so will yield an arbitrage profit of $2.55.

Borrow $200 and buy security. At the end of three months, repay ~ $202.45
At the end of three months, deliver the security for $205.00
Arbitrage profit $2.55

the no-arbitrage forward price of $202.45. Enter into a forward contract to buy in
three months at $198.00. Short the stock now, and invest the proceeds. Doing so
will yield an arbitrage profit of $4.45.

Short security for $200 and invest proceeds for three months $202.45
At the end of three months, buy the security for $198.00
Arbitrage profit $4.45

T = 250/365

r = 0.0525

PV(D,0,T) = $1.25/(1.0525)*3%5 + $1.25/(1.0525)"2%365 + §1.25/(1.0525)%'%365
= $3.69

F(0,T) = ($150.00 — $3.69)(1.0525)%°"365 = $151.53

F(0,T) = $151.53

t = 100/365

T = 250/365

T — t = 150/365

r = 0.0525

After 100 days, two dividends remain: the first one in 20 days, and the second one
in 110 days.

PV(D,t,T) = $1.25/(1.0525)%93%5 4 $1.25/(1.0525)" 19365 = $2.48

V(0,T) = $115.00 — $2.48 — $151.53/(1.0525)'773% = —§35.86

A negative value is a gain to the short.

F(0,T) = $151.53
V1(0.T) = $130.00 — $151.53 = —-$21.53
The contract expires with a value of negative $21.53, a gain to the short.

T = 90/365 = 0.2466
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13.

14.

r = 0.0425
° = In(1 + 0.0425) = 0.0416
&8¢ =0.0175
FO,T) = ($1,145 X ewO.Ol75(()2466))(60.0416(02466)) = $1,151.83
B. S, =$1,225
T = 90/365 = 0.2466
t = 28/365 = 0.0767
T —t=0.1699
r = 0.0425
r° = In(1 + 0.0425) = 0.0416
8¢ =0.0175
V,(0,T) = ($1,225 X e O0ITSO1699)) (] ]5] 83,7 0041601699y _ g6 36
This is a gain to the long position.
C. S =3$1235
F(0,T) = $1,151.83
V1(0,T) = $1,235.00 — $1,151.83 = $83.17
The contract expires with a value of $83.17, a gain to the long.
A. The investor should enter into a short forward contract, locking in the price at
which he can sell the bond in 365 days.
Bo(T +Y) = $1,146.92
T = 365/365 =1
r = 0.06
Between now (i.e., 200 days since the original purchase) and the next 365 days,
the investor will receive two coupons, the first 165 days from now and the second
347 days from now.
PV(CLO,T) = $40/(1.06)'933%5 + $40/(1.06)**7%%° = $76.80
F(O,T) = ($1,146.92 — $76.81)(1.06)°%>7%° = §],134.32
B. B{(T +Y) = $1,302.26
F(0,T) = $1,134.32
t = 180/365
T = 365/365
T — t = 185/365
r = 0.04
We are now on the 380th day of the bond’s life. One more coupon payment
remains until the expiration of the forward contract. The coupon payment is in
547 — 380 = 167 days.
PV(CLO,T) = $40/(1.04)'°7°% = $39.29
V(0,T) = $1,302.26 — $39.29 — $1,134.32/(1.04)'*"% = $150.98
A positive value is a loss to the short position.
A. A 6 X 12 FRA expires in 180 days and is based on 180-day LIBOR.
B. h =180
m = 180
h + m = 360
Loth + m) = 0.0595
Lycth) = 0.057
1+ 0.0595(%—2%) 360
FRA(O,h,m) = -1 (———) = 0.0603
180 180

1+ 0.0570{ —
(360)
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15.

. h =180
m = 180
g =45
h—g=135

. h =180
m = 180
(0.0625 — 0.0603)(%)
At expiration, the payoff is T30 = 0.001067
+ 0.0625| —
o)

. A 3 X 6 FRA expires in 90 days and is based on 90-day LIBOR.
. h=290

. h=290

h+m-g=315
Lysth — g) = 0.0590

| 1+ 0.0603(%)

V(0,h,m) = - 2905 = 0.0081
1 + 0.0590( 132 +0.0615(3L2
(360) 1 00615(360)

For $10,000,000 notional principal, the value of the FRA would be = 0.0081 X
10,000,000 = $8,100.

Based on a notional principal of $10,000,000, the corporation, which is long, will
receive $10,000,000 X 0.001067 = $10,670 from the dealer.

m = 90
h+m=180

Lo(h) = 0.06

Loth + m) = 0.0614

180
1+ 0.0614(360) . <@

FRA(0O,h,m) =
90 90
1 + 0.06| —

) = 0.0619

360

m = 90

g =30

h—g=60
h+m-g=150

Lsoth — g) = 0.055

Ligth + m — g) = 0.0562

1+ 0.0619(ﬂ>

V(0 h,m) = . - 360
1+0 055<ﬂ> 1+0 0562(22)
’ 360 ’ 360
= —0.001323

For $15,000,000 notional principal, the value of the FRA would be = —0.001323 X
15,000,000 = —$19,845. Because the manager is short, this represents a gain to his
company.
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16.

18.

. The risk to the U.S. company is that the value of the Swiss franc will decline and

it will receive fewer U.S. dollars on conversion. To hedge this risk, the company
should enter into a contract to sell Swiss francs forward.

. So = $0.5974

T = 90/365

r=0.02

rf =0.05

0.5974

FO,T) = [Wm](l.OZ)QOBGS = $0.5931
. S, = $0.55

T = 90/365

t = 30/365

T — t = 60/365

r= 002

r = 0.05

VOT) = $0.55  _ _$0.5931 _ oo o4se

(1.05)60/365 (1.02)60/365

This represents a gain to the short position of $0.0456 per Swiss franc. In this
problem, the U.S. company holds the short forward position.

17. First calculate the fair value or arbitrage-free price of the forward contract:

So = $1.0231
T = 180/365
r = 0.04
= 0.05

1.0231

W](l.mym“ = $1.0183

F(O,T) = [
The dealer quote for the forward contract is $1.0225; thus, the forward contract is
overpriced. To earn a risk-free profit, you should enter into a forward contract to
sell euros forward in six months at $1.0225. At the same time, buy euros now.

$1.0231 1
(1'05)180/365 (1.05)180}365

ii. Enter a forward contract to deliver €1.00 at $1.0225 in six months.

iii. Invest €0.9762 for six months at 4.5 percent per year and receive €0.9762 X
1.05'89365 = €1.00 at the end of six months.

iv. At expiration, deliver the euro and receive $1.0225. Return over six months is
$1.0225
$0.9988

This risk-free annual return of 4.74 percent exceeds the U.S. risk-free rate of 4

percent.

i. Take = $0.9988. Use it to buy = 0.9762 euros.

1 = 0.0237, or 4.74 percent a year.

. The risk to you is that the value of the British pound will rise over the next 30

days and it will require more U.S. dollars to buy the necessary pounds to make
payment. To hedge this risk you should enter a forward contract to buy British
pounds.

. So = $1.50

T = 30/365
r = 0.055
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& = 0.045
$1.50

F(,T) = [———(1 04)30,365)](1.055)30’365 = $1.5018
C. S, = $1.53

T = 30/365

t = 10/365

T — t = 20/365

r = 0.055

= 0.045

VO.T) = $1.53  $1.5012 _ $0.0295

1'04520/365 1.05520/365
Because you are long, this is a gain of $0.0295 per British pound.

19. A. = In(1.04) = 0.0392
r° = In(1.06) = 0.0583
B. So = $0.6667

T = 90/365

= 0.0392

° = 0.0583

F(O,T) — ($0.6667 X e70.0392(90/365))(60.0583(90/365)) — $0.6698
C. S, = $0.65

T = 90/365

t = 25/365

T — t = 65/365

© = 0.0392

= 0.0583

Vt(O,T) — ($065 X e—0.0392(65/365)) _ ($06698 X e~0.0583(65/365)) — _$00174
The value of the contract is —$0.0174 per Swiss franc.

20. First, calculate the fair value or arbitrage free price of the forward contract:
So = $0.00812 per yen
T = 90/365
r = 0.045
= 0.02

$0.00812

Wg] (1.045)°°7%° = $0.00817

FO,T) = [
The dealer quote for the forward contract is $0.00813. Therefore, the forward con-
tract is underpriced. To earn a risk-free profit, you should enter into a forward con-
tract to buy yen in three months at $0.00813. At the same time, sell yen now.

i. The spot rate of $0.00812 per yen is equivalent to ¥123.15 per U.S. doliar. Take

LS 4121.82. Use it to buy ——gszs = 0.9892 U.S. dollars.
(1.045)90/365 (1 045)90/365

ii. Enter a forward contract to buy yen at $0.00813 in three months. One U.S.

dollar will buy m = ¥123.00

iii. Invest $0.9892 for three months at 4.5 percent a year and receive $0.9892 X
1.045%%%% = $1.00 at the end of three months.
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iv. At expiration, deliver the dollar and receive ¥123. The return over three
¥123.00
¥121.82
Because we began our transactions in yen, the relevant comparison for the return
from our transactions is the Japanese risk-free rate. The 3.88 percent return above
exceeds the Japanese risk-free rate of 2 percent. Therefore, we could borrow yen
at 2 percent and engage in the above transactions to earn a risk-free return of 3.88
percent that exceeds the rate of borrowing.

months is —1 = 0.00969, or 3.88 percent a year.
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CHAPTER

FUTURES MARKETS
AND CONTRACTS

LEARNING OUTCOMES

After completing this chapter, you will be able to do the following:

® Identify the institutional features that distinguish futures contracts from forward
contracts.

® Understand the origins of modern futures markets.
B List the primary characteristics of futures contracts.

& Explain the difference between margin in the securities markets and margin in
the futures markets.

® Describe how a futures trade takes place.

® Describe how a futures position may be closed out prior to expiration.

8 Define initial margin, maintenance margin, variation margin, and settlement
price.

® Describe the process of marking to market.

& Compute the margin balance given the previous day’s balance and the new
futures price.

® Explain price limits, limit move, limit up, limit down, and locked limit.

B Describe how a futures contract can be terminated by either a closeout at
expiration, delivery, an equivalent cash settlement, or an exchange for
physicals.

® Explain delivery options in futures contracts.
® Distinguish among scalpers, day traders, and position traders.

® Describe the primary characteristics of the following types of futures contracts:
Treasury bill, Eurodollar, Treasury bond, stock index, and currency.

® Explain why the futures price must converge to the spot price at expiration,

® Explain how to determine the value of a futures contract.

W Explain how forward and futures prices differ.

® Describe how an arbitrage transaction is constructed to derive the futures price.

W Identify the different types of monetary and nonmonetary benefits and costs
associated with holding the underlying asset, and explain how they affect the
futures price.

B Define backwardation and contango.
B Discuss whether futures prices equal expected spot prices.

_.81
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1

® Describe and illustrate how to price Treasury bill futures.
m Explain the concept of an implied repo rate.

Describe and illustrate the difficulties in determining the price of Eurodollar
futures.

Describe and illustrate how to price Treasury bond futures.
Describe and illustrate how to price stock index futures.

Describe and illustrate how to price currency futures.

Discuss the role of futures markets and exchanges in financial systems and in
society.

INTRODUCTION

In Chapter 1, we undertook a general overview of derivative markets. In Chapter 2, we
focused on forward markets. Now we explore futures markets in a similar fashion.
Although we shall see a clear similarity between forward and futures contracts, critical dis-
tinctions nonetheless exist between the two.

In Chapter 1 we learned that, like a forward contract, a futures contract is an agree-
ment between two parties in which one party, the buyer, agrees to buy from the other party,
the seller, an underlying asset or other derivative, at a future date at a price agreed on
today. Unlike a forward contract, however, a futures contract is not a private and cus-
tomized transaction but rather a public transaction that takes place on an organized futures
exchange. In addition, a futures contract is standardized—the exchange, rather than the
individual parties, sets the terms and conditions, with the exception of price. As a result,
futures contracts have a secondary market, meaning that previously created contracts can
be traded. Also, parties to futures contracts are guaranteed against credit losses resulting
from the counterparty’s inability to pay. A clearinghouse provides this guarantee via a pro-
cedure in which it converts gains and losses that accrue on a daily basis into actual cash
gains and losses. Futures contracts are regulated at the federal government level; as we
noted in Chapter 2, forward contracts are essentially unregulated. Futures contracts are
created on organized trading facilities referred to as futures exchanges, whereas forward
contracts are not created in any specific location but rather initiated between any two par-
ties who wish to enter into such a contract. Finally, each futures exchange has a division
or subsidiary called a clearinghouse that performs the specific responsibilities of paying
and collecting daily gains and losses as well as guaranteeing to each party the performance
of the other.

In a futures transaction, one party, the long, is the buyer and the other party, the short,
is the seller. The buyer agrees to buy the underlying at a later date, the expiration, at a price
agreed on at the start of the contract. The seller agrees to sell the underlying to the buyer
at the expiration, at the price agreed on at the start of the contract. Every day, the futures
contract trades in the market and its price changes in response to new information. Buyers
benefit from price increases, and sellers benefit from price decreases. On the expiration
day, the contract terminates and no further trading takes place. Then, either the buyer takes
delivery of the underlying from the seller, or the two parties make an equivalent cash set-
tlement. We shall explore each of these characteristics of futures contracts in more detail.
First, however, it is important to take a brief look at how futures markets came into being.
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1.1 A Brier
| HisTORY OF
FUTURES MARKETS

1.2 PusLIC
STANDARDIZED
TRANSACTIONS

Although vestiges of futures markets appear in the Japanese rice markets of the 18th cen-
tury and perhaps even earlier, the mid-1800s marked the first clear origins of modem
futures markets. For example, in the United States in the 1840s, Chicago was becoming a
major transportation and distribution center for agricultural commodities. Its central loca-
tion and access to the Great Lakes gave Chicago a competitive advantage over other U.S.
cities. Farmers from the Midwest would harvest their grain and take it to Chicago for sale.
Grain production, however, is seasonal. As a result, grain prices would rise sharply just
prior to the harvest but then plunge when the grain was brought to the market. Too much
grain at one time and too little at another resulted in severe problems. Grain storage facil-
ities in Chicago were inadequate to accommodate the oversupply. Some farmers even
dumped their grain in the Chicago River because prices were so low that they could not
afford to take their grain to another city to sell.

To address this problem, in 1848 a group of businessmen formed an organization
later named the Chicago Board of Trade (CBOT) and created an arrangement called a “to-
arrive” contract. These contracts permitted farmers to sell their grain before delivering it.
In other words, farmers could harvest the grain and enter into a contract to deliver it at a
much later date at a price already agreed on. This transaction allowed the farmer to hold
the grain in storage at some other location besides Chicago. On the other side of these con-
tracts were the businessmen who had formed the Chicago Board of Trade.

It soon became apparent that trading in these to-arrive contracts was more important
and useful than trading in the grain itself. Soon the contracts began trading in a type of sec-
ondary market, which allowed buyers and sellers to discharge their obligations by passing
them on, for a price, to other parties. With the addition of the clearinghouse in the 1920s,
which provided a guarantee against default, modern futures markets firmly established
their place in the financial world. It was left to other exchanges, such as today’s Chicago
Mercantile Exchange, the New York Mercantile Exchange, Eurex, and the London Inter-
national Financial Futures Exchange, to develop and become, along with the Chicago
Board of Trade, the global leaders in futures markets.

We shall now explore the important features of futures contracts in more detail.

A private transaction is not generally reported in the news or to any price-reporting ser-
vice. Forward contracts are private contracts. Just as in most legal contracts, the parties do
not publicly report that they have engaged in a contract. In contrast, a futures transaction
is reported to the futures exchange, the clearinghouse, and at least one regulatory agency.
The price is recorded and available from price reporting services and even on the Internet.'

We noted that a futures transaction is not customized. Recall from Chapter 2 that in
a forward contract, the two parties establish all of the terms of the contract, including the
identity of the underlying, the expiration date, and the manner in which the contract is set-
tled (cash or actual delivery) as well as the price. The terms are customized to meet the
needs of both parties. In a futures contract, the price is the only term established by the two
parties; the exchange establishes all other terms. Moreover, the terms that are established
by the exchange are standardized, meaning that the exchange selects a number of choices
for underlyings, expiration dates, and a variety of other contract-specific items. These
standardized terms are well known to all parties. If a party wishes to trade a futures con-
tract, it must accept these terms. The only alternative would be to create a similar but cus-
tomized contract on the forward market.

' The information reported to the general public does not disclose the identity of the parties to transactions but
only that a transaction took place at a particular price.
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1.3 Homoc-
ENIZATION AND
LiQuipity

With respect to the underlying, for example, a given asset has a variety of specifica-
tions and grades. Consider a futures contract on U.S. Treasury bonds. There are many dif-
ferent Treasury bonds with a variety of characteristics. The futures exchange must decide
which Treasury bond or group of bonds the contract covers. One of the most actively traded
commodity futures contracts is oil, but there are many different types of oil.? To which type
of oil does the contract apply? The exchange decides at the time it designs the contract.

The parties to a forward contract set its expiration at whatever date they want. For a
futures contract, the exchange establishes a set of expiration dates. The first specification
of the expiration is the month. An exchange might establish that a given futures contract
expires only in the months of March, June, September, and December. The second speci-
fication determines how far the expirations go out into the future. For example, in January
of a given year, there may be expirations of March, June, September, and December. Expi-
rations might also be available for March, June, September, and December of the follow-
ing year, and perhaps some months of the year after that. The exchange decides which
expiration months are appropriate for trading, based on which expirations they believe
would be actively traded. Treasury bond futures have expirations going out only about a
year. Eurodollar futures, however, have expirations that go out about 10 years.® The third
specification of the expiration is the specific day of expiration. Many, but not all, contracts
expire some time during the third week of the expiration month.

The exchange determines a number of other contract characteristics, including the
contract size. For example, one Eurodollar futures contract covers $1 million of a Eurodol-
lar time deposit. One U.S. Treasury bond futures contract covers $100,000 face value of
Treasury bonds. One futures contract on crude oil covers 1,000 barrels. The exchange also
decides on the price quotation unit. For example, Treasury bond futures are quoted in
points and 32nds of par of 100. Hence, you will see a price like 104 21/32, which means
104.65625. With a contract size of $100,000, the actual price is $104,656.25.

The exchange also determines what hours of the day trading takes place and at what
physical location on the exchange the contract will be traded. Many futures exchanges
have a trading floor, which contains octagonal-shaped pits. A contract is assigned to a cer-
tain pit. Traders enter the pits and express their willingness to buy and sell by calling out
and/or indicating by hand signals their bids and offers. Some exchanges have electronic
trading, which means that trading takes place on computer terminals, generally located in
companies’ offices. Some exchanges have both floor trading and electronic trading; some
have only one or the other.

By creating contracts with generally accepted terms, the exchange standardizes the instru-
ment. In contrast, forward contracts are quite heterogeneous because they are customized.
Standardizing the instrument makes it more acceptable to a broader group of participants,
with the advantage being that the instrument can then more easily trade in a type of sec-
ondary market. Indeed, the ability to sell a previously purchased contract or purchase a
previously sold contract is one of the important features of futures contracts., A futures con-
tract is therefore said to have liquidity in contrast to a forward contract, which does not
generally trade after it has been created.* This ability to trade a previously opened contract

2 Some of the main types are Saudi Arabian light crude, Brent crude, and West Texas intermediate crude.

* You may be wondering why some Eurodollar futures contracts have such long expirations. Dealers in swaps
and forward rate agreements use Eurodollar futures to hedge their positions. Many of those over-the-counter
contracts have very long expirations,

4 The notion of liquidity here is only that a market exists for futures contracts, but this does not imply a high
degree of liquidity, There may be little trading in a given contract, and the bid~ask spread can be high. In contrast,
some forward markets can be very liquid, allowing forward contracts to be offset, as described in Chapter 2.
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1.4 THE
CLEARINGHOUSE,
DAILY SETTLEMENT,
AND PERFORMANCE
GUARANTEE

1.5 REGULATION

T S T i MR

-

allows participants in this market to offset the position before expiration, thereby obtain-
ing exposure to price movements in the underlying without the actual requirement of hold-
ing the position to expiration. We shall discuss this characteristic further when we describe
futures trading in Section 2.

Another important distinction between futures and forwards is that the futures exchange
guarantees to each party the performance of the other party, through a mechanism known
as the clearinghouse. This guarantee means that if one party makes money on the transac-
tion, it does not have to worry about whether it will collect the money from the other party
because the clearinghouse ensures it will be paid. In contrast, each party to a forward con-
tract assumes the risk that the other party will default.

An important and distinguishing feature of futures contracts is that the gains and
losses on each party’s position are credited and charged on a daily basis. This procedure,
called daily settlement or marking to market, essentially results in paper gains and
losses being converted to cash gains and losses each day. It is also equivalent to terminat-
ing a contract at the end of each day and reopening it the next day at that settlement price.
In some sense, a futures contract is like a strategy of opening up a forward contract, clos-
ing it one day later, opening up a new contract, closing it one day later, and continuing in
that manner until expiration. The exact manner in which the daily settlement works will be
covered in more detail later in Section 3.

In most countries, futures contracts are regulated at the federal government level. State and
regional laws may also apply. In the United States, the Commodity Futures Trading Com-
mission regulates the futures market. In the United Kingdom, the Securities and Futures
Authority regulates both the securities and futures markets.

Federal regulation of futures markets generally arises out of a concern to protect the
general public and other futures market participants, as well as through a recognition that
futures markets affect all financial markets and the economy. Regulations cover such mat-
ters as ensuring that prices are reported accurately and in a timely manner, that markets are
not manipulated, that professionals who offer their services to the public are qualified and
honest, and that disputes are resolved. In the United States, the government has delegated
some of these responsibilities to an organization called the National Futures Association
(NFA). An industry self-regulatory body, the NFA was created with the objective of hav-
ing the industry regulate itself and reduce the federal government’s burden.

2 FUTURES TRADING

o | i

In this section, we look more closely at how futures contracts are traded. As noted above, fu-
tures contracts trade on a futures exchange either in a pit or on a screen or electronic terminal.

We briefly mentioned pit trading, also known as floor-based trading, in Section 1.2.
Pit trading is a very physical activity. Traders stand in the pit and shout out their orders in
the form of prices they are willing to pay or accept. They also use hand signals to indicate
their bids and offers.” They engage in transactions with other traders in the pits by simply
agreeing on a price and number of contracts to trade. The activity is fast, furious, exciting,
and stressful. The average pit trader is quite young, owing to the physical demands of the
job and the toll it takes on body and mind. In recent years, more trading has come off of
the exchange floor to electronic screens or terminals. In electronic or screen-based trading,

5 Hand signals facilitate trading with someone who is too far away in the pit for verbal communication.
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exchange members enter their bids and offers into a computer system, which then displays
this information and allows a trader to consummate a trade electronically. In the United
States, pit trading is dominant, owing to its long history and tradition. Exchange members
who trade on the floor enjoy pit trading and have resisted heavily the advent of electronic
trading. Nonetheless, the exchanges have had to respond to market demands to offer elec-
tronic trading. In the United States, both pit trading and electronic trading are used, but in
other countries, electronic trading is beginning to drive pit trading out of business.®

A person who enters into a futures contract establishes either a long position or a
short position. Similar to forward contracts, long positions are agreements to buy the
underlying at the expiration at a price agreed on at the start. Short positions are agreements
to sell the underlying at a future date at a price agreed on at the start. When the position is
established, each party deposits a small amount of money, typically called the margin, with
the clearinghouse. Then, as briefly described in Section 1.4, the contract is marked to mar-
ket, whereby the gains are distributed to and the losses collected from each party. We cover
this marking-to-market process in more detail in the next section. For now, however, we
focus only on the opening and closing of the position.

A party that has opened a long position collects profits or incurs losses on a daily
basis. At some point in the life of the contract prior to expiration, that party may wish to
re-enter the market and close out the position. This process, called offsetting, is the same
as selling a previously purchased stock or buying back a stock to close a short position.
The holder of a long futures position simply goes back into the market and offers the iden-
tical contract for sale. The holder of a short position goes back into the market and offers
to buy the identical contract. It should be noted that when a party offsets a position, it does
not necessary do so with the same counterparty to the original contract. In fact, rarely
would a contract be offset with the same counterparty. Because of the ability to offset,
futures contracts are said to be fungible, which means that any futures contract with any
counterparty can be offset by an equivalent futures contract with another counterparty.
Fungibility is assured by the fact that the clearinghouse inserts itself in the middle of each
contract and, therefore, becomes the counterparty to each party.

For example, suppose in early January a futures trader purchases an S&P 500 stock
index futures contract expiring in March. Through 15 February, the trader has incurred some
gains and losses from the daily settlement and decides that she wants to close the position
out. She then goes back into the market and offers for sale the March S&P 500 futures. Once
she finds a buyer to take the position, she has a long and short position in the same contract.
The clearinghouse considers that she no longer has a position in that contract and has no
remaining exposure, nor any obligation to make or take delivery at expiration. Had she ini-
tially gone short the March futures, she might re-enter the market in February offering to buy
it. Once she finds a seller to take the opposite position, she becomes long and short the same
contract and is considered to have offset the contract and therefore have no net position.

3 THE CLEARINGHOUSE, MARGINS, AND PRICE LIMITS

As briefly noted in the previous section, when a trader takes a long or short position in a
futures, he must first deposit sufficient funds in a margin account. This amount of money
is traditionally called the margin, a term derived from the stock market practice in which
an investor borrows a portion of the money required to purchase a certain amount of stock.

S For example, in France electronic trading was introduced while pit trading continued. Within two weeks, all
of the volume had migrated to electronic trading and pit trading was terminated.
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Margin in the stock market is quite different from margin in the futures market. In
the stock market, “margin” means that a loan is made. The loan enables the investor to
reduce the amount of his own money required to purchase the securities, thereby generat-
ing leverage or gearing, as it is sometimes known. If the stock goes up, the percentage gain
to the investor is amplified. If the stock goes down, however, the percentage loss is also
amplified. The borrowed money must eventually be repaid with interest. The margin per-
centage equals the market value of the stock minus the market value of the debt divided by
the market value of the stock—in other words, the investor’s own equity as a percentage
of the value of the stock. For example, in the United States, regulations permit an investor
to borrow up to 50 percent of the initial value of the stock. This percentage is called the
initial margin requirement. On any day thereafter, the equity or percentage ownership in
the account, measured as the market value of the securities minus the amount borrowed,
can be less than 50 percent but must be at least a percentage known as the maintenance
margin requirement. A typical maintenance margin requirement is 25 to 30 percent.

In the futures market, by contrast, the word margin is commonly used to describe
the amount of money that must be put into an account by a party opening up a futures posi-
tion, but the term is misleading. When a transaction is initiated, a futures trader puts up a
certain amount of money to meet the initial margin requirement; however, the remain-
ing money is not borrowed. The amount of money deposited is more like a down payment
for the commitment to purchase the underlying at a later date. Alternatively, one can view
this deposit as a form of good faith money, collateral, or a performance bond: The money
helps ensure that the party fulfills his or her obligation.” Moreover, both the buyer and the
seller of a futures contract must deposit margin.

In securities markets, margin requirements are normally set by federal regulators. In
the United States, maintenance margin requirements are set by the securities exchanges
and the NASD. In futures markets, margin requirements are set by the clearinghouses. In
further contrast to margin practices in securities markets, futures margins are traditionally
expressed in dollar terms and not as a percentage of the futures price. For ease of compar-
ison, however, we often speak of the futures margin in terms of its relationship to the
futures price. In futures markets, the initial margin requirement is typically much lower
than the initial margin requirement in the stock market. In fact, futures margins are usually
less than 10 percent of the futures price.® Futures clearinghouses set their margin require-
ments by studying historical price movements. They then establish minimum margin lev-
els by taking into account normal price movements and the fact that accounts are marked
to market daily. The clearinghouses thus collect and disburse margin money every day.
Moreover, they are permitted to do so more often than daily, and on some occasions they
have used that privilege. By carefully setting margin requirements and collecting margin
money every day, clearinghouses are able to control the risk of default.

In spite of the differences in margin practices for futures and securities markets, the
effect of leverage is similar for both. By putting up a small amount of money, the trader’s
gains and losses are magnified. Given the tremendously low margin requirements of
futures markets, however, the magnitude of the leverage effect is much greater in futures
markets. We shall see how this works as we examine the process of the daily settlement.

7 In fact, the Chicago Mercantile Exchange uses the term “performance bond” instead of “margin.” Most other
exchanges use the term “margin.”

& For example, the margin requirement of the Eurodollar futures contract at the Chicago Mercantile Exchange
has been less than one-tenth of one percent of the futures price. An exception to this requirement, however,

is individual stock futures, which in the United States have margin requirements comparable to those of the
stock market.
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As previously noted, each day the clearinghouse conducts an activity known as the
daily settlement, also called marking to market. This practice results in the conversion of
gains and losses on paper into actual gains and losses. As margin account balances change,
holders of futures positions must maintain balances above a level called the maintenance
margin requirement. The maintenance margin requirement is lower than the initial mar-
gin requirement. On any day in which the amount of money in the margin account at the
end of the day falls below the maintenance margin requirement, the trader must deposit
sufficient funds to bring the balance back up to the initial margin requirement. Alterna-
tively, the trader can simply close out the position but is responsible for any further losses
incurred if the price changes before a closing transaction can be made.

To provide a fair mark-to-market process, the clearinghouse must designate the offi-
cial price for determining daily gains and losses. This price is called the settlement price
and represents an average of the final few trades of the day. It would appear that the clos-
ing price of the day would serve as the settlement price, but the closing price is a single
value that can potentially be biased high or low or perhaps even manipulated by an
unscrupulous trader. Hence, the clearinghouse takes an average of all trades during the
closing period (as defined by each exchange).

Exhibit 3-1 provides an example of the marking-to-market process that occurs over
a period of six trading days. We start with the assumption that the futures price is $100
when the transaction opens, the initial margin requirement is $5, and the maintenance mar-
gin requirement is $3. In Panel A, the trader takes a long position of 10 contracts on Day
0, depositing $50 ($5 times 10 contracts) as indicated in Column 3. At the end of the day,
his ending balance is $50.° Although the trader can withdraw any funds in excess of the
initial margin requirement, we shall assume that he does not do so.'°

EXHIBIT 3-1 Mark-to-Market Example

Initial futures price = $100, Initial margin requirement = $5, Maintenance margin require-
ment = $3

A. Holder of Long Position of 10 Contracts

Day Beginning Funds Settlement Futures Price Gain/  Ending
(1) Balance (2) Deposited (3) Price (4) Change (5) Loss (6) Balance (7)

0 0 50 100.00 50
1 50 0 99.20 —0.80 -8 42
2 42 0 96.00 —3.20 —-32 10
3 10 40 101.00 5.00 50 100
4 100 0 103.50 2.50 25 125
5 125 0 103.00 -0.50 -5 120
6 120 0 104.00 1.00 10 130

9 Technically, we are assuming that the position was opened at the settlement price on Day 0. If the position is
opened earlier during the day, it would be marked to the settlement price at the end of the day.

19 Virtually all professional traders are able to deposit interest-earning assets, although many other account
holders are required to deposit cash. If the deposit earns interest, there is no opportunity cost and no obvious
necessity to withdraw the money to invest elsewhere.
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B. Holder of Short Position of 10 Contracts

Day Beginning Funds Settlement Futures Price Gain/  Ending
(1) Balance (2) Deposited (3) Price (4) Change (5) Loss (6) Balance (7)

0 0 50 100.00 50
1 50 0 99.20 —0.80 8 58
2 58 0 96.00 —3.20 32 90
3 90 0 101.00 5.00 =50 40
4 40 0 103.50 2.50 =25 15
5 15 35 103.00 -0.50 S 55
6 55 0 104.00 1.00 -10 45

The ending balance on Day 0 is then carried forward to the beginning balance on

Day 1. On Day 1, the futures price moves down to 99.20, as indicated in Column 4 of Panel

A. The futures price change, Column 5, is —0.80 (99.20 — 100). This amount is then mul-

; tiplied by the number of contracts to obtain the number in Column 6 of —0.80 X 10 =

5 —$8. The ending balance, Column 7, is the beginning balance plus the gain or loss. The

ending balance on Day 1 of $42 is above the maintenance margin requirement of $30, so
no funds need to be deposited on Day 2.

On Day 2 the settlement price goes down to $96. Based on a price decrease of $3.20
per contract and 10 contracts, the loss is $32, lowering the ending balance to $10. This
amount is $20 below the maintenance margin requirement. Thus, the trader will get a mar-
gin call the following morning and must deposit $40 to bring the balance up to the initial
margin level of $50. This deposit is shown in Column 3 on Day 3.

Here, we must emphasize two important points. First, additional margin that must be
deposited is the amount sufficient to bring the ending balance up to the initial margin
requirement, not the maintenance margin requirement.'! This additional margin is called
the variation margin. In addition, the amount that must be deposited the following day is
determined regardless of the price change the following day, which might bring the end-
ing balance well above the initial margin requirement, as it does here, or even well below
the maintenance margin requirement. Thus, another margin call could occur. Also note that
when the trader closes the position, the account is marked to market to the final price at
which the transaction occurs, not the settlement price that day.

Over the six-day period, the trader in this example deposited $90. The account bal-
ance at the end of the sixth day is $130—mnearly a 50 percent return over six days; not bad.
But look at Panel B, which shows the position of a holder of 10 short contracts over that
same period. Note that the short gains when prices decrease and loses when prices
increase. Here the ending balance falls below the maintenance margin requirement on Day
4, and the short must deposit $35 on Day 5. At the end of Day 6, the short has deposited
$85 and the balance is $45, a loss of $40 or nearly 50 percent, which is the same $40 the
long made. Both cases illustrate the leverage effect that magnifies gains and losses.

When establishing a futures position, it is important to know the price level that
would trigger a margin call. In this case, it does not matter how many contracts one has.
The price change would need to fall for a long position (or rise for a short position) by the
difference between the initial and maintenance margin requirements. In this example, the

' In the stock market, one must deposit only the amount necessary to bring the balance up to the maintenance
margin requirement.
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difference between the initial and maintenance margin requirements is $5 — $3 = $2.
Thus, the price would need to fall from $100 to $98 for a long position (or rise from $100
to $102 for a short position) to trigger a margin call.

As described here, when a trader receives a margin call, he is required to deposit funds
sufficient to bring the account balance back up to the initial margin level. Alternatively, the
trader can choose to simply close out the position as soon as possible. For example, consider
the position of the long at the end of the second day when the margin balance is $10. This
amount is $20 below the maintenance level, and he is required to deposit $40 to bring the bal-
ance up to the initial margin level. If he would prefer not to deposit the additional funds, he
can close out the position as soon as possible the following day. Suppose, however, that the
price is moving quickly at the opening on Day 3. If the price falls from $96 to $95, he has lost
$10 more, wiping out the margin account balance. In fact, if it fell any further, he would have
a negative margin account balance. He is still responsible for these losses. Thus, the trader
could lose more than the amount of money he has placed in the margin account. The total
amount of money he could lose is limited to the price per contract at which he bought, $100,
times the number of contracts, 10, or $1,000. Such a loss would occur if the price fell to zero,
although this is not likely. This potential loss may not seem like a lot, but it is certainly large
relative to the initial margin requirement of $50. For the holder of the short position, there is
no upper limit on the price and the potential loss is theoretically infinite.

PRACTICE PROBLEM 1

Consider a futures contract in which the current futures price is $82. The initial mar-
gin requirement is $5, and the maintenance margin requirement is $2. You go long
20 contracts and meet all margin calls but do not withdraw any excess margin.
Assume that on the first day, the contract is established at the settlement price, so
there is no mark-to-market gain or loss on that day.

A. Complete the table below and provide an explanation of any funds deposited.

Beginning Funds Futures Price Ending
Day Balance  Deposited Price Change  Gain/Loss  Balance

0 82
1 84
2 78
3 73
4 79
5 82
6 84

B. Determine the price level that would trigger a margin call.

SOLUTIONS

A.
Beginning Funds Futures Price Ending
Day Balance  Deposited Price Change Gain/Loss Balance

0 0 100 82 100

1 100 0 84 2 40 140
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2 140 0 78 -6 —120 20
3 20 80 73 -5 —100 0
4 0 100 79 6 120 220
5 220 0 82 3 60 280
6 280 0 84 2 40 320

On Day 0, you deposit $100 because the initial margin requirement is $5 per con-
tract and you go long 20 contracts. At the end of Day 2, the balance is down to
$20, which is $20 below the $40 maintenance margin requirement ($2 per con-
tract times 20 contracts). You must deposit enough money to bring the balance
up to the initial margin requirement of $100 ($5 per contract times 20 contracts).
So on Day 3, you deposit $80. The price change on Day 3 causes a gain/loss of
—$100, leaving you with a balance of $0 at the end of Day 3. On Day 4, you
must deposit $100 to return the balance to the initial margin level.

B. A price decrease to $79 would trigger a margin call. This calculation is based on
the fact that the difference between the initial margin requirement and the main-
tenance margin requirement is $3. If the futures price starts at $82, it can fall by
$3 to $79 before it triggers a margin call.

Some futures contracts impose limits on the price change that can occur from one
day to the next. Appropriately, these are called price limits. These limits are usually set as
an absolute change over the previous day. Using the example above, suppose the price
limit was $4. This would mean that each day, no transaction could take place higher than
the previous settlement price plus $4 or lower than the previous settlement price minus $4.
So the next day’s settlement price cannot go beyond the price limit and thus no transaction
can take place beyond the limits.

H the price at which a transaction would be made exceeds the limits, then price
essentially freezes at one of the limits, which is called a limit move. If the price is stuck
at the upper limit, it is called limit up; if stuck at the lower limit, it is called limit down.
If a transaction cannot take place because the price would be beyond the limits, this situa-
tion is called locked limit. By the end of the day, unless the price has moved back within
the limits, the settlement price will then be at one of the limits. The following day, the new
range of acceptable prices is based on the settlement price plus or minus limits. The
exchanges have different rules that provide for expansion or contraction of price limits
under some circumstances. In addition, not all contracts have price limits.

Finally, we note that the exchanges have the power to mark contracts to market when-
ever they deem it necessary. Thus, they can do so during the trading day rather than wait
until the end of the day. They sometimes do so when abnormally large market moves occur.

The daily settlement procedure is designed to collect losses and distribute gains in such
a manner that losses are paid before becoming large enough to impose a serious risk of
default. Recall that the clearinghouse guarantees to each party that it need not worry about
collecting from the counterparty. The clearinghouse essentially positions itself in the middle
of each contract, becoming the short counterparty to the long and the long counterparty to
the short. The clearinghouse collects funds from the parties incurring losses in this daily set-
tlement procedure and distributes them to the parties incurring gains. By doing so each day,
the clearinghouse ensures that losses cannot build up. Of course, this process offers no guar-
antee that counterparties will not default. Some defaults do occur, but the counterparty is
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defaulting to the clearinghouse, which has never failed to pay off the opposite party. In the
unlikely event that the clearinghouse were unable to pay, it would turn to a reserve fund or
to the exchange, or it would levy a tax on exchange members to cover losses.

4 DELIVERY AND CASH SETTLEMENT

As previously described, a futures trader can close out a position before expiration. If the
trader holds a long position, she can simply enter into a position to go short the same
futures contract. From the clearinghouse’s perspective, the trader holds both a long and
short position in the same contract. These positions are considered to offset and, therefore,
there is no open position in place. Most futures contracts are offset before expiration.
Those that remain in place are subject to either delivery or a final cash settlement. Here we
explore this process, which determines how a futures contract terminates at expiration.
When the exchange designs a futures contract, it specifies whether the contract will
terminate with delivery or cash settlement. If the contract terminates in delivery, the clear-
inghouse selects a counterparty, usually the holder of the oldest long contract, to accept deliv-
ery. The holder of the short position then delivers the underlying to the holder of the long
position, who pays the short the necessary cash for the underlying. Suppose, for example,
that two days before expiration, a party goes long one futures contract at a price of $50. The
following day (the day before expiration), the settlement price is $52. The trader’s margin
account is then marked to market by crediting it with a gain of $2. Then suppose that the next
day the contract expires with the settlement price at $53. As the end of the trading day draws
near, the trader has two choices. She can attempt to close out the position by selling the
futures contract. The margin account would then be marked to market at the price at which
she sells. If she sells close enough to the expiration, the price she sold at would be very close
to the final settlement price of $53. Doing so would add $1 to her margin account balance.
The other choice is to leave the position open at the end of the trading day. Then she
would have to take delivery. If that occurred, she would be required to take possession of
the asset and pay the short the settlement price of the previous day. Doing so would be
equivalent to paying $52 and receiving the asset. She could then sell the asset for its price
of $53, netting a $1 gain, which is equivalent to the final $1 credited to her margin account
if she had terminated the position at the settlement price of $53, as described above.'?
An alternative settlement procedure, which we described in Chapter 2 on forward con-
tracts, is cash settlement. The exchange designates certain futures contracts as cash-settled
contracts. If the contract used in this example were cash settled, then the trader would not
need to close out the position close to the end of the expiration day. She could simply leave
the position open. When the contract expires, her margin account would be marked to mar-
ket for a gain on the final day of $1. Cash settlement contracts have some advantages over
delivery contracts, particularly with respect to significant savings in transaction costs.'>

12 The reason she pays the settlement price of the previous day is because on the previous day when her
account was marked to market, she essentially created a new futures position at a price of $52. Thus, she
committed to purchase the asset at expiration, just one day later, at a price of $52. The next day when the
contract expires, it is then appropriate that she buy the underlying for $52.

13 Nonetheless, cash settlement has been somewhat controversial in the United States. If a contract is designated as
cash settlement, it implies that the buyer of the contract never intended to actually take possession of the underlying
asset. Some legislators and regulators feel that this design is against the spirit of the law, which views a futures
contract as a commitment to buy the asset at a later date. Even though parties often offset futures contracts prior to
expiration, the possibility of actual delivery is still present in contracts other than those settled by cash. This
controversy, however, is relatively minor and has caused no serious problems or debates in recent years.
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Exhibit 3-2 illustrates the equivalence of these three forms of delivery. Note, however,
that because of the transaction costs of delivery, parties clearly prefer a closeout or cash settle-
’ ment over physical delivery, particularly when the underlying asset is a physical commodity.

EXHIBIT 3-2 Closeout versus Physical Delivery versus Cash Settlement

Closeout:
Sell contract at 53
Mark to market profit/loss:
53-52=1
or
Physical Delivery:
Pay 52, receive asset worth 53

Mark to market or
Buy futures at 50: profit/loss: Cash Settlement:
Pay nothing 52-50=2 Receive 53 -52=1
2 days before expiration 1 day before expiration Expiration
(futures price = 50) (settlement price = 52) (settlement price = 53)

Contracts designated for delivery have a variety of features that can complicate
delivery. In most cases, delivery does not occur immediately after expiration but takes
place over several days. In addition, many contracts permit the short to choose when deliv-
ery takes place. For many contracts, delivery can be made any business day of the month.
The delivery period usually includes the days following the last trading day of the month,
which is usually in the third week of the month.

In addition, the short often has other choices regarding delivery, a major one being
exactly which underlying asset is delivered. For example, a futures contract on U.S. Trea-
sury bonds trading at the Chicago Board of Trade permits the short to deliver any of a
number of U.S. Treasury bonds.'* The wheat futures contract at the Chicago Board of
Trade permits delivery of any of several types of wheat. Futures contracts calling for phys-
ical delivery of commodities often permit delivery at different locations. A given com-
modity delivered to one location is not the same as that commodity delivered to another
because of the costs involved in transporting the commodity. The short holds the sole right
to make decisions about what, when, and where to deliver, and the right to make these
decisions can be extremely valuable. The right to make a decision concerning these aspects
of delivery is called a delivery option.

Some futures contracts that call for delivery require delivery of the actual asset, and
some use only a book entry. For example, in this day and age, no one physically handles
U.S. Treasury bonds in the form of pieces of paper. Bonds are transferred electronically
over the Federal Reserve’s wire system. Other contracts, such as oil or wheat, do actually
involve the physical transfer of the asset. Physical delivery is more common when the
underlying is a physical commodity, whereas book entry is more common when the under-
lying is a financial asset.

Futures market participants use one additional delivery procedure, which is called
exchange for physicals (EFP). In an EFP transaction, the long and short arrange an alter-
native delivery procedure. For example, the Chicago Board of Trade’s wheat futures

14 We shall cover this feature in more detail in Sections 6.2 and 7.2.3.
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contracts require delivery on certain dates at certain locations either in Chicago or in a few
other specified locations in the Midwest. If the long and short agree, they could effect deliv-
ery by having the short deliver the wheat to the long in, for example, Omaha. The two parties
would then report to the Chicago Board of Trade that they had settled their contract outside of
the exchange’s normal delivery procedures, which would be satisfactory to the exchange.

FUTURES EXCHANGES

A futures exchange is a legal corporate entity whose shareholders are its members. The
members own memberships, more commonly called seats. Exchange members have the
privilege of executing transactions on the exchange. Each member acts as either a floor
trader or a broker. Floor traders are typically called locals; brokers are typically called
futures commission merchants (FCMs). Locals are market makers, standing ready to
buy and sell by quoting a bid and an ask price. They are the primary providers of liquidity
to the market. FCMs execute transactions for other parties off the exchange.

The locals on the exchange floor typically trade according to one of several distinct
styles. The most common is called scalping. A scalper offers to buy or sell futures con-
tracts, holding the position for only a brief period of time, perhaps just seconds. Scalpers
attempt to profit by buying at the bid price and selling at the higher ask price. A day trader
holds a position open somewhat longer but closes all positions at the end of the day.'> A
position trader holds positions open overnight. Day traders and position traders are quite
distinct from scalpers in that they attempt to profit from the anticipated direction of the
market; scalpers are trying simply to buy at the bid and sell at the ask.

Recall that futures exchanges have trading either on the floor or off the floor on elec-
tronic terminals, or in some cases, both. As previously described, floor trading in the
United States takes place in pits, which are octagonal, multi-tiered areas where floor
traders stand and conduct transactions. Traders wear jackets of specific colors and badges
to indicate such information as what type of trader (FCM or local) they are and whom they
represent.'® As noted, to indicate a willingness to trade, a trader shouts and uses a set of
standard hand signals. A trade is consummated by two traders agreeing on a price and a
number of contracts. These traders might not actually say anything to each other; they may
simply use a combination of hand signals and/or eye contact to agree on a transaction.
When a transaction is agreed on, the traders fill out small paper forms and turn them over
to clerks, who then see that the transactions are entered into the system and reported.

Each trader is required to have an account at a clearing firm. The clearing firms are
the actual members of the clearinghouse. The clearinghouse deals only with the clearing
firms, which then deal with their individual and institutional customers.

In electronic trading, the principles remain essentially the same but the traders do not
stand in the pits. In fact, they do not see each other at all. They sit at computer terminals,
which enable them to see the bids and offers of other traders. Transactions are executed by
the click of a computer mouse or an entry from a keyboard.

Exhibit 3-3 lists the world’s 20 leading futures exchanges in 2001, ranked by trad-
ing volume. Recall from Chapter 1 that trading volume can be a misleading measure of the

!5 The term “day trader” has been around the futures market for a long time but has recently acquired a new
meaning in the broader financial markets. The term is now used to describe individual investors who trade
stocks, often over the Internet, during the day for a living or as a hobby. In fact, the term has even been used in
a somewhat pejorative manner, in that day traders are often thought of as naive investors speculating wildly
with money they can ill afford to lose.

!¢ For example, an FCM or local could be trading for himself or could represent a company.
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size of a futures markets; nonetheless, it is the measure primarily used. The structure of

global futures exchanges has changed considerably in recent years. Exchanges in the

United States, primarily the Chicago Board of Trade and the Chicago Mercantile

. Exchange, were clearly the world leaders in the past. Note that the volume leader now,

, however, is Furex, the combined German—Swiss exchange. Eurex has been so successful

. partly because of its decision to be an all-electronic futures exchange, whereas the Chicago

exchanges are still primarily pit-trading exchanges. Note the popularity of futures trading
in Japan; four of the 20 leading exchanges are Japanese.

EXHIBIT 3-3 The World’s 20 Leading Futures Exchanges

% Volume in 2001

Exchange and Location (Number of Contracts)

i Eurex (Germany and Switzerland) 435,141,707
Chicago Mercantile Exchange (United States) 315,971,885
Chicago Board of Trade (United States) 209,988,002
London International Financial Futures and

Options Exchange (United Kingdom) 161,522,775

Bolsa de Mercadorias & Futuros (Brazil) 94,174,452
New York Mercantile Exchange (United States) 85,039,984
Tokyo Commodity Exchange (Japan) 56,538,245
London Metal Exchange (United Kingdom) 56,224,495
Paris Bourse SA (France) 42,042,673
Sydney Futures Exchange (Australia) 34,075,508
Korea Stock Exchange (Korea) 31,502,184
Singapore Exchange (Singapore) 30,606,546
Central Japan Commodity Exchange (Japan) 27,846,712
International Petroleum Exchange (United Kingdom) 26,098,207
OM Stockholm Exchange (Sweden) 23,408,198
Tokyo Grain Exchange (Japan) 22,707,808
New York Board of Trade (United States) 14,034,168
MEFF Renta Variable (Spain) 13,108,293
Tokyo Stock Exchange (Japan) 12,465,433
South African Futures Exchange (South Africa) 11,868,242
Source: Futures Industry, January/February 2002

6 TYPES OF FUTURES CONTRACTS

The different types of futures contracts are generally divided into two main groups: com-
modity futures and financial futures. Commodity futures cover traditional agricultural,
metal, and petroleum products. Financial futures include stocks, bonds, and currencies.
Exhibit 3-4 gives a broad overview of the most active types of futures contracts traded on
global futures exchanges. These contracts are those covered by the Wall Street Journal on
the date indicated.
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EXHIBIT 3-4 Most-Active Global Futures Contracts as Covered by the Wall Street Journal, 18 June 2002

Commodity Futures

Financial Futures

Corn (CBOT)

Qats (CBOT)

Soybeans (CBOT)

Soybean Meal (CBOT)
Soybean Oil (CBOT)

Wheat (CBOT, KCBT, MGE)

Canola (WPG)
Barley (WPG)
Feeder Cattle (CME)
Live Cattle (CME)
Lean Hogs (CME)
Pork Bellies (CME)
Milk (CME)

Lumber (CME)

Cocoa (NYBOT)

Coffee (NYBOT)

World Sugar (NYBOT)
Domestic Sugar (NYBOT)
Cotton (NYBOT)

Orange Juice (NYBOT)
Copper (NYMEX)
Gold (NYMEX)

Platinum (NYMEX)
Palladium (NYMEX)
Silver NYMEX)

Crude Oil (NYMEX)

No. 2 Heating Oil (NYMEX)
Unleaded Gasoline (NYMEX)
Natural Gas (NYMEX)

Brent Crude Qil (IPEX)

Gas Oil (IPEX)

Treasury Bonds (CBOT)

Treasury Notes (CBOT)

10-Year Agency Notes (CBOT)
10-Year Interest Rate Swaps (CBOT)
2-Year Agency Notes (CBOT)
5-Year Treasury Notes (CBOT)

2-Year Treasury Notes (CBOT)
Federal Funds (CBOT)
Municipal Bond Index (CBOT)
Treasury Bills (CME)

1-Month LIBOR (CME)
Eurodollar (CME)

Euroyen (CME, SGX)

Short Sterling (LIFFE)

Long Gilt (LIFFE)

3-Month Euribor (LIFFE)

3-Month Euroswiss (LIFFE)

Canadian Bankers Acceptance (ME)

10-Year Canadian Government Bond
(ME)

10-Year Euro Notional Bond (MATIF)

3-Month Euribor (MATIF)

3-Year Commonwealth T-Bonds (SFE)

5-Year German Euro Government Bond

(EUREX)

10-Year German Euro Government Bond

(EUREX)

2-Year German Euro Government Bond

(EUREX)
Japanese Yen (CME)
Canadian Dollar (CME)
British Pound (CME)
Swiss Franc (CME)
Australian Dollar (CME)
Mexican Peso (CME)

Euro (CME)

Euro-Sterling (NYBOT)

Euro-U.S. Dollar (NYBOT)
Euro-Yen (NYBOT)

Dow Jones Industrial Average (CBOT)

Mini Dow Jones Industrial Average
(CBOT)

S&P 500 Index (CME)

Mini S&P 500 Index (CME)

S&P Midcap 400 Index (CME)

Nikkei 225 (CME)

Nasdaq 100 Index (CME)

Mini Nasdaq Index (CME)

Goldman Sachs Commodity Index
(CME)

Russell 1000 Index (CME)

Russell 2000 Index (CME)

NYSE Composite Index (NYBOT)

U.S. Dollar Index (NYBOT)

Share Price Index (SFE)

CAC 40 Stock Index (MATIF)

Xetra Dax (EUREX)
FTSE 200 Index (LIFFE)

Dow Jones Euro Stoxx 50 Index
(EUREX)

Dow Jones Stoxx 50 Index (EUREX)

Exchange codes: CBOT (Chicago Board of Trade), CME (Chicago Mercantile Exchange), LIFFE (London International Financial Futures Exchange), WPG
(Winnipeg Grain Exchange), EUREX (Eurex), NYBOT (New York Board of Trade), IPEX (International Petroleum Exchange), MATIF (Marché a Terme
International de France), ME (Montreal Exchange), MGE (Minneapolis Grain Exchange), SFE (Sydney Futures Exchange), SGX (Singapore Exchange),
KCBT (Kansas City Board of Trade), NYMEX (New York Mercantile Exchange)

Note: These are not the only global futures contracts but are those covered in the Wall Street Journal on the date given and represent the most active con-

tracts at that time.
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6.1 SHORT-TERM
INTEREST RATE
FUTURES
CONTRACTS

Our primary focus in this book is on financial and currency futures contracts.
Within the financials group, our main interest is on interest rate and bond futures, stock
index futures, and currency futures. We may occasionally make reference to a commod-
ity futures contract, but that will primarily be for illustrative purposes. In the following
subsections, we introduce the primary contracts we shall focus on. These are U.S. con-
tracts, but they resemble most types of futures contracts found on exchanges throughout
the world. Full contract specifications for these and other contracts are available on the
Web sites of the futures exchanges, which are easy to locate with most Internet search
engines.

The primary short-term interest rate futures contracts are those on U.S. Treasury bills and
Eurodollars on the Chicago Mercantile Exchange.

6.1.1 TREASURY BiLL FUTURES

The Treasury bill contract, launched in 1976, was the first interest rate futures contract. It
is based on a 90-day U.S. Treasury bill, one of the most important U.S. government debt
instruments (described in Chapter 2, Section 3.2.1). The Treasury bill, or T-bill, is a dis-
count instrument, meaning that its price equals the face value minus a discount represent-
ing interest. The discount equals the face value multiplied by the quoted rate times the days
to maturity divided by 360. Thus, using the example from Chapter 2, if a 180-day T-bill is
selling at a discount of 4 percent, its price per $1 par is 1 — 0.04(180/360) = 0.98. An
investor who buys the bill and holds it to maturity would receive $1 at maturity, netting a
gain of $0.02.

The futures contract is based on a 90-day $1,000,000 U.S. Treasury bill. Thus, on
any given day, the contract trades with the understanding that a 90-day T-bill will be deliv-
ered at expiration. While the contract is trading, its price is quoted as 100 minus the rate
quoted as a percent priced into the contract by the futures market. This value, 100 — Rate,
is known as the IMM Index; IMM stands for International Monetary Market, a division of
the Chicago Mercantile Exchange. The IMM Index is a reported and publicly available
price; however, it is not the actual futures price, which is

100 — (Rate/100)(90/360)

For example, suppose on a given day the rate priced into the contract is 6.25 percent. Then
the quoted price will be 100 — 6.25 = 93.75. The actual futures price would be

$1,000,000[1 — 0.0625(90/360)] = $984,375

Recall, however, that except for the small margin deposit, a futures transaction does not
require any cash to be paid up front. As trading takes place, the rate fluctuates with mar-
ket interest rates and the associated IMM Index price changes accordingly. The actual
futures price, as calculated above, also fluctuates according to the above formula, but inter-
estingly, that price is not very important. The same information can be captured more eas-
ily by referencing the IMM Index than by calculating the actual price.

Suppose, for example, that a trader had his account marked to market to the above
price, 6.25 in terms of the rate, 93.75 in terms of the IMM Index, and $984,375 in terms
of the actual futures price. Now suppose the rate goes to 6.50, an increase of 0.25 or 25
basis points. The IMM Index declines to 93.50, and the actual futures price drops to

$1,000,000{1 — 0.065(90/360)] = $983,750
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Thus, the actual futures price decreased by $984,375 — $983,750 = $625. A trader who
is long would have a loss of $625; a trader who is short would have a gain of $625.

This $625 gain or loss can be arrived at more directly, however, by simply noting that
each basis point move is equivalent to $25."” This special design of the contract makes it
easy for floor traders to do the necessary arithmetic in their heads. For example, if floor
traders observe the IMM Index move from 93.75 to 93.50, they immediately know that it
has moved down 25 basis points and that 25 basis points times $25 per basis point is a loss
of $625. The minimum tick size is one-half basis point or $12.50.

T-bill futures contracts have expirations of the current month, the next month, and
the next four months of March, June, September, and December. Because of the small trad-
ing volume, however, only the closest expiration has much trading volume, and even that
one is only lightly traded. T-bill futures expire specifically on the Monday of the week of
the third Wednesday each month and settle in cash rather than physical delivery of the
T-bill, as described in Section 4.

As important as Treasury bills are in U.S. financial markets, however, today this
futures contract is barely active. The Eurodollar contract is considered much more impor-
tant because it reflects the interest rate on a dollar borrowed by a high-quality private bor-
rower. The rates on T-bills are considered too heavily influenced by U.S. government
policies, budget deficits, government funding plans, politics, and Federal Reserve mone-
tary policy. Although unquestionably Eurodollar rates are affected by those factors, mar-
ket participants consider them much less directly influenced. But in spite of this relative
inactivity, T-bill futures are useful instruments for illustrating certain principles of futures
market pricing and trading. Accordingly, we shall use them on some occasions. For now,
however, we turn to the Eurodollar futures contract.

6.1.2 EURODOLLAR FUTURES

Recall that in Chapter 2, we devoted a good bit of effort to understanding Eurodollar for-
ward contracts, known as FRAs. These contracts pay off based on LIBOR on a given day.
The Eurodollar futures contract of the Chicago Mercantile Exchange is based on $1 mil-
lion notional principal of 90-day Eurodollars. Specifically, the underlying is the rate on a
90-day dollar-denominated time deposit issued by a bank in London. As we described in
Chapter 2, this deposit is called a Eurodollar time deposit, and the rate is referred to as
LIBOR (London Interbank Offer Rate). On a given day, the futures contract trades based
on the understanding that at expiration, the official Eurodollar rate, as compiled by the
British Bankers Association (BBA), will be the rate at which the final settlement of the
contract is made. While the contract is trading, its price is quoted as 100 minus the rate
priced into the contract by futures traders. Like its counterpart in the T-bill futures market,
this value, 100 — Rate, is also known as the IMM Index.

As in the T-bill futures market, on a given day, if the rate priced into the contract is
5.25 percent, the quoted price will be 100 — 5.25 = 94.75. With each contract based on
$1 million notional principal of Eurodollars, the actual futures price is

$1,000,000[1 — 0.0525(90/360)] = $986,875

Like the T-bill contract, the actual futures price moves $25 for every basis point move in
the rate or IMM Index price.

'7 Expressed mathematically, $1,000,000{0.0001(90/360)] = $25. In other words, any move in the last digit of
the rate (a basis point) affects the actual futures price by $25.
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6.2 [INTERMEDIATE-
AND LONG-TERM
INTEREST RATE
FUTURES
CONTRACTS

As with all futures contracts, the price fluctuates on a daily basis and margin
accounts are marked to market according to the exchange’s official settlement price. At
expiration, the final settlement price is the official rate quoted on a 90-day Eurodollar time
deposit by the BBA. That rate determines the final settlement. Eurodollar futures contracts
do not permit actual delivery of a Eurodollar time deposit; rather, they settle in cash, as
described in Section 4.

The Eurodollar futures contract is one of the most active in the world. Because its
rate is based on LIBOR, it is widely used by dealers in swaps, FRAs, and interest rate
options to hedge their positions taken in dollar-denominated over-the-counter interest rate
derivatives. Such derivatives usually use LIBOR as the underlying rate.

It is important to note, however, that there is a critical distinction between the man-
ner in which the interest calculation is built into the Eurodollar futures contract and the
manner in which interest is imputed on actual Eurodollar time deposits. Recall from Chap-
ter 2 that when a bank borrows $1 million at a rate of 5 percent for 90 days, the amount it
will owe in 90 days is

$1,000,000[1 + 0.05(90/360)] = $1,012,500

Interest on Eurodollar time deposits is computed on an add-on basis to the principal. As
described in this section, however, it appears that in computing the futures price, interest
is deducted from the principal so that a bank borrowing $1,000,000 at a rate of 5 percent
would receive

$1,000,000{1 — 0.05(90/360)] = $987,500

and would pay back $1,000,000. This procedure is referred to as discount interest and is
used in the T-bill market.

The discount interest computation associated with Eurodollar futures is merely a
convenience contrived by the futures exchange to facilitate quoting prices in a manner
already familiar to its traders, who were previously trading T-bill futures. This inconsis-
tency between the ways in which Eurodollar futures and Eurodollar spot transactions are
constructed causes some pricing problems, as we shall see in Section 7.2.2.

The minimum tick size for Eurodollar futures is 1 basis point or $25. The available
expirations are the next two months plus March, June, September, and December. The
expirations go out about 10 years, a reflection of their use by over-the-counter derivatives
dealers to hedge their positions in long-term interest rate derivatives. Eurodollar futures
expire on the second business day on which London banks are open before the third
Wednesday of the month and terminate with a cash settlement.

In U.S. markets, the primary interest-rate-related instruments of intermediate and long
maturities are U.S. Treasury notes and bonds. The U.S. government issues both instru-
ments: Treasury notes have an original maturity of 2 to 10 years, and Treasury bonds have
an original maturity of more than 10 years. Futures contracts on these instruments are very
actively traded on the Chicago Board of Trade. For the most part, there are no real differ-
ences in the contract characteristics for Treasury note and Treasury bond futures; the
underlying bonds differ slightly, but the futures contracts are qualitatively the same. We
shall focus here on one of the most active instruments, the U.S. Treasury bond futures
contract.

The contract is based on the delivery of a U.S. Treasury bond with any coupon but
with a maturity of at least 15 years. If the deliverable bond is callable, it cannot be callable

- s vzl
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for at least 15 years from the delivery date.'® These specifications mean that there are
potentially a large number of deliverable bonds, which is exactly the way the Chicago
Board of Trade, the Federal Reserve, and the U.S. Treasury want it. They do not want a
potential run on a single issue that might distort prices. By having multiple deliverable
issues, however, the contract must be structured with some fairly complicated procedures
to adjust for the fact that the short can deliver whatever bond he chooses from among the
eligible bonds. This choice gives the short a potentially valuable option and puts the long
at a disadvantage. Moreover, it complicates pricing the contract, because the identity of the
underlying bond is not clear. Although when referring to a futures contract on a 90-day
Eurodollar time deposit we are relatively clear about the underlying instrument, a futures
contract on a long-term Treasury bond does not allow us the same clarity.

To reduce the confusion, the exchange declares a standard or hypothetical version of the
deliverable bond. This hypothetical deliverable bond has a 6 percent coupon. When a trader
holding a short position at expiration delivers a bond with a coupon greater (less) than 6 per-
cent, she receives an upward (a downward) adjustment to the price paid for the bond by the
long. The adjustment is done by means of a device called the conversion factor. In brief, the
conversion factor is the price of a $1.00 par bond with a coupon and maturity equal to those of
the deliverable bond and a yield of 6 percent. Thus, if the short delivers a bond with a coupon
greater (less) than 6 percent, the conversion factor exceeds (is less than) 1.0.'° The amount the
long pays the short is the futures price at expiration multiplied by the conversion factor. Thus,
delivery of a bond with coupon greater (less) than the standard amount, 6 percent, results in the
short receiving an upward (a downward) adjustment to the amount received. A number of other
technical considerations are also involved in determining the delivery price.”’

The conversion factor system is designed to put all bonds on equal footing. Ideally,
application of the conversion factor would result in the short finding no preference for deliv-
ery of any one bond over any other. That is not the case, however, because the complex rela-
tionships between bond prices cannot be reduced to a simple linear adjustment, such as the
conversion factor method. As a result, some bonds are cheaper to deliver than others. When
making the delivery decision, the short compares the cost of buying a given bond on the
open market with the amount she would receive upon delivery of that bond. The former will
always exceed the latter; otherwise, a clear arbitrage opportunity would be available. The
most attractive bond for delivery would be the one in which the amount received for deliv-
ering the bond is largest relative to the amount paid on the open market for the bond. The
bond that minimizes this loss is referred to as the cheapest-to-deliver bond.

At any time during the life of a Treasury bond futures contract, traders can identify
the cheapest-to-deliver bond. Determining the amount received at delivery is straightfor-
ward; it equals the current futures price times the conversion factor for a given bond. To
determine the amount the bond would cost at expiration, one calculates the forward price
of the bond, positioned at the delivery date. Of course, this is just a forward computation;
circumstances could change by the expiration date. But this forward calculation gives a
picture of circumstances as they currently stand and identifies which bond is currently the
cheapest to deliver. That bond is then considered the bond most likely to be delivered.

% The U.S. government no longer issues callable bonds but has done so in the past.

19 This statement is true regardless of the maturity of the deliverable bond. Any bond with a coupon in excess
of its yield is worth more than its par value.

20 For example, the actual procedure for delivery of U.S. Treasury bonds is a three-day process starting with
the short notifying the exchange of intention to make delivery. Delivery actually occurs several days later. In
addition, as is the custom in U.S. bond markets, the quoted price does not include the accrued interest.
Accordingly, an adjustment must be made.
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6.3 Stock INDEX
FUTURES
CONTRACTS

Recall that one problem with this futures contract is that the identity of the underlying
bond is unclear. Traders traditionally treat the cheapest to deliver as the bond that under-
lies the contract. As time passes and interest rates change, however, the cheapest-to-deliver
bond can change. Thus, the bond underlying the futures contract can change, adding an
element of uncertainty to the pricing and trading of this contract.

With this complexity associated with the U.S. Treasury bond futures contract, one
might suspect that it is less actively traded. In fact, the opposite is true: Complexity cre-
ates extraordinary opportunities for gain for those who understand what is going on and
can identify the cheapest bond to deliver.

The Chicago Board of Trade’s U.S. Treasury bond futures contract covers $100,000
par value of U.S. Treasury bonds. The expiration months are March, June, September, and
December. They expire on the seventh business day preceding the last business day of the
month and call for actual delivery, through the Federal Reserve’s wire system, of the Trea-
sury bond. Prices are quoted in points and 32nds, meaning that you will see prices like 98
18/32, which equals 98.5625. For a contract covering $100,000 par value, for example, the
price is $98,562.50. The minimum tick size is 1/32, which is $31.25.

In addition to the futures contract on the long-term government bond, there are also
very similar futures contracts on intermediate-term government bonds. The Chicago Board
of Trade’s contracts on 2-, 5-, and 10-year Treasury notes are very actively traded and are
almost identical to its long-term bond contract, except for the exact specification of the
underlying instrument. Intermediate and long-term government bonds are important
instruments in every country’s financial markets. They give the best indication of the long-
term default-free interest rate and are often viewed as a benchmark bond for various com-
parisons in financial markets.”! Accordingly, futures contracts on such bonds play an
Important role in a country’s financial markets and are almost always among the most
actively traded contracts in futures markets around the world.

If the underlying instrument is not widely available and not actively traded, the via-
bility of a futures contract on it becomes questionable. The reduction seen in U.S. govern-
ment debt in the late 1990s has led to a reduction in the supply of intermediate and
long-term government bonds, and some concern has arisen over this fact. In the United
States, some efforts have been made to promote the long-term debt of Fannie Mae and
Freddie Mac as substitute benchmark bonds.*? It remains to be seen whether such efforts
will be necessary and, if so, whether they will succeed.

One of the most successful types of futures contracts of all time is the class of futures on
stock indices. Probably the most successful has been the Chicago Mercantile Exchange’s
contract on the Standard and Poor’s 500 Stock Index. Called the S&P 500 Stock Index
futures, this contract premiered in 1982 and has benefited from the widespread acceptance
of the S&P 500 Index as a stock market benchmark. The contract is quoted in terms of a

2! For example, the default risk of a corporate bond is often measured as the difference between the corporate
bond yield and the yield on a Treasury bond or note of comparable maturity. Fixed rates on interest rate swaps
are usually quoted as a spread over the rate on a Treasury bond or note of comparable maturity.

22 Fannie Mae is the Federal National Mortgage Association, and Freddie Mac is the Federal Home Loan
Mortgage Corporation. These institutions were formerly U.S. government agencies that issued debt to raise
funds to buy and sell mortgages and mortgage-backed securities. These institutions are now publicly traded
corporations but are considered to have extremely low default risk because of their critical importance in U.S.
mortgage markets. It is believed that an implicit Federal government guarantee is associated with their debt.
Nonetheless, it seems unlikely that the debt of these institutions could take over that of the U.S. government as
a benchmark. The Chicago Board of Trade has offered futures contracts on the bonds of these organizations,
but the contracts have not traded actively.
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6.4 CURRENCY
FUTURES
CONTRACTS

price on the same order of magnitude as the S&P 500 itself. For example, if the S&P 500
Index is at 1183, a two-month futures contract might be quoted at a price of, say, 1187. We
shall explain how to determine a stock index futures price in Section 7.3.

The contract implicitly contains a multiplier, which is (appropriately) multiplied by
the quoted futures price to produce the actual futures price. The multiplier for the S&P 500
futures is $250. Thus, when you hear of a futures price of 1187, the actual price is
1187($250) = $296,750.

S&P 500 futures expirations are March, June, September, and December and go out
about two years, although trading is active only in the nearest two to three expirations.
With occasional exceptions, the contracts expire on the Thursday preceding the third Fri-
day of the month. Given the impracticality of delivering a portfolio of the 500 stocks in the
index combined according to their relative weights in the index, the contract is structured
to provide for cash settlement at expiration.

The S&P 500 is not the only active stock index futures contract. In fact, the Chicago
Mercantile Exchange has a smaller version of the S&P 500 contract, called the Mini S&P
500, which has a multiplier of $50 and trades only electronically. Other widely traded con-
tracts in the United States are on the Dow Jones Industrials, the S&P Midcap 400, and the
Nasdaq 100. Virtually every developed country has a stock index futures contract based on
the leading equities of that country. Well-known stock index futures contracts around the
world include the United Kingdom’s FTSE 100 (pronounced “Footsie 1007), Japan’s
Nikkei 225, France’s CAC 40, and Germany’s DAX 30,

In Chapter 2 we described forward contracts on foreign currencies. There are also futures
contracts on foreign currencies. Although the forward market for foreign currencies is
much more widely used, the futures market is still quite active. In fact, currency futures
were the first futures contracts not based on physical commodities. Thus, they are some-
times referred to as the first financial futures contracts, and their initial success paved the
way for the later introduction of interest rate and stock index futures.

Compared with forward contracts on currencies, currency futures contracts are much
smaller in size. In the United States, these contracts trade at the Chicago Mercantile
Exchange with a small amount of trading at the New York Board of Trade. In addition there
is some trading on exchanges outside the United States. The characteristics we describe
below refer to the Chicago Mercantile Exchange’s contract.

In the United States, the primary currencies on which trading occurs are the euro,
Canadian dollar, Swiss franc, Japanese yen, British pound, Mexican peso, and Australian
dollar. Each contract has a designated size and a quotation unit. For example, the euro con-
tract covers €125,000 and is quoted in dollars per euro. A futures price such as $0.8555 is
stated in dollars and converts to a contract price of

125,000($0.8555) = $106,937.50

The Japanese yen futures price is structured somewhat differently. Because of the
large number of yen per dollar, the contract covers ¥12,500,000 and is quoted without two
zeroes that ordinarily precede the price. For example, a price might be stated as 0.8205,
but this actually represents a price of 0.008205, which converts to a contract price of

12,500,000(0.008205) = $102,562.50
Alternatively, a quoted price of 0.8205 can be viewed as 1/0.008205 = ¥121.88 per dollar.

Currency futures contracts expire in the months of March, June, September, and
December. The specific expiration is the second business day before the third Wednesday
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of the month. Currency futures contracts call for actual delivery, through book entry, of the
underlying currency.

We have briefly examined the different types of futures contracts of interest to us. Of
course there are a variety of similar instruments trading on futures exchanges around the
world. The purpose of this book, however, is not to provide institutional details, which can
be obtained at the Web sites of the world’s futures exchanges, but rather to enhance your
understanding of the important principles necessary to function in the world of derivatives.

Until now we have made reference to prices of futures contracts. Accordingly, let us
move forward and examine the pricing of futures contracts.

7 PRICING AND VALUATION OF FUTURES CONTRACTS

7.1 GENERIC
PRrICING AND
VALUATION OF A
Futures CONTRACT

In Chapter 2, we devoted considerable effort to understanding the pricing and valuation of
forward contracts. We first discussed the notion of what it means to price a forward con-
tract in contrast to what it means to value a forward contract. Recall that pricing means to
assign a fixed price or rate at which the underlying will be bought by the long and sold by
the short at expiration. In assigning a forward price, we set the price such that the value of
the contract is zero at the start. A zero-value contract means that the present value of the
payments promised by each party to the other is the same, a result in keeping with the fact
that neither party pays the other any money at the start. The value of the contract to the
long is the present value of the payments promised by the short to the long minus the pres-
ent value of the payments promised by the long to the short. Although the value is zero at
the start, during the life of the contract, the value will fluctuate as market conditions
change; the original forward contract price, however, stays the same.

In Chapter 2, we presented numerous examples of how to apply the concept of pric-
ing and valuation when dealing with forward contracts on stocks, bonds, currencies, and
interest rates. To illustrate the concepts of pricing and valuation, we started with a generic
forward contract. Accordingly, we do so here in the futures chapter. We assume no trans-
action costs.

As we did with forward contracts, we start by illustrating the time frame within which we
are working:

0 t—-1 t T
(today) (expiration)

Today is time 0. The expiration date of the futures contract is time T. Times t — 1 and t
are arbitrary times between today and the expiration and are the points at which the con-
tract will be marked to market. Thus, we can think of the three periods depicted above, 0
tot—1,t — 1tot, and tto T, as three distinct trading days with times t — 1, t, and T being
the end of each of the three days.

The price of the underlying asset in the spot market is denoted as Sy at time 0, S,_,
at time t — 1, S, at time t, and St at time T. We denote the futures contract price at time 0O
as fo(T). This notation indicates that fy(T) is the price of a futures contract at time 0 that
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expires at time T. Unlike forward contract prices, however, futures prices fluctuate in an
open and competitive market. The marking-to-market process results in each futures con-
tract being terminated every day and reinitiated. Thus, we not only have a futures price set
at time 0 but we also have a new one at time t — 1, at time t, and at time T. In other words,

fo(T) = price of a futures contract at time O that expires at time T
f;—1(T) = price of a futures contract at time t — 1 that expires at time T
f(T) = price of a futures contract at time t that expires at time T

fr(T) = price of a futures contract at time T that expires at time T

Note, however, that f;..,(T) and f(T) are also the prices of contracts newly established at
times t — 1 and t for delivery at time T. Futures contracts are homogeneous and fungible.
Any contract for delivery of the underlying at T is equivalent to any other contract, regard-
less of when the contracts were created.?

The value of the futures contract is denoted as vo(T). This notation indicates that
vo(T) is the value at time O of a futures contract expiring at time T. We are also interested
in the values of the contract prior to expiration, such as at time t, denoted as v(T), as well
as the value of the contract at expiration, denoted as v(T).?*

7.1.1 THe FUTURES PRICE AT EXPIRATION

Now suppose we are at time T. The spot price is St and the futures price is f(T). To avoid
an arbitrage opportunity, the futures price must converge to the spot price at expiration:

fr(T) = St @-1

Consider what would happen if this were not the case. If f(T) < S, a trader could buy
the futures contract, let it immediately expire, pay f1(T) to take delivery of the underlying,
and receive an asset worth St. The trader would have paid f1(T) and received an asset
worth St, which is greater, at no risk. If f1(T) > S, the trader would go short the futures,
buy the asset for Sy, make delivery, and receive f1(T) for the asset, for which he paid a
lesser amount. Only if f1(T) = St does this arbitrage opportunity go away. Thus, the
futures price must equal the spot price at expiration.

Another way to understand this point is to recall that by definition, a futures contract
calls for the delivery of an asset at expiration at a price determined when the transaction is
initiated. If expiration is right now, a futures transaction is equivalent to a spot transaction,
so the futures price must equal the spot price.

2 As an analogy from the bond markets, consider a 9 percent coupon bond, originally issued with 10 years
remaining. Three years later, that bond is a 9 percent seven-year bond. Consider a newly issued 9 percent
coupon bond with seven years maturity and the same issuer. As long as the coupon dates are the same and all
other terms are the same, these two bonds are fungible and are perfect substitutes for each other.

24 1t is important at this point to make some comments about notation. First, note that in Chapter 2 we use an
uppercase F and V for forward contracts; here we use lowercase f and v for futures contracts. Also, we follow
the pattern of using subscripts to indicate a price or value at a particular point in time. The arguments in
parentheses refer to characteristics of a contract. Thus, in Chapter 2 we described the price of a forward
contract as F(0,T) meaning the price of a forward contract initiated at time 0 and expiring at time T. This price
does not fluctuate during the life of the contract. A futures contract, however, reprices on a daily basis. Its
original time of initiation does not matter—it is reinitiated every day. Hence, futures prices are indicated by
notation such as fo(T) and f,(T). We follow a similar pattern for value, using V(0,T), V,(0,T), and V(0,T) for
forwards and vo(T), v(T), and v(T) for futures.
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7.1.2 VALUATION OF A FUTURES

Let us consider how to determine the value of a futures contract. We already agreed that
because no money changes hands, the value of a forward contract at the initiation date is
zero. For the same reason, the value of a futures contract at the initiation date is zero. Thus,

vo(T) =0 (3-2)

Now let us determine the value of the contract during its life. Suppose we are at the
end of the second day, at time t. In our diagram above, this point would be essentially at
time t, but perhaps just an instant before it. So let us call it time t—. An instant later, we
call the time point t+. In both cases, the futures price is f(T). The contract was previously
marked to market at the end of day t — 1 to a price of f,—(T). An instant later when the
futures account is marked to market, the trader will receive a gain of f(T) — f,_ (T). We
can reasonably ignore the present value difference of receiving this money an instant later.
Let us now state more formally that the value of a futures contract is

vi+(T) = f(T) — £,_(T) an instant before the account is marked to market (3-3)

v—(T) = 0 as soon as the account is marked to market

Suppose, however, that the trader is at a time j during the second trading day, between
t — 1 and t. The accumulated gain or loss since the account was last marked to market is
fi(T) — f_1(T). If the trader closes the position out, he would receive or be charged this
amount at the end of the day. So the value at time j would be f;(T) — f,_(T) discounted
back from the end of the day at time t until time j—that is, a fraction of a day. It is fairly
routine to ignore this intraday interest. Thus, in general we say that the value of a futures
contract before it has been marked to market is the gain or loss accumulated since the
account was last marked to market,

So to recap, the value of a futures contract is the accumulated gain or loss since the
last mark to market. The holder of a futures contract has a claim or liability on this amount.
Once that claim is captured or the liability paid through the mark-to-market process, the
contract is repriced to its current market price and the claim or liability goes back to a value
of zero. Using these results, determining the value of a futures contract at expiration is easy.
An instant before expiration, it is simply the accumulated profit since the last mark to mar-
ket. At expiration, the value goes back to zero. With respect to the value of the futures, expi-
ration is no different from any other day. Exhibit 3-5 summarizes the principles of valuation.

EXHIBIT 3-5 The Value of a Futures Contract Before and After
Marking to Market

Vi(T) = £, (T) — f._(T)

vi(T) = f:i(T) = fi(D) Ve (T) = {i4(T) = £ (T)

/Vo(T) =0 V(-I(T) / f{(T) = St
| |
' T

&
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In Chapter 2, we devoted considerable effort toward understanding how forward
contracts are valued. When holding positions in forward contracts, we are forced to assign
values to instruments that do not trade in an open market with widely disseminated prices.
Thus, it is important that we understand how forward contracts are valued. When dealing
with futures contracts, the process is considerably simplified. Because futures contracts are
generally quite actively traded, there is a market with reliable prices that provides all of the
information we need. For futures contracts, we see that the value is simply the observable
price change since the last mark to market.

7.1.3 FOrRwWARD AND FUTURES PRICES

For all financial instruments, it is important to be able to determine whether the price avail-
able in the market is an appropriate one. Hence, we engage in the process of “pricing” the
financial instrument. A major objective of this chapter is to determine the appropriate price
of a futures contract. Given the similarity between futures and forward prices, however, we
can benefit from studying forward contract pricing, which was covered in Chapter 2. But
first, we must look at the similarities and differences between forward and futures contracts.

Recall that futures contracts settle daily and are essentially free of default risk. Forward
contracts settle only at expiration and are subject to default risk. Yet both types of contracts
allow the party to purchase or sell the underlying asset at a price agreed on in advance. It
seems intuitive that futures prices and forward prices would be relatively close to each other.

The issues involved in demonstrating the relationship between futures and forward
prices are relatively technical and beyond the scope of this book. We can, however, take a
brief and fairly nontechnical look at the question. First let us ignore the credit risk issue.
We shall assume that the forward contract participants are prime credit risks. We focus
only on the technical distinction caused by the daily marking to market.

The day before expiration, both the futures contract and the forward contract have one
day to go. At expiration, they will both settle. These contracts are therefore the same. At any
other time prior to expiration, futures and forward prices can be the same or different. If
interest rates are constant or at least known, any effect of the addition or subtraction of funds
from the marking-to-market process can be shown to be neutral. If interest rates are posi-
tively correlated with futures prices, traders with long positions will prefer futures over for-
wards, because they will generate gains when interest rates are going up, and traders can
invest those gains for higher returns. Also, traders will incur losses when interest rates are
going down and can borrow to cover those losses at lower rates. Because traders holding
long positions prefer the marking to market of futures over forwards when futures prices are
positively correlated with interest rates, futures will carry higher prices than forwards. Con-
versely, when futures prices are negatively correlated with interest rates, traders will prefer
not to mark to market, so forward contracts will carry higher prices.

Because interest rates and fixed-income security prices move in opposite directions,
interest rate futures are good examples of cases in which forward and futures prices should
be inversely related. Alternatively, when inflation is high, interest rates are high and
investors oftentimes put their money in such assets as gold. Thus, gold futures prices and
interest rates would tend to be positively correlated. It would be difficult to identify a sit-
uation in which futures prices are not correlated with interest rates. Zero correlation is rare
in the financial world, but we can say that when the correlation is low or close to zero, the
difference between forward and futures prices would be very small.

At this introductory level of treatment, we shall make the simplifying assumption
that futures prices and forward prices are the same. We do so by ignoring the effects of
marking a futures contract to market. In practice, some significant issues arise related to
the marking-to-market process, but they detract from our ability to understand the impor-
tant concepts in pricing and trading futures and forwards.
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Therefore, based on the equivalence we are assuming between futures and forwards,
we can assume that the value of a futures contract at expiration, before marking to market, is

vi(T) = f5(T) — fo(T) = St — £o(T)

with the spot price substituted for the futures price at T, given what we know about their
convergence.

7.1.4 PRrICING FUTURES CONTRACTS

Now let us proceed to the pricing of futures contracts. As we did with forward contracts,
we consider the case of a generic underlying asset priced at $100. A futures contract calls
for delivery of the underlying asset in one year at a price of $108. Let us see if $108 is the
appropriate price for this futures contract.

Suppose we buy the asset for $100 and sell the futures contract. We hold the posi-
tion until expiration. For right now, we assume no costs are involved in holding the asset.
We do, however, lose interest on the $100 tied up in the asset for one year. We assume that
this opportunity cost is at the risk-free interest rate of 5 percent.

Recall that no money changes hands at the start of a futures contract. Moreover, we
can reasonably ignore the rather small margin deposit that would be required. In addition,
margin deposits can generally be met by putting up interest-earning securities, so there is
really no opportunity cost. As discussed in the previous section, we also will assume away
the daily settlement procedure; in other words, the value of the futures contract paid out at
expiration is the final futures price minus the original futures price. Because the final
futures price converges to the spot price, the final payout is the spot price minus the orig-
inal futures price.

So at the contract expiration, we are short the futures and must deliver the asset,
which we own. We do so and receive the original futures price for it. So we receive $108
for an asset purchased a year ago at $100. At a 5 percent interest rate, we lose only $5 in
interest, so our return in excess of the opportunity cost is 3 percent risk free. This risk-free
return in excess of the risk-free rate is clearly attractive and would induce traders to buy
the asset and sell the futures. This arbitrage activity would drive the futures price down
until it reaches $105.

If the futures price falls below $105, say to $102, the opposite arbitrage would occur.
The arbitrageur would buy the futures, but either we would need to be able to borrow the
asset and sell it short, or investors who own the asset would have to be willing to sell it and
buy the futures. They would receive the asset price of $100 and invest it at 5 percent inter-
est. Then at expiration, those investors would get the asset back upon taking delivery, pay-
ing $102. This transaction would net a clear and risk-free profit of $3, consisting of interest
of $5 minus a $2 loss from selling the asset at $100 and buying it back at $102. Again,
through the buying of the futures and shorting of the asset, the forces of arbitrage would
cause prices to realign to $105.

Some difficulties occur with selling short certain assets. Although the financial mar-
kets make short selling relatively easy, some commodities are not easy to sell short. In such
a case, it is still possible for arbitrage to occur. If investors who already own the asset sell
it and buy the futures, they can reap similar gains at no risk. Because our interest is in
financial instruments, we shall ignore these commodity market issues and assume that
short selling can be easily executed.”

2> Keep in mind that there are some restrictions on the short selling of financial instruments, such as uptick
rules and margin requirements, but we will not concern ourselves with these impediments here.
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If the market price is not equal to the price given by the model, it is important to note
that regardless of the asset price at expiration, the above arbitrage guarantees a risk-free
profit. That profit is known at the time the parties enter the transaction. Exhibit 3-6 sum-
marizes and illustrates this point.

EXHIBIT 3-6 The Risk-Free Nature of Long and Short Futures Arbitrage

Asset is priced at $100, futures is priced at fo(T) and expires in one year. Interest rate over
the life of the futures is 5 percent.
Long Asset, Short Futures Short Asset, Long Futures
Time Arbitrage Arbitrage
Today Buy asset at $100 Sell short asset for $100
(time 0) Sell futures at fo(T) Buy futures for fo(T)
Expiration Asset price is St Asset price is St
(time T) Futures price converges to Futures price converges to
asset price asset price
Deliver asset Take delivery of asset
Profit on asset after accounting Profit on asset after accounting
for the 5 percent ($5) interest for the 5 percent ($5) interest
lost from $100 tied up in the earned on the $100 received
investment in the asset: from the short sale of the
St—100—-5 asset; 100 + 5 — S¢
Profit on futures: fo(T) — St Profit on futures: St — fo(T)
Total profit: fo(T) — 100 — § Total profit: 100 + 5 — fo(T)
Conclusion: The asset price at expiration has no effect on the profit captured at expiration
for either transaction. The profit is known today. To eliminate arbitrage, the futures price
today, fo(T), must equal 100 + 5 = $105.

The transactions we have described are identical to those using forward contracts. We did
note with forward contracts, however, that one can enter into an off-market forward contract,
having one party pay cash to another to settle any difference resulting from the contract not
trading at its arbitrage-free value up front. In the futures market, this type of arrangement is
not permitted; all contracts are entered into without any cash payments up front.

So in general, through the forces of arbitrage, we say that the futures price is the spot
price compounded at the risk-free rate:

fo(T) = Sp(1 + 1)

It is important, however, to write this result in a form we are more likely to use. In the
above form, we specify r as the interest rate over the life of the futures contract. In finan-
cial markets, however, interest rates are nearly always specified as annual rates. Therefore,
to compound the asset price over the life of the futures, we let r equal an annual rate and
specify the life of the futures as T years. Then the futures price is found as

fo(T) = Sp(1 + )T (3-4)

The futures price is the spot price compounded over the life of the contract, T years, at the
annual risk-free rate, r. From this point on, we shall use this more general specification.
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As an example, consider a futures contract that has a life of 182 days; the annual
interest rate is 5 percent. Then T = 182/365 and r = 0.05. If the spot price is $100, the
futures price would then be

fo(T) = So(1 + )T

fo(182/365) = 100(1.05)'8%%3

102.46

If the futures is selling for more than $102.46, an arbitrageur can buy the asset for $100
and sell the futures for whatever its price is, hold the asset (losing interest on $100 at an
annual rate of 5 percent) and deliver it to receive the futures price. The overall strategy will
net a return in excess of 5 percent a year at no risk. If the futures is selling for less than
$102.46, the arbitrageur can borrow the asset, sell it short, and buy the futures. She will
earn interest on the funds obtained from the short sale and take delivery of the asset at the
futures expiration, paying the original futures price. The overall transaction results in
receiving $100 up front and paying back an amount less than the 5 percent risk-free rate,
making the transaction like a loan that is paid back at less than the risk-free rate. If one
could create such a loan, one could use it to raise funds and invest the funds at the risk-
free rate to earn unlimited gains.

7.1.5 PrICING FUTURES CONTRACTS WHEN THERE ARE STORAGE COSTS

Except for opportunity costs, we have until now ignored any costs associated with holding
the asset. In many asset markets, there are significant costs, other than the opportunity cost,
to holding an asset. These costs are referred to as storage costs or carrying costs and are
generally a function of the physical characteristics of the underlying asset. Some assets are
easy to store; some are difficult. For example, assume the underlying is oil, which has sig-
nificant storage costs but a very long storage life.”® One would not expect to incur costs
associated with a decrease in quality of the oil. Significant risks do exist, however, such as
spillage, fire, or explosion. Some assets on which futures are based are at risk for damage.
For example, cattle and pigs can become ill and die during storage. Grains are subject to
pest damage and fire. All of these factors have the potential to produce significant storage
costs, and protection such as insurance leads to higher storage costs for these assets. On
the other hand, financial assets have virtually no storage costs. Of course, all assets have
one significant storage cost, which is the opportunity cost of money tied up in the asset,
but this effect is covered in the present value calculation.

It is reasonable to assume that the storage costs on an asset are a function of the
quantity of the asset to be stored and the length of time in storage. Let us specify this cost
with the variable FV(SC,0,T), which denotes the value at time T (expiration) of the stor-
age costs (excluding opportunity costs) associated with holding the asset over the period 0
to T. By specifying these costs as of time T, we are accumulating the costs and com-
pounding the interest thereon until the end of the storage period. We can reasonably
assume that when storage is initiated, these costs are known.?’

Revisiting the example we used previously, we would buy the asset at Sg, sell a
futures contract at fo(T), store the asset and accumulate costs of FV(SC,0,T), and deliver
the asset at expiration to receive the futures price. The total payoff is fo(T) — FV(SC,0,T).

26 After all, oil has been stored by nature for millions of years.

%7 There may be reason to suggest that storage costs have an element of uncertainty in them, complicating the
analysis.
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This amount is risk free. To avoid an arbitrage opportunity, its present value should equal
the initial outlay, S, required to establish the position. Thus,

[fo(T) — FV(SC,0,D)/(1 + T = S,
Solving for the futures price gives
fo(T) = So(1 + 1)T + FV(SC,0,T) (3-5)

This result says that the futures price equals the spot price compounded over the life of the
futures contract at the risk-free rate, plus the future value of the storage costs over the life
of the contract. In the previous example with no storage costs, we saw that the futures price
was the spot price compounded at the risk-free rate. With storage costs, we must add the
future value of the storage costs. The logic behind this adjustment should make sense.
The futures price should be higher by enough to cover the storage costs when a trader buys
the asset and sells a futures to create a risk-free position.*®

Consider the following example. The spot price of the asset is $50, the interest rate
is 6.25 percent, the future value of the storage costs is $1.35, and the futures expires in 15
months. Then T = 15/12 = 1.25. The futures price would, therefore, be

fo(T) = So(1 + )T + FV(SC,0,T)
£5(1.25) = 50(1.0625)!%° + 1.35
= 55.29

If the futures is selling for more than $55.29, the arbitrageur would buy the asset and sell
the futures, holding the position until expiration, at which time he would deliver the asset
and collect the futures price, earning a return that covers the 6.25 percent cost of the money
and the storage costs of $1.35. If the futures is selling for less than $55.29, the arbitrageur
would sell short the asset and buy the futures, reinvesting the proceeds from the short sale
at 6.25 percent and saving the storage costs. The net effect would be to generate a cash
inflow today plus the storage cost savings and a cash outflow at expiration that would
replicate a loan with a rate less than the risk-free rate. Only if the futures sells for exactly
$55.29 do these arbitrage opportunities go away.

7.1.6 PRICING FuTURES CONTRACTS WHEN THERE ARE CasH FLows
ON THE UNDERLYING ASSET

In each case we have considered so far, the underlying asset did not generate any positive
cash flows to the holder. For some assets, there will indeed be positive cash flows to the
holder. Recall that in Chapter 2, we examined the pricing and valuation of forward con-
tracts on stocks and bonds and were forced to recognize that stocks pay dividends, bonds
pay interest, and these cash flows affect the forward price. A similar concept applies here
and does so in a symmetric manner to what we described in the previous section in which
the asset incurs a cash cost. As we saw in that section, a cash cost incurred from holding
the asset increases the futures price. Thus, we might expect that cash generated from hold-
ing the asset would result in a lower futures price and, as we shall see in this section, that

28 We did not cover assets that are storable at significant cost when we studied forward contracts because such
contracts are less widely used for these assets. Nonetheless, the formula given here would apply for forward
contracts as well, given our assumption of no credit risk on forward contracts.
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is indeed the case. But in the next section, we shall also see that it is even possible for an
asset to generate nonmonetary benefits that must also be taken into account when pricing
a futures contract on it.

Let us start by assuming that over the life of the futures contract, the asset generates
positive cash flows of FV(CF0,T). It is no coincidence that this notation is similar to the
one we used in the previous section for the storage costs of the underlying asset over the
life of the futures. Cash inflows and storage costs are just different sides of the same coin.
We must remember, however, that FV(CF,0,T) represents a positive flow in this case. Now
let us revisit our example.

‘We would buy the asset at Sy, sell a futures contract at fo(T), store the asset and gen-
erate positive cash flows of FV(CF,,T), and deliver the asset at expiration, receiving the
futures price. The total payoff is fo(T) + FV(CF0,T). This amount is risk free and known
at the start. To avoid an arbitrage opportunity, its present value should equal the initial out-
lay, Sy, required to establish the position. Thus,

[fo(T) + FV(CEO,D/(1 + DT = S,
Solving for the futures price gives
fo(T) = So(1 + )T — FV(CE0,T) (3-6)

In the previous example that included storage costs, we saw that the futures price was the
spot price compounded at the risk-free rate plus the future value of the storage costs. With
positive cash flows, we must subtract the future value of these cash flows. The logic behind
this adjustment should make sense. The futures price should be reduced by enough to
account for the positive cash flows when a trader buys the asset and sells a futures to cre-
ate a risk-free position. Otherwise, the trader would receive risk-free cash flows from the
asset and the equivalent amount from the sale of the asset at the futures price. Reduction
of the futures price by this amount avoids overcompensating the trader.

As noted, these cash flows can be in the form of dividends from a stock or coupon
interest from a bond. When we specifically examine the pricing of bond and stock futures,
we shall make this specification a little more precise and work an example.

7.1.7 PrICING FUTURES CONTRACTS WHEN THERE Is A CONVENIENCE YIELD

Now consider the possibility that the asset might generate nonmonetary benefits that must
also be taken into account. The notion of nonmonetary benefits that could affect futures
prices might sound strange, but upon reflection, it makes perfect sense. For example, a
house is a common and normally desirable investment made by individuals and families.
The house generates no monetary benefits and incurs significant costs. As well as being a
possible monetary investment if prices rise, the house generates some nonmonetary bene-
fits in the form of serving as a place to live. These benefits are quite substantial; many peo-
ple consider owning a residence preferable to renting, and people often sell their homes for
monetary gains far less than any reasonable return on a risky asset. Clearly the notion of a
nonmonetary benefit to owning an asset is one most people are familiar with.

In a futures contract on an asset with a nonmonetary gain, that gain must be taken
into account. Suppose, for the purpose of understanding the effect of nonmonetary bene-
fits on a futures contract, we create a hypothetical futures contract on a house. An indi-
vidual purchases a house and sells a futures contract on it. We shall keep the arguments as
simple as possible by ignoring the operating or carrying costs. What should be the futures
price? If the futures is priced at the spot price plus the risk-free rate, as in the original case,
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the homeowner receives a guaranteed sale price, giving a return of the risk-free rate and
the use of the home. This is clearly a good deal. Homeowners would be eager to sell
futures contracts, leading to a decrease in the price of the futures. Thus, any nonmonetary
benefits ought to be factored into the futures price and logically would lead to a lower
futures price.

Of course, in the real world of standardized futures contracts, there are no futures
contracts on houses. Nonetheless, there are futures contracts on assets that have nonmon-
etary benefits. Assets that are often in short supply, particularly those with seasonal and
highly risky production processes, are commonly viewed as having such benefits. The non-
monetary benefits of these assets are referred to as the convenience yield. Formally, a con-
venience yield is the nonmonetary return offered by an asset when in short supply. When
an asset is in short supply, its price tends to be high. Holders of the asset earn an implicit
incremental return from having the asset on hand. This return enables them, as commer-
cial enterprises, to avoid the cost and inconvenience of not having their primary product or
resource input on hand. Because shortages are generally temporary, the spot price can be
higher than the futures price, even when the asset incurs storage costs. If a trader buys the
asset, sells a futures contract, and stores the asset, the return is risk free and will be suffi-
cient to cover the storage costs and the opportunity cost of money, but it will be reduced
by an amount reflecting the benefits of holding the asset during a period of shortage or any
other nonmonetary benefits.

Now, let the notation FV(CB,0,T) represent the future value of the costs of storage
minus the benefits:

FV(CB,0,T) = Costs of storage — Nonmonetary benefits (Convenience yield)

where all terms are expressed in terms of their future value at time T and are considered
to be known at time 0. If the costs exceed the benefits, FV(CB,0,T) is a positive number.?*
We refer to FV(CB,0,T) as the cost of carry.’® The general futures pricing formula is

fo(T) = So(1 + )T + FV(CB,0,T) 3-7)

The futures price is the spot price compounded at the risk-free rate plus the cost of carry.
This model is often called the cost-of-carry model.

Consider an asset priced at $75; the risk-free interest rate is 5.15 percent, the net of
the storage costs, interest, and convenience yield is $3.20, and the futures expires in nine
months, Thus, T = 9/12 = 0.75. Then the futures price should be

fo(T) = So(1 + N + FV(CB,0,T)
£5(0.75) = 75(1.0515)°7 + 3.20
= 81.08

As we have always done, we assume that this price will prevail in the marketplace. If it
does not, the forces of arbitrage will drive the market price to the model price. If the futures

2 In other words, FV(CB,0,T) has to be positive to refer to it as a “cost.”

30 In some cases, such as in inventory storage, it is customary to include the opportunity cost in the definition
of cost of carry; but we keep it separate in this text.
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price exceeds $81.08, the arbitrageur can buy the asset and sell the futures to earn a risk-
free return in excess of the risk-free rate. If the futures price is less than $81.08, the arbi-
trageur can either sell the asset short or sell it if he already owns it, and then also buy the
futures, creating a risk-free position equivalent to a loan that will cost less than the risk-
free rate. The gains from both of these transactions will have accounted for any nonmon-
etary benefits. This arbitrage activity will force the market price to converge to the model
price.

The above equation is the most general form of the futures pricing formula we shall
encounter. Exhibit 3-7 reviews and illustrates how we obtained this formula and provides
another example.

EXHIBIT 3-7 Pricing a Futures Contract

Buy asset at S Deliver asset
0 I3
Sell futures Hold asset and Receive fo(T)
contract at fo(T) p| incurcostsnet | ] Costs net of benefits:
of benefits FV(CB,0,T)
Outlay: So
Payoff: fo(T) - FV(CB,0,T)
0 T

The transaction is risk-free and should be equivalent to investing So dollars in a risk-
free asset that pays fo(T) ~ FV(CB,0,T) at time T. Therefore, the payoff at T must be
the future value of the initial outlay invested at the risk-free rate. For this relationship
to hold, the futures price must be given as

fo(T) = So(1 + )" + FV(CB,0,T)

Example: An asset is selling for $225. A futures contract expires in 150 days (T =
150/365 = 0.411). The risk-free rate is 7.5 percent, and the net cost of carry is $5.75.
The futures price will be

£o(T) = £o(0.411) = $225(1.075)"%!! + $5.75 = $237.54

Some variations of this general formula are occasionally seen. Sometimes the oppor-
tunity cost of interest is converted to dollars and imbedded in the cost of carry, Then we
say that fo(T) = S + FV(CB,0,T); the futures price is the spot price plus the cost of carry.
This is a perfectly appropriate way to express the formula if the interest is imbedded in the
cost of carry, but we shall not do so in this book.

Another variation of this formula is to specify the cost of carry in terms of a rate,
such as y. Then we have fo(T) = So(1 + r)*(1 + y)*. Again, this variation is certainly
appropriate but is not the version we shall use.*!

Note that when we get into the specifics of pricing certain types of futures contracts,
we must fine-tune the formulas a little more. First, however, we explore some general char-
acterizations of the relationship between futures and spot prices.

31 Yet another variation of this formula is to use (1 + r + y)T as an approximation for (1 + nT(1 + y)T. We
do not, however, consider this expression an acceptable way to compute the futures price as it is an
approximation of a formula that is simple enough to use without approximating.
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PRACTICE PROBLEM 2

Consider an asset priced at $50. The risk-free interest rate is 8 percent, and a futures

contract on the asset expires in 45 days. Answer the following, with questions A, B,

C, and D independent of the others.

A. Find the appropriate futures price if the underlying asset has no storage costs, |
cash flows, or convenience yield. !

B. Find the appropriate futures price if the future value of storage costs on the
underlying asset at the futures expiration equals $2.25.

C. Find the appropriate futures price if the future value of positive cash flows on i
the underlying asset equals $0.75.

D. Find the appropriate futures price if the future value of the net overall cost of z
carry on the underlying asset equals $3.55.

E. Using Part D above, illustrate how an arbitrage transaction could be executed if
the futures contract is trading at $60.

F. Using Part A above, determine the value of a long futures contract an instant
before marking to market if the previous settlement price was $49.

SOLUTIONS

A. First determine that T = 45/365 = 0.1233. Then the futures price is
£5(0.1233) = $50(1.08)%1233 = $50.48

B. Storage costs must be covered in the futures price, so we add them:

£5(0.1233) = $50(1.08)%1233 + $2.25 = $52.73

C. A positive cash flow, such as interest or dividends on the underlying, reduces the
futures price:

£5(0.1233) = $50(1.08)%123% — $0.75 = $49.73

D. The net overall cost of carry must be covered in the futures price, so we add it:

£,(0.1233) = $50(1.08)*1%33 + $3.55 = $54.03

E. Follow these steps:

¢ Sell the futures at $60.

* Buy the asset at $50.

* Because the asset price compounded at the interest rate is $50.48, the interest
forgone is $0.48. So the asset price is effectively $50.48 by the time of the
futures expiration.

* Incur costs of $3.55.

* Atexpiration, deliver the asset and receive $60. The net investment in the asset
is $50.48 + $3.55 = $54.03. If the asset is sold for $60, the net gain is $5.97.

F. If the last settlement price was $49.00 and the price is now $50.48 (our answer
in Part A), the value of a long futures contract equals the difference between
these prices: $50.48 — $49.00 = $1.48.
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7.1.8 BACKWARDATION AND CONTANGO

Because the cost of carry, FV(CB,0,T), can be either positive or negative, the futures price
can be greater or less than the spot price. Because the costs plus the interest tend to exceed
the benefits, it is more common for the futures price to exceed the spot price, a situation
called contango. In contrast, when the benefits exceed the costs plus the interest, the
futures price will be less than the spot price, called backwardation. These terms are not
particularly important in understanding the necessary concepts, but they are so commonly
used that they are worthwhile to remember.

7.1.9 FUTURES PrICES AND EXPECTED SPOT PRICES

An important concept when examining futures prices is the relationship between futures
prices and expected spot prices. In order to fully understand the issue, let us first consider
the relationship between spot prices and expected spot prices. Consider an asset with no
risk, but which incurs carrying costs. At time 0, the holder of the asset purchases it with
the certainty that she will cover her opportunity cost and carrying cost. Otherwise, she
would not purchase the asset. Thus, the spot price at time O is the present value of the total
of the spot price at time T less costs minus benefits:

St — FV(CB,0,T)
a+nT

__ Sy _ FV(CBOT)
a+noT a+n0T

Soz

Because FV(CB,0,T) is the future value of the carrying cost, FV(CB,0,T)/(1 + )7 is the
present value of the carrying cost. So on the one hand, we can say that the spot price is the
future spot price minus the future value of the carrying cost, all discounted to the present.
On the other hand, we can also say that the spot price is the discounted value of the future
spot price minus the present value of the carrying cost.

If, however, the future price of the asset is uncertain, as it nearly always is, we must
make some adjustments. For one, we do not know at time O what St will be. We must form
an expectation, which we will denote as Ey(St). But if we simply replace St above with
Eo(St) we would not be acting rationally. We would be paying a price today and expect-
ing compensation only at the risk-free rate along with coverage of our carrying cost.
Indeed, one of the most important and intuitive elements of all we know about finance is
that risky assets require a risk premium. Let us denote this risk premium with the symbol,
do(St). It represents a discount off of the expected value that is imbedded in the current
price, Sy. Specifically, the current price is now given as

— Eo(Sp) — FV(CB.0,T) — $o(Sp)

So a+ 0T

where we see that the risk premium lowers the current spot price. Intuitively, investors pay
less for risky assets, all other things equal.

Until now, we have worked only with the spot price, but nothing we have said so far
violates the rule of no arbitrage. Hence, our futures pricing formula, fo(T) = So(1 + )" +
FV(CB,0,T), still applies. If we rearrange the futures pricing formula for FV(CB,0,T), sub-
stitute this result into the formula for S, and solve for the futures price, fo(T), we obtain
fo(T) = Eo(St) — do(St). This equation says that the futures price equals the expected
future spot price minus the risk premium.

An important conclusion to draw from this formula is that the futures price does not
equal the expectation of the future spot price. The futures price would be biased on the
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high side. If one felt that the futures price were an unbiased predictor of the future spot
price, fo(T) = Ey(St), one could expect on average to be able to predict the future spot
price of oil by looking at the futures price of oil. But that is not likely to be the case.

The intuition behind this result is easy to see. We start with the assumption that all
units of the asset must be held by someone. Holders of the asset incur the risk of its future
selling price. If a holder of the asset wishes to transfer that risk by selling a futures contract,
she must offer a futures contract for sale. But if the futures contract is offered at a price
equal to the expected spot price, the buyer of the futures contract takes on the risk but
expects to earn only a price equal to the price paid for the futures. Thus, the futures trader
incurs the risk without an expected gain in the form of a risk premium. On the opposite side
of the coin, the holder of the asset would have a risk-free position with an expected gain in
excess of the risk-free rate. Clearly, the holder of the asset would not be able to do such a
transaction. Thus, she must lower the price to a level sufficient to compensate the futures
trader for the risk he is taking on. This process will lead to a futures price that equals the
expected spot price minus the risk premium, as shown in the above equation. In effect, the
risk premium transfers from the holder of the asset to the buyer of the futures contract.

In all fairness, however, we must acknowledge that this view is not without its oppo-
nents. Some consider the futures price an unbiased predictor of the future spot price. In
such a case, the futures price would tend to overshoot and undershoot the future spot price
but on average would be equal to it. For such a situation to exist would require the unrea-
sonable assumption that there is no risk or that investors are risk neutral, meaning that they
are indifferent to risk. There is, however, one other situation in which the risk premium
could disappear or even turn negative. Suppose holders of the asset who want to hedge
their holdings could find other parties who need to purchase the asset and who would like
to hedge by going long. In that case, it should be possible for the two parties to consum-
mate a futures transaction with the futures price equal to the expected spot price. In fact,
if the parties going long exerted greater pressure than the parties going short, it might even
be possible for the futures price to exceed the expected spot price.

When futures prices are lower than expected spot prices, the situation is called nor-
mal backwardation. When futures prices are higher than expected spot prices, it is called
normal contango. Note the contrast with the terms backwardation and contango, which
we encountered in Section 7.1.8. Backwardation means that the futures price is lower than
the spot price; contango means that the futures price exceeds the spot price. Normal back-
wardation means that the futures price is lower than the expected spot price; normal con-
tango means that the futures price exceeds the expected spot price.

Generally speaking, we should favor the notion that futures prices are biased pre-
dictors of future spot prices because of the transferal of the risk premium from holders of
the asset to buyers of futures. Intuitively, this is the more likely case, but the other inter-
pretations are possible. Fortunately, for our purposes, it is not critical to resolve the issue,
but we do need to be aware of it.

We shall examine the pricing of three classes of interest rate futures contracts: Treasury
bill futures, Eurodollar futures, and Treasury bond futures. In Section 6.1, we described
the characteristics of these instruments and contracts. Now we look at their pricing, keep-
ing in mind that we established the general foundations for pricing—the cost-of-carry model—
in the previous section. Recall that in the cost-of-carry model, we buy the underlying asset, sell
a futures contract, store the asset (which incurs costs and could generate benefits), and deliver
the asset at expiration. To prevent arbitrage, the futures price is found in general as

Futures price = Spot price of underlying asset X Compounding factor
+ Costs net of monetary and nonmonetary benefits
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When the underlying is a financial instrument, there will be no nonmonetary benefits and
no costs other than the opportunity cost.

7.2.1 PricNG T-BiL FuTuRrEs
Consider the following time line of our problem:

0 h h+m
(today) (expiration) (maturity of
underlying T-bill)

Time O is today, and time h is the expiration day of the futures contract. The T-bill under-
lying the contract is an m-day T-bill. Thus, when the futures expires, the T-bill is required
to have m days to go before maturity. So from our perspective today, the underlying T-bill |
is an (h + m)-day T-bill.>> As in Chapter 2 for FRAs, h and m represent a particular num-
ber of days. In accordance with common practice, m is traditionally 90. We now introduce
some necessary notation. First, where necessary, we use a simple expression, r, for the risk-
free interest rate. But when pricing Treasury bill futures, we need a more flexible notation.
Here we need the rates for T-bills maturing on day h and on day h + m. In addition,
because interest rates can change from day 0 to day h, we need notation that distinguishes
rates for different maturities and rates at different points in time.*?

To find the spot price of the underlying asset, we need the discount rate on an (h + m)-
day T-bill. Suppose we have

15(h), 1(h + m) = Discount rates in effect on day 0 of h-day and (h + m)-day T-bills
As described in Section 6, these are discount rates and convert to prices by the following

formula: Bo(j) = 1 — 13()(j/360), where in this case j will either be h or h + m. Thus, the
prices of h- and (h + m)-day spot T-bills on day 0 (assuming $1 face amounts) are

Bo(h) = 1 — rS(h)(gg—o)

h+rn>

Bo(h+m)=1—r8(h+m)< 360

In other words, the h- or (h + m)-day discount rate is multiplied by the number of days in
the life of the T-bill over 360 and subtracted from the face value of $1.
Now let us turn to the futures market. We define

18f(h) = implied discount rate on day 0 of futures contract expiring on day h,
where the deliverable instrument is an m-day T-bill

fo(h) = price on day O of futures contract expiring on day h

32 1t is common practice in the T-bill futures market to refer to the underlying as an m-day T-bill, but at time 0,
the underlying must be an (h + m)-day T-bill in order for it to be an m-day T-bill at time h.

3 When we assume that the interest rates are the same for all maturities and cannot change over time, which
is considered acceptable when working with stock index and currency futures, we can use the simpler notation
of r for the rate.
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The relationship between g’ (h) and fy(h) is

360

It is important to note that the futures price, not the implied discount rate, is the more
important variable. Like any price, the futures price is determined in a market of buyers
and sellers. Any rate is simply a way of transforming a price into a number that can be
compared with rates on various other fixed-income instruments.** Do not think that a
futures contract pays an interest rate. It is more appropriate to think of such a rate imbed-
ded in a futures price as an implied rate, hence our use of the term implied discount rate.
Although knowing this rate does not tell us any more than knowing the futures price,
traders often refer to the futures contract in terms of the rate rather than the price.

Finally, let us note that at expiration, the futures price is the price of the underlying
T-bill

fh(h) = Bp(h + m)

foh) = 1 — r8f<h)(—m—)

=1-rlh+ m)(—m—)

where By(h + m) is the price on day h of the T-bill maturing on day h + m, and rfi(h +
m) is the discount rate on day h on the T-bill maturing on day h + m.

We now derive the futures price by constructing a risk-free portfolio that permits no
arbitrage profits to be earned. This transaction is referred to as a cash-and-carry strategy,
because the trader buys the asset in the cash (spot) market and carries (holds) it.

On day 0, we buy the (h + m)-day T-bill, investing Bo(h + m). We simultaneously
sell a futures contract at the price fo(h). On day h, we are required to deliver an m-day
T-bill. The bill we purchased, which originally had h + m days to maturity, now has m
days to maturity. We therefore deliver that bill and receive the original futures price. We can
view this transaction as having paid Bg(h + m) on day 0 and receiving fy(h). Because fo(h)
is known on day 0, this transaction is risk free. It should thus earn the same return per dol-
lar invested as would a T-bill purchased on day 0 that matures on day h. The return per dol-
lar invested from the arbitrage transaction would be fo(h)/Both + m), and the return per
dollar invested in an h-day T-bill would be 1/Bg(h).* Consequently, we set these values
equal:

fo) _ 1
Bo(h + m)  Bg(h)
Solving for the futures price, we obtain

Bo(h)

fo(h) =

34 To further reinforce the notion that an interest rate is just a transformation of a price, consider a zero-
coupon bond selling at $95 and using 360 days as a year. The price can be transformed into a rate in the
manner of 1/0.95 — 1 = 0.0526 or 5.26 percent. But using the convention of the Treasury bill market, the rate
is expressed as a discount rate. Then 0.95 = 1 — Rate X (360/360), and the rate wonld be 0.05 or 5 percent. A
price can be converted into a rate in a number of other ways, such as by assuming different compound periods.
The price of any asset is determined in a market-clearing process. The rate is just a means of transforming the
price so that interest rate instruments and their derivatives can be discussed in a more comparable manner.

35 For example, if a one-year $1 face value T-bill is selling for $0.90, the return per dollar invested is $1/$0.90 =
1.1111.




Pricing and Valuation of Futures Contracts 119

In words, the futures price is the ratio of the longer-term bill price to the shorter-term bill
price. This price is, in fact, the same as the forward price from the term structure. In fact,
as we noted above, futures prices and forward prices will be equal under the assumptions
we have made so far and will follow throughout this book.

Recall that we previously demonstrated that the futures price should equal the spot
price plus the cost of carry. Yet the above formula looks nothing like this result. In fact,
however, it is consistent with the cost-of-carry formula. First, the above formula can be
written as

fo(h) = By(h + m)[Bol(h)}

As noted above, the expression 1/By(h) can be identified as the return per dollar invested
over h days, which simplifies to [1 + ro(h)]">¢°, which is essentially a compound interest
factor for h days at the rate ry(h). Note that h is the number of days, assuming 365 in a year.
For the period ending at day h, the above formula becomes

fo(h) = Bo(h + m)[1 + ro(h)]¥*% (3-8)

and the futures price is seen to equal the spot price of the underlying compounded at the
interest rate, which simply reflects the opportunity cost of the money tied up for h days.

Note that what we have been doing is deriving the appropriate price for a futures
contract. In a market with no arbitrage opportunities, the actual futures price would be this
theoretical price. Let us suppose for a moment, however, that the actual futures price is
something else, say fo(h)*. The spot price is, of course, Bo(h + m). Using these two num-
bers, we can infer the implied rate of return from a transaction involving the purchase of
the T-bill and sale of the futures. We have

fo(h)* = Bo(h + m)[1 + ro(h)*]*>%

where ro(h)* is the implied rate of return. Solving for ro(h)* we obtain

fo(h)* ]365/h 1

Bo(h + m) (3-9)

ro(h)* = [

This rate of return, ry(h)*, has a special name, the implied repo rate. It is the rate of return
from a cash-and-carry transaction that is implied by the futures price relative to the spot
price. Traders who engage in such transactions often obtain the funds to do so in the repur-
chase agreement (repo) market. The implied repo rate tells the trader what rate of return to
expect from the strategy. If the financing rate available in the repo market is less than the
implied repo rate, the strategy is worthwhile and would generate an arbitrage profit. If the
trader could lend in the repo market at greater than the implied repo rate, the appropriate
strategy would be to reverse the transaction—selling the T-bill short and buying the
futures—turning the strategy into a source of financing that would cost less than the rate
at which the funds could be lent in the repo market.>®

The implied repo rate is the rate of return implied by the strategy of buying the asset
and selling the futures. As noted above, the futures price is often expressed in terms of an
implied discount rate. Remember that the buyer of a futures contract is committing to buy

3 The concepts of a cash-and-carry strategy and the implied repo rate are applicable to any type of futures
contract, but we cover them only with respect to T-bill futures.
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a T-bill at the price fo(h). In the convention of pricing a T-bill by subtracting a discount rate
from par value, the implied discount rate would be

B h) = [1 - foh)] (%) (3-10)

We can also determine this implied discount rate from the discount rates on the h- and
(h + m)-day T-bills as follows:*’

I -1+ m)(h320m> (360)

e D
: rO(h)<360)

B ={1-

Now let us look at an example. We are interested in pricing a futures contract expir-
ing in 30 days. A 30-day T-bill has a discount rate of 6 percent, and a 120-day T-bill has a
discount rate of 6.6 percent. With h = 30 and h + m = 120, we have

rih) = r3(30) = 0.06
ri(h + m) = r§(120) = 0.066
The prices of these T-bills will, therefore, be
—1_d L)
Both) = 1 ro(h)( 360

30

360) = 0.9950

Bo30)=1— 0.06(

h+m)

+m)=1-rdh+
Both+m) =1 —r5th m)( 360

120
=1 — 0.066(===| = 0.978
By(120) 0 066( m o) 0

Using the formula we derived, we have the price of a futures expiring in 30 days as
Bo(h + m)
Bo(h)

Bo(120) _ 0.9780
By(30) 0.9950

fo(h) =

fo(30) = = 0.9829

The discount rate implied by the futures price would be

s h) = [1 - fo(hn(@)
m
€30y = (1 - 0.9829)(39%0) = 0.0684

37 This formula is found by substituting 1 — r3(h + m)[(h + m)/360] for Both + m) and 1 — ri(h)(h/360) for
Bo(h) in the above equation for 13f (h). This procedure expresses the spot prices in terms of their respective
discount rates.
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In other words, in the T-bill futures market, the rate would be stated as 6.84 percent, which
would imply a futures price of 0.9829.%®% Alternatively, the implied futures discount rate
could be obtained from the spot discount rates as

S
h+m
1 —13h + m)( )
Wy =1{1- 360 (@)
1- rd(h)<—h—) m
| L 0\ 360
)
120
1- 0.066(—)
Moy ={1-|___ \360/ (169) = 0.0683
1-0 06(—39—) %0
L “\360

with a slight difference due to rounding.

To verify this result, one would buy the 120-day T-bill for 0.9780 and sell the futures
at a price of 0.9829. Then, 30 days later, the T-bill would be a 90-day T-bill and would be
delivered to settle the futures contract. The trader would receive the original futures price
of 0.9829. The return per dollar invested would be

0.9829

0.0780 1.0050

If, instead, the trader had purchased a 30-day T-bill at the price of 0.9950 and held it for
30 days, the return per dollar invested would be

1

——— = 1.0050
0.9950

Thus, the purchase of the 120-day T-bill with its price in 30 days hedged by the sale of the
futures contract is equivalent to purchasing a 30-day T-bill and holding it to maturity. Each
transaction has the same return per dollar invested and is free of risk.

Suppose in the market, the futures price is 0.9850. The implied repo rate would be

_ f()(h)* 365/h _
roh)* = [Bo(h + m)] :

365/30
= (9—9—-8—5—0—> — 1 = 0.0906

0.9870

Buying the 120-day T-bill for 0.9780 and selling a futures for 0.9850 generates a rate of
return of 0.9850/0.9780 — 1 = 0.007157. Annualizing this rate, (1.007157)*%*° — 1 =
0.0906. If financing could be obtained in the repo market for less than this annualized rate,
the strategy would be attractive. If the trader could lend in the repo market at higher than
this rate, he should buy the futures and sell short the T-bill to implicitly borrow at 9.06 per-
cent and lend in the repo market at a higher rate.

Let us now recap the pricing of Treasury bill futures. We buy an (h + m)-day bond
and sell a futures expiring on day h, which calls for delivery of an m-day T-bill. The futures
price should be the price of the (h + m)-day T-bill compounded at the h-day risk-free rate.

3 We should also probably note that the IMM Index would be 100 — 6.84 = 93.16, Thus, the futures price
would be quoted in the market as 93.16.

4
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That rate is the rate of return on an h-day bill. The futures price can also be obtained as the
ratio of the price of the (h + m)-day T-bill to the price of the h-day T-bill. Alternatively,
we can express the futures price in terms of an implied discount rate, and we can derive
the price in terms of the discount rates on the (h + m)-day T-bill and the h-day T-bill.
Finally, remember that the actual futures price in the market relative to the price of the
(h + m)-day T-bill implies a rate of return called the implied repo rate. The implied repo
rate can be compared with the rate in the actual repo market to determine the attractive-
ness of an arbitrage transaction.

Exhibit 3-8 summarizes the important formulas involved in the pricing of T-bill
futures. We then turn to the pricing of another short-term interest rate futures contract, the
Eurodollar futures.

EXHIBIT 2-8 Pricing Formulas for T-Bill Futures Contract

Futures price = Underlying T-bill price compounded at risk-free rate

Futures price in terms of spot T-bills:

Both + m
W = e

Futures price as spot price compounded at risk-free rate:
foth) = Bo(h + m)[1 + re(h)]">

Discount rate implied by futures price:

L -+ m)(h;éom) (360)

PN m

m

W) = [1 - fo(h)]<360> ~l1-

Implied repo rate:

fo (h) * ]365/h |

Fo(h)* = [Bo(h + m)

PRACTICE PROBLEM 3

A futures contract on a Treasury bill expires in 50 days. The T-bill matures in 140
days. The discount rates on T-bills are as follows:

50-day bill: 5.0 percent
140-day bill: 4.6 percent
A. Find the appropriate futures price by using the prices of the 50- and 140-day T-bills.

B. Find the futures price in terms of the underlying spot price compounded at the
appropriate risk-free rate.
C. Convert the futures price to the implied discount rate on the futures.

D. Now assume that the futures contract is trading in the market at an implied dis-
count rate 10 basis points lower than is appropriate, given the pricing model and
the rule of no arbitrage. Demonstrate how an arbitrage transaction could be exe-
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cuted and show the outcome. Calculate the implied repo rate and discuss how it
would be used to determine the profitability of the arbitrage.

SOLUTIONS

A. First, find the prices of the 50- and 140-day bonds:

Bo(50) = 1 — 0.05(50/360) = 0.9931
Bo(140) = 1 — 0.046(140/360) = 0.9821

The futures price is, therefore,

0.9821
0.9931

B. First, find the rate at which to compound the spot price of the 140-day T-bill.
This rate is obtained from the 50-day T-bill:

1
0.9931

We actually do not need to solve for ryh). The above says that based on the rate
19(h), every dollar invested should grow to a value of 1.0069. Thus, the futures
price should be the spot price (the price of the 140-day T-bill) compounded by
the factor 1.0069:

fo(50) = 0.9821(1.0069) = 0.9889

Annualized, this rate would equal (1.0069)*°>*° — 1 = 0.0515.
C. Given the futures price of 0.9889, the implied discount rate is

15'(50) = (1 — 0.9889)(@)

90
= 0.0444

fo(50) =

= 0.9889

[1+ ro(h)]*** =

= 1.0069

D. If the futures is trading for 10 basis points lower, it trades at a rate of 4.34 per-
cent, so the futures price would be

90
f =1—0.0434| —
0(50) 0.0 34( 360)
= 0.9892
Do the following:

® Buy the 140-day bond at 0.9821
¢ Sell the futures at 0.9892
This strategy provides a return per dollar invested of

0.9892
0.9821

which compares favorably with a return per dollar invested of 1.0069 if the
futures is correctly priced.

The implied repo rate is simply the annualization of this rate:
(1.0072)%¢° — 1 = 0.0538. The cash-and-carry transaction would, therefore,
earn 5.38 percent. Because the futures appears to be mispriced, we could likely
obtain financing in the repo market at less than this rate.

= 1.0072




124

Chapter 3 Futures Markets and Contracts

7.2.2 PRrICING EURODOLLAR FUTURES

Based on the T-bill case, it is tempting to argue that the interest rate implied by the
Eurodollar futures price would be the forward rate in the term structure of LIBOR. Unfor-
tunately, that is not quite the case. In fact, the unusual construction of the Eurodollar
futures contract relative to the Eurodollar spot market means that no risk-free combination
of a Eurodollar time deposit and a Eurodollar futures contract can be constructed. Recall
that the Eurodollar time deposit is an add-on instrument. Using Lq(j) as the rate (LIBOR)
on a j-day Eurodollar time deposit on day O, if one deposits $1, the deposit will grow to a
value of 1 + Lg(j)(j/360) j days later. So, the present value of $1 in j days is 1/l +
Lo(j)(j/360)). The Eurodollar futures contract, however, is structured like the T-bill con-
tract—as though the underlying were a discount instrument. So its price is stated in the
form of 1 — Ly(j)(j/360). If we try the same arbitrage with Eurodollars that we did with
T-bills, we cannot get the LIBOR that determines the spot price of a Eurodollar at expira-
tion to offset the LIBOR that determines the futures price at expiration.

In other words, suppose that on day 0 we buy an (h + m)-day Eurodollar deposit that
pays $1 on day (h + m) and sell a futures at a price of fo(h). On day h, the futures expira-
tion, the Eurodollar deposit has m days to go and is worth 1/[1 + Ly(m)(m/360)]. The
futures price at expiration is fy(h) = 1 — Ly(m)(m/360). The profit from the futures is
fo(h) — [1 — Ly(m)(m/360)]. Adding this amount to the value of the m-day Eurodollar
deposit we are holding gives a total position value of

1

) + fo(h) — [1 — Lh<m)](;‘23)

m

1+ Lh(m)< 360
Although fy(h) is known when the transaction is initiated, Ly(m) is not determined until the
futures expiration. There is no way for the L(m) terms to offset. This problem does not occur
in the T-bill market because the spot price is a discount instrument and the futures contract is
designed as a discount instrument.*® It is, nonetheless, common for participants in the futures
market to treat the Eurodollar rate as equivalent to the implied forward rate. Such an assump-
tion would require the ability to conduct the risk-free arbitrage, which, as we have shown, is
impossible. The differences are fairly small, but we shall not assume that the Eurodollar
futures rate should equal the implied forward rate. In that case, it would take a more advanced
model to solve the pricing problem. The essential points in pricing interest rate futures on
short-term instruments can be understood by studying the T-bill futures market.

This mismatch in the design of spot and futures instruments in the Eurodollar mar-
ket would appear to make the contract difficult to use as a hedging instrument. Although
we cover hedging futures and forwards in Chapter 6, we should note that in the above
equation for the payoff of the portfolio combining a spot Eurodollar time deposit and a
short Eurodollar futures contract, an increase (decrease) in LIBOR lowers (raises) the
value of the spot Eurodollar deposit and raises (lowers) the payoff from the short Euro-
dollar futures. Thus, the Eurodollar futures contract can still serve as a hedging tool. The
hedge will not be perfect but can still be quite effective. Indeed, the Eurodollar futures con-
tract is a major hedging tool of dealers in over-the-counter derivatives.

3 It is not clear why the Chicago Mercantile Exchange designed the Eurodollar contract as a discount
instrument when the underlying Eurodollar deposit is an add-on instrument. The most likely reason is that the
T-bill futures contract was already trading, was successful, and its design was well understood and accepted by
traders. The CME most likely felt that this particular design was successful and should be continued with the
Eurodollar contract. Ironically, the Eurodollar contract became exceptionally successful and the T-bill contract
now has virtually no trading volume.
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We have now completed the treatment of futures contracts on short-term interest rate
instruments. Now let us look at the pricing of Treasury bond futures.

7.2.3 PRICING TReEASURY NOTE AND BOND FUTURES

Recall that in Section 6.2, we described the bond futures contract as one in which there are
a number of deliverable bonds. When a given bond is delivered, the long pays the short the
futures price times an adjustment term called the conversion factor. The conversion factor
is the price of a $1 bond with coupon equal to that of the deliverable bond and yield equal
to 6 percent, with calculations based on semiannual compounding. Bonds with a coupon
greater (less) than 6 percent will have a conversion factor greater (less) than 1. Before we
delve into the complexities added by this feature, however, let us start off by assuming a
fairly generic type of contract: one in which the underlying is a single, specific bond.

When examining bond forward contracts in Chapter 2, we specified a time line and
notation. We return to that specific time line and notation, which differs from those we
used for examining short-term interest rate futures.

0 T T+Y
(today) (expiration) (maturity of
underlying bond)

Recall our notation from Chapter 2:

B§(T + Y) = price at time O of coupon bond that matures at time T + Y. The bond
has a maturity of Y at the futures expiration.

CI; = coupon at time t;, where the coupons occur at times ti, t,, . . . , t,. Note
that we care only about coupons prior to the futures expiration at T.

fo(T) = price at time O of futures expiring at time T.
By(T) = price at time O of zero-coupon bond maturing at T.

We also need to know at time T the accumulated value of all coupons received over the
period from O to T. We need the compound value from 0 to T of any coupons paid during
the time the futures contract is alive. This value is denoted as FV(CIL0,T). We introduced
this variable in Chapter 2 and showed how to compute it, so you may wish to review that
material. It is traditionally assumed that the interest rate at which these coupons are rein-
vested is known. We also assume that this interest rate applies to the period from 0 to T for
money borrowed or lent. We denote this rate as

ro(T) = Interest rate at time O for period until time T

As described in the section on T-bill futures pricing, this is the rate that determines the
price of a zero-coupon bond maturing at T.** Hence,

1

B = T

40 Keep in mind, however, that this rate is not the discount rate that determines the price of the zero-coupon
bond maturing at T. It is the rate of return, expressed as an annual rate. When working with T-bills, the symbol
“T” represented Days/365, which is consistent with its use here with T-bonds.
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The futures price at expiration is the price of the deliverable bond at expiration:
f7(T) = B(T + Y)

Now we are ready to price this bond futures contract. On day 0, we buy the bond at
the price BG(T + Y) and sell the futures at the price fo(T). Because the futures does not
require any cash up front, its initial value is zero. The current value of the overall transac-
tion is, therefore, just the value of the bond, B§(T + Y). This value represents the amount
of money we must invest to engage in this transaction.

We hold this position until the futures expiration. During this time, we collect and
reinvest the coupons. On day T, the futures expires. We deliver the bond and receive the
futures price, fo(T). We also have the reinvested coupons, which have a value at T of
FV(CI,0,T). These two amounts, fo(T) and FV(CL0,T), are known when the transaction was
initiated at time 0, so the transaction is risk-free. Therefore, the current value of the trans-
action, B3(T + Y), should be the discounted value of its value at T of fo(T) + FV(CLO0,T):

fo(T) + FV(CL 0, T)
[1+ ro(D]"

BT +Y) =

Note that we are simply discounting the known future value at T of the transaction at the
risk-free rate of ro(T).*!

We are, of course, more interested in the futures price, which is the only unknown
in the above equation. Solving, we obtain

fo(T) = B§(T + Y)[1 + 1o(T)]" — FV(CLO0,T) ) 3-11)

This equation is a variation of our basic cost-of-carry formula. The spot price, BT + Y),
is compounded at the risk-free interest rate. We then subtract the compound future value
of the reinvested coupons over the life of the contract. The coupon interest is like a nega-
tive cost of carry; it is a positive cash flow associated with holding the underlying bond.

Now let us work an example. Consider a $1 face value Treasury bond that pays inter-
est at 7 percent semiannually. Thus, each coupon is $0.035. The bond has exactly five years
remaining, so during that time it will pay 10 coupons, each six months apart. The yield on
the bond is 8 percent. The price of the bond is found by calculating the present value of
both the 10 coupons and the face value: The price is $0.9594.

Now consider a futures contract that expires in one year and three months: T = 1.25.
The risk-free rate, ro(T), is 6.5 percent. The accumulated value of the coupons and the
interest on them is

$0.035(1.065)>7° + $0.035(1.065)°% = $0.0722

The first coupon is paid in one-half a year and reinvests for three-quarters of a year. The
second coupon is paid in one year and reinvests for one-quarter of a year.
Now the futures price is obtained as
fo(T) = BS(T + Y)[1 + ro(T)]T — FV(CL0,T)
£5(1.25) = $0.9594(1.065)! % — $0.0722 = $0.9658

4l We shall not take up the topic of the implied repo rate again, but note that if the futures is selling for fo(T),
then ro(T) would be the implied repo rate.
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This is the price at which the futures should trade, given current market conditions. To ver-
ify this result, buy the five-year bond for $0.9594 and sell the futures for $0.9658. Hold
the position for 15 months until the futures expiration. Collect and reinvest the coupons.
When the futures expires, deliver the bond and receive the futures price of $0.9658. Then

:

% add the reinvested coupons of $0.0722 for a total of $0.9658 + $0.0722 = $1.0380. If we
% invest $0.9594 and end up with $1.0380 15 months later, the return is $1.0380/$0.9594 =
3 1.0819. For comparison purposes, we should determine the annual equivalent of this rate,

which is found as (1.0819)12° — 1 = 0.065. This is the same 6.5 percent risk-free rate.
If the futures contract trades at a higher price, the above transaction would result in a return
greater than 6.5 percent. The amount available at expiration would be higher, clearly lead-
ing to a rate of return higher than 6.5 percent. If the futures trades at a lower price, the arbi-
trageur would sell short the bond and buy the futures, which would generate a cash inflow
today. The amount paid back would be at less than the risk-free rate of 6.5 percent.*

Unfortunately, we now must complicate the matter a little by moving to the more
realistic case with a delivery option. Bond futures contracts traditionally permit the short
to choose which bond to deliver. This feature reduces the possibility of unusual price
behavior of the deliverable bond caused by holders of short positions scrambling to buy a
single deliverable bond at expiration. By allowing more than one bond to be deliverable,
such problems are avoided. The contract is structured as though there is a standard hypo-
thetical deliverable bond, which has a given coupon rate. The Chicago Board of Trade’s
contract uses a 6 percent rate. If the short delivers a bond with a higher (lower) coupon
rate, the price received at delivery is adjusted upward (downward). The conversion factor
is defined and calculated as the price of a $1 face value bond with a coupon and maturity
equal to that of the deliverable bond and a yield of 6 percent. Each deliverable bond has
its own conversion factor. The short designates which bond he will deliver, and that bond’s
conversion factor is multiplied by the final futures price to determine the amount the long
will pay the short for the bond.

The availability of numerous deliverable bonds creates some confusion in pricing the
futures contract, arising from the fact that the underlying cannot be uniquely identified, at
least not on the surface. This confusion has given rise to the concept that one bond is
always the best one to deliver. If a trader buys a given bond and sells the futures, he cre-
ates a risk-free hedge. If there are no arbitrage opportunities, the return from that hedge
cannot exceed the risk-free rate. That return can, however, be less than the risk-free rate.
How can this be? In all previous cases, if a return from a risk-free transaction is less than
the risk-free rate, it should be a simple matter to reverse the transaction and capture an
arbitrage profit. In this case, however, a reverse transaction would not work. If the arbi-
trageur sells short the bond and buys the futures, she must be assured that the short will
deliver the bond from which the potential arbitrage profit was computed. But the short
makes the delivery decision and in all likelihood would not deliver that particular bond.

Thus, the short can be long a bond and short futures and earn a return less than the
risk-free rate. One bond, however, results in a return closest to the risk-free rate. Clearly
that bond is the best bond to deliver. The terminology in the business is that this bond is
the cheapest to deliver.

The cheapest-to-deliver bond is determined by selecting a given bond and comput-
ing the rate of return from buying that bond and selling the futures to hedge its delivery at
expiration. This calculation is performed for all bonds. The one with the highest rate of
return is the cheapest to deliver.** The cheapest-to-deliver bond can change, however,

e
i

42 Again, as in the section on T-bill futures, this analysis could be conducted in terms of the implied repo rate.
43 As noted, this rate of return will not exceed the risk-free rate but will be the highest rate below the risk-free rate.
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.

which can benefit the short and not the long. We ignore the details of determining the
cheapest-to-deliver bond and assume that it has been identified. From here, we proceed to
price the futures.

Let CF(T) be the conversion factor for the bond we have identified as the cheapest
to deliver. Now we go back to the arbitrage transaction described for the case where there
is only one deliverable bond. Recall that we buy the bond, sell a futures, and reinvest the
coupons on the bond. At expiration, we deliver the bond, receive the futures price fo(T),
and have the reinvested coupons, which are worth FV(CL0,T). Now, in the case where the
futures contract has many deliverable bonds, we must recognize that when the bond is
delivered, the long pays fo(T) times CF(T). This adjustment does not add any risk to this
risk-free transaction. Thus, the present value of the amount received at delivery,
fo(TYCK(T) + FV(C1,0,T), should still equal the original price of the bond, which was the
amount we invested to initiate the transaction:

fo(T)CE(T) + FV(CLO,T)
[1 + ro(D1"

BY(T +Y) =

Solving for the futures price, we obtain

(T + Y)[1 + ro(T)]T — FV(CLO,T)

fo(T) = CF(T)

(3-12)

Note that when we had only one deliverable bond, the formula did not have the
CF(T) term, but a better way to look at it is that for only one deliverable bond, the con-
version factor is effectively 1, so Equation 3-12 would still apply.

Consider the same example we previously worked, but now we need a conversion
factor. As noted above, the conversion factor is the price of a $1 bond with coupon and
maturity equal to that of the deliverable bond on the expiration day and yield of 6 per-
cent, with all calculations made assuming semiannual interest payments. As noted, we
shall skip the specifics of this calculation here; it is simply a present value calculation.
For this example, the 7 percent bond with maturity of three and three-quarter years
on the delivery day would have a conversion factor of 1.0505. Thus, the futures price
would be

BE(T + Y)[1 + 1o(T)]T — EV(CLO,T)
CF(T)

fo(T) =

0.9594(1.065)"%° — 0.0722
1.0505

£(1.25) = =0.9193

If the futures is priced higher than 0.9193, one can buy the bond and sell the futures to earn
more than the risk-free rate. If the futures price is less than 0.9193, one can sell short the
bond and buy the futures to end up borrowing at less than the risk-free rate. As noted pre-
viously, however, this transaction has a complication: If one goes short the bond and long
the futures, this bond must remain the cheapest to deliver. Otherwise, the short will not
deliver this particular bond and the arbitrage will not be successful.

Exhibit 3-9 reviews the important formulas for pricing Treasury bond futures
contracts.
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7.3

PrICING

Stock INDEX

FuTuREs

EXHIBIT 3-9 Pricing Formulas for Treasury Bond Futures Contract

Futures price = Underlying T-bond price compounded at risk-free rate less Compound
future value of reinvested coupons.

Futures price if underlying bond is the only deliverable bond:
fo(T) = B§(T + Y)[1 + ro(T)]" — FV(CLO,T)
Futures price when there are multiple deliverable bonds:

BY(T + Y)[1 + ro(T)]T — FV(CL0,T)
CF(T)

fo(T) =

PRACTICE PROBLEM 4

Consider a three-year $1 par Treasury bond with a 7.5 percent annual yield and 8

percent semiannual coupon. Its price is $1.0132. A futures contract calling for deliv-

ery of this bond only expires in one year. The one-year risk-free rate is 7 percent.

A. Find the future value in one year of the coupons on this bond. Assume a rein-
vestment rate of 3.75 percent per six-month period.

B. Find the appropriate futures price.

C. Now suppose the bond is one of many deliverable bonds. The contract specifi-
cation calls for the use of a conversion factor to determine the price paid for a
given deliverable bond. Suppose the bond described here has a conversion factor
of 1.0372. Now determine the appropriate futures price.

SOLUTIONS

A. One coupon of 0.04 will be invested for half a year at 3.75 percent (half of the
rate of 7.5 percent). The other coupon is not reinvested but is still counted. Thus,
FV(CLO,1) = 0.04(1.0375) + 0.04 = 0.0815.

B. fp(1) = 1.0132(1.07) — 0.0815 = 1.0026

1.0132(1.07) — 0.0815
1.0372

C. (1) = = 0.9667

Now let the underlying be either a portfolio of stocks or an individual stock.** The former
are normally referred to as stock index futures, in which the portfolio is identical in com-
position to an underlying index of stocks. In this material, we focus on the pricing of stock
index futures, but the principles are the same if the underlying is an individual stock.

In pricing stock index futures, we must account for the fact that the underlying
stocks pay dividends.** Recall that in our previous discussions about the generic pricing of

44 Futures on individual stocks have taken a long time to develop, primarily because of regulatory hurdles. They
were introduced in the United States in late 2002 and, as of the publication date of this book, have achieved only
modest trading volume. They currently trade in a few other countries such as the United Kingdom and Australia.

45 Even if not all of the stocks pay dividends, at least some of the stocks almost surely pay dividends.
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futures, we demonstrated that the futures price is lower as a result of the compound future
value of any cash flows paid on the asset. Such cash flows consist of coupon interest pay-
ments if the underlying is a bond, or storage costs if the underlying incurs costs to store.*
Dividends work exactly like coupon interest.

Consider the same time line we used before. Today is time 0, and the futures expires
at time T. During the life of the futures, there are n dividends of Dy, j = 1, 2,...,n. We
assume these dividends are all known when the futures contract is initiated. Let

FV(D,0,T) = the compound value over the period of O to T of all dividends
collected and reinvested

We introduced this variable in Chapter 2 and showed how to compute it, so you may wish
to review that material. The other notation is the same we have previously used:

S = current value of the stock index

fo(T) = futures price today of a contract that expires at T

r = risk-free interest rate over the period 0 to T

Now that we are no longer working with interest rate futures, we do not need the more
flexible notation for interest rates on bonds of different maturities or interest rates at dif-
ferent time points. So we can use the simple notation of r as the risk-free interest rate, but
we must keep in mind that it is the risk-free rate for the time period from 0 to T.

We undertake the following transaction: On day 0, we buy the stock portfolio that
replicates the index. This transaction will require that we invest the amount S,. We simul-
taneously sell the futures at the price fy(T).

On day T, the futures expires. We deliver the stock and receive the original futures
price fo(T).*” We also have the accumulated value of the reinvested dividends, FV(D,0,T)
for a total of fo(T) + FV(D,0,T). Because this amount is known at time 0, the transaction
is risk free. Therefore, we should discount its value at the risk-free rate and set this equal
to the initial value of the portfolio, Sy, as follows:

_ fo(M + FV(D,0,T)

S
0 1 +0T

Solving for the futures price gives
fo(T) = So(1 + )T — FV(D,0,T) (3-13)

which is the cost-of-carry formula for stock index futures. Notice that it is virtually iden-
tical to that for bond futures. Ignoring the conversion factor necessitated by the delivery
option, the only difference is that we use the compound future value of the dividends
instead of the compound future value of the coupon interest.

Consider the following example. A stock index is at 1,452.45, and a futures contract
on the index expires in three months. Thus, T = 3/12 = 0.25. The risk-free interest rate is

“6 We also allowed for the possibility of noncash costs, which we called the convenience yield, but there are
no implicit costs or benefits associated with stock index futures.

47 Virtually all stock index futures contracts call for cash settlement at expiration. See the explanation of the
equivalence of delivery and cash settlement in Section 4 and Exhibit 3-2.




Pricing and Valuation of Futures Contracts 131

5.5 percent. The value of the dividends reinvested over the life of the futures is 7.26. The
futures price should, therefore, be

fo(T) = So(1 + T — FV(D,0,T)
£5(0.25) = 1,452.45(1.055)%%° — 7.26
= 1,464.76

Thus, if the futures contract is selling for more than this price, an arbitrageur can buy the
stocks and sell the futures. The arbitrageur would collect and reinvest the dividends and at
expiration would receive a gain that would exceed the risk-free rate of 5.5 percent, a result
of receiving more than 1,464.76 for the stocks. If the futures contract is selling for less than
this price, the arbitrageur can sell short the stocks and buy the futures. After paying the div-
idends while holding the stocks,*® the arbitrageur will end up buying back the stocks at a
price that implies that he has borrowed money and paid it back at a rate less than the risk-
free rate. The combined activities of all arbitrageurs will force the futures price to 1,464.76,

The stock index futures pricing formula has a number of variations. Suppose we
define FV(D,0,T)/(1 + 1) as the present value of the dividends, PV(D,0,T):

FV(D,0,T) = PV(D,0,D(1 + T’
Substituting in the futures pricing formula above for FV(D,0,T), we obtain
fo(T) = [Sp — PV(D,0,D))(1 + n)T (3-14)

Notice here that the stock price is reduced by the present value of the dividends. This
adjusted stock price is then compounded at the risk-free rate over the life of the futures.
In the problem we worked above, the present value of the dividends is found as

FV(D,0,T)
PV(D,0,T) = ——=22
( ) (1+nt
7.26
PV(D,0,0.25) = ——"—— = 7.16
( ) (1.055)%% 7

Then the futures price would be

fo(T) = {So — PV(D,0,DI(1 + )"
£5(0.25) = (1,452.45 — 7.16)(1.055)°%
= 1,464.76

Another variation of the formula defines the yield as § in the following manner:

1 - - FvDoD
1+ 87 So(l + )T

The exact solution for & is somewhat complex, so we shall just leave it in the form above.
Using this specification, we find that the futures pricing formula would be

So

fo(T) = (

8 Remember that a short seller must make restitution for any dividends paid while the position is short.

LR LSRN
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The stock price is, thus, discounted at the dividend yield, and this adjusted stock price is
then compounded at the risk-free rate over the life of the futures.*
In the example above, the yield calculation is

1 _.,_FVDom
(1+3" So(1 + 0’
1 7.26
— =1 = 0.9951
1+ 1,452.45(1.055)%2

Then (1 + 8)Tis 1/0.9951 = 1.0049 and the futures price is

So ) T
= +
fo(T) ( a+ B)T I+
1,452.45 0.25
fo(0. =|——71.
0(0.25) ( 10049 )(l 055)
= 1,464.84

The difference between this and the answer we previously obtained is strictly caused by a
rounding error.
Another variation of this formula is to express the yield as

_ PV(DOT) _ FVD,0,T)/(1 + 0T
So So

o*

This means that FV(D,0,T) = So(1 + r)*8*. Substituting into our futures pricing formula
for FV(D,0,T), we obtain

fo(T) = So(1 — )1 + )" (3-16)

Here again, the stock price is reduced by the yield, and this “adjusted” stock price is com-
pounded at the risk-free rate.
In the problem we worked above, the yield would be found as

5% = PV(D,0,T)
So
7.16
= ——— =
1,452.45 0.0049

Then the futures price would be

fo(T) = So(1 — 3)(1 + )T
£5(0.25) = 1,452.45(1 — 0.0049)(1.055)%%
= 1,464.81

Again, the difference between the two prices comes from rounding.

4 Sometimes the futures price is written as fo(T) = So(1 + r — 8)T where the dividend yield is simply
subtracted from the risk-free rate to give a net cost of carry. This formula is a rough approximation that we do
not consider acceptable.
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A common variation uses the assumption of continuous compounding. The continu-
ously compounded risk-free rate is defined as r° = In(1 + r). The continuously com-
pounded dividend yield is 8° = In(1 + 8). When working with discrete dividends, we
obtained the relationship

1 _ . _ FVD,0T
a1+ So(1 + )T

We calculated (1 + 3)T. To obtain &°, we take the natural log of this value and divide by
T: 8 = (1/DIn[(1 + 8)T]. The formula for the futures price is

fo(T) = Soe® ~*7"

In the above formula, the opportunity cost, expressed as the interest rate, is reduced by the
dividend yield. Thus, the formula compounds the spot price by the interest cost less the
dividend benefits. An equivalent variation of the above formula is

fo(T) = (Soe > T)e" T (3-17)

The expression in parentheses is the stock price discounted at the dividend yield rate. The
result is an adjusted stock price with the present value of the dividends removed. This
adjusted stock price is then compounded at the risk-free rate. So, as we have previously
seen, the stock price less the present value of the dividends is compounded at the risk-free
rate to obtain the futures price.

In the previous problem, (1 + 3)T = 1.0049. Then & = (1/0.25)In(1.0049) =
0.0196. The continuously compounded risk-free rate is In(1.055) = 0.0535. The futures
price is, therefore, f5(0.25) = (1452.45¢ 00196(025)),00535(0.25) = 1464 81; again the dif-
ference comes from rounding.

Exhibit 3-10 summarizes the formulas for pricing stock index futures contracts.
Each of these formulas is consistent with the general formula for pricing futures. They are
each based on the notion that a futures price is the spot price compounded at the risk-free
rate, plus the compound future value of any other costs minus any cash flows and benefits.
Alternatively, one can convert the compound future value of the costs net of benefits or
cash flows of holding the asset to their current value and subtract this amount from the spot
price before compounding the spot price at the interest rate. In this manner, the spot price
adjusted for any costs or benefits is then compounded at the risk-free interest rate to give
the futures price. These costs, benefits, and cash flows thus represent the linkage between
spot and futures prices.

EXHIBIT 3-10 Pricing Formulas for Stock Index Futures Contract

Futures price = Stock index compounded at risk-free rate — Future value of dividends, or
(Stock index — Present value of dividends) compounded at risk-free rate.

Futures price as stock index compounded at risk-free rate — Future value of dividends:
fo(T) = So(1 + 0" — FV(D,0,T)
Futures price as stock index — Present value of dividends compounded at risk-free rate:

fo(T) = [So — PV(D,0,)}(1 + DT
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Futures price as stock index discounted at dividend yield, compounded at risk-free rate:

S
fo(T) = ((1 +03)T)(1 + 0T or

fo(T) = So(1 — 3971 + )"
Futures price in terms of continuously compounded rate and yield:
fo(T) = See™ 2T or

fo(T) = (Soe * " T

PRACTICE PROBLEM 5

A stock index is at 755.42. A futures contract on the index expires in 57 days. The
risk-free interest rate is 6.25 percent. At expiration, the value of the dividends on the
index is 3.94.

A. Find the appropriate futures price, using both the future value of the dividends
and the present value of the dividends.

B. Find the appropriate futures price in terms of the two specifications of the divi-
dend yield.

C. Using your answer in Part B, find the futures price under the assumption of con-
tinuous compounding of interest and dividends.

SOLUTIONS

A. T = 57/365 = 0.1562
£5(0.1562) = 755.42(1.0625)*1%%2 — 3,94 = 758.67
Alternatively, we can find the present value of the dividends:

3.94
(1.0625)0-1562

Then we can find the futures price as f5(0.1562) = (755.42 — 3.90)(1.0625)%1562 =
758.67.

B. Under one specification of the yield, we have

1, 3.94
a+dT 755.42(1.0625)

PV(D,0,0.1562) = = 3.90

S1ses = 0.9948

We need the inverse of this amount, which is 1/0.9948 = 1.0052. Then the
futures price is

755.42
1.0052

£,(0.1562) = ( )(1.0625)0-‘562 = 758.66

Under the other specification of the dividend yield, we have

. _ 390
755.42

= 0.0052
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CurreNcY FUTURES

The futures price is f(0.1562) = 755.42(1 — 0.0052)(1.0625)%1%62 = 758.64,
with the difference caused by rounding.

C. The continuously compounded risk-free rate is r° = In(1.0625) = 0.0606. The
continuously compounded dividend yield is

1
—_— . = 0.0332
01562 In(1.0052) = 0.033

The futures price would then be

f0(01562) — 755‘426(0.0606 — 0.0332)(0.1562)
= 758.66

Given our assumptions about no marking to market, it will be a simple matter to learn how
to price currency futures: We price them the same as currency forwards. Recall that in
Chapter 2 we described a currency as an asset paying a yield of rf, which can be viewed as
the foreign risk-free rate. Thus, in this sense, a currency futures can also be viewed like a
stock index futures, whereby the dividend yield is analogous to the foreign interest rate.

Therefore, an arbitrageur can buy the currency for the spot exchange rate of S, and
sell a futures expiring at T for fo(T), holding the position until expiration, collecting the
foreign interest, and delivering the currency to receive the original futures price. An impor-
tant twist, however, is that the arbitrageur must be careful to have the correct number of
units of the currency on hand to deliver.

Consider a futures contract on one unit of the currency. If the arbitrageur purchases
one unit of the currency up front, the accumulation of interest on the currency will result
in having more than one unit at the futures expiration. To adjust for this problem, the arbi-
trageur should take S¢/(1 + )T units of his own currency and buy 1/(1 + )" units of the
foreign currency.’ The arbitrageur holds this position and collects interest at the foreign
rate. The accumulation of interest is accounted for by multiplying by the interest factor
1+ At expiration, the number of units of the currency will have grown to [1/(1 +
rf)T][l + ] = 1. So, the arbitrageur would then have 1 unit of the currency. He delivers
that unit and receives the futures price of fo(T).

To avoid an arbitrage opportunity, the present value of the payoff of fo(T) must equal
the amount initially invested. To find the present value of the payoff, we must discount at
the domestic risk-free rate, because that rate reflects the opportunity cost of the arbi-
trageur’s investment of his own money. So, first we equate the present value of the future
payoff, discounting at the domestic risk-free rate, to the amount initially invested:

fo(M _ _ So_
a+n" a+mMmT

Then we solve for the futures price to obtain

So ) T
fo(T) = | —== (1 + -
o(T) <(1 + )T 1+ (3-18)
This formula is the same one we used for currency forwards.
An alternative variation of this formula would apply when we use continuously com-

pounded interest rates. The adjustment is very slight. In the formula above, dividing S by

% In other words, if Sy buys 1 unit, then So/(1 + rf)T buys 1/(1 + 9T units.

 —r—-

e — -
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(1 + T finds a present value by discounting at the foreign interest rate. Multiplying by
(1 + 07 is finding a future value by compounding at the domestic interest rate. The con-
tinuously compounded analogs to those rates are 1™ = In(1 + ) and r° = In(1 + r). Then
the formula becomes

fo(T) = (Spe ™™ De*'T (3-19)

We also saw this formula in Chapter 2.

Consider a futures contract expiring in 55 days on the euro. Therefore, T = 55/365 =
0.1507. The spot exchange rate is $0.8590. The foreign interest rate is 5.25 percent, and
the domestic risk-free rate is 6.35 percent. The futures price should, therefore, be

So
a+H7

0.8590
(1.0525)0-1507

f(T) = ( )(1 + 7'

£,(0.1507) = ( )(1.0635)0'1507 = 0.8603

If the futures is selling for more than this amount, the arbitrageur can buy the currency and
sell the futures. He collects the foreign interest and converts the currency back at a higher
rate than 0.8603, resulting in a risk-free return that exceeds the domestic risk-free rate. If
the futures is selling for less than this amount, the arbitrageur can borrow the currency and
buy the futures. The end result will be to receive money at the start and pay back money
at a rate less than the domestic risk-free rate.

If the above problem were structured in terms of continuously compounded rates, the
domestic rate would be In(1.0635) = 0.0616 and the foreign rate would be In(1.0525) =
0.0512. The futures price would then be

fo(T) = (Soe ™" e’
f0(0.1507) — (0.85890e—0.0512(0.1507))80.0616(0.1507) = 0.8603

which, of course, is the same price we calculated above.
Exhibit 3-11 summarizes the formulas for pricing currency futures.

EXHIBIT 3-11 Pricing Formulas for Currency Futures Contract

Futures price = (Spot exchange rate discounted by Foreign interest rate) compounded at
Domestic interest rate:

Discrete interest: fo(T) = ((Tis_ﬂrf)—T)(l + T
Continuous interest: fo(T) = (Soe“'k'r)e'&1~

PRACTICE PROBLEM 6

The spot exchange rate for the Swiss franc is $0.60. The U.S. interest rate is 6 per-
cent, and the Swiss interest rate is 5 percent. A futures contract expires in 78 days.

A. Find the appropriate futures price.
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7.5 FUTURES
PricING: A Recar

B. Find the appropriate futures price under the assumption of continuous com-
pounding.
C. Using Part A, execute an arbitrage resulting from a futures price of $0.62.

SOLUTIONS

T = 78/365 = 0.2137

$0.60
(1 ‘05)0.2137

B. The continuously compounded equivalent rates are
' = In(1.05) = 0.0488
r° = In(1.06) = 0.0583

A. £,(0.2137) = (1.06)°%1%7 = $0.6012

The futures price is

f0(02137) — ($0‘60e—0.0488(0.2137))60.0583(0.2137)
= $0.6012

C. At $0.62, the futures price is too high, so we will need to sell the futures. First,
however, we must determine how many units of the currency to buy. It should be

1

So we buy this many units, which costs 0.9896($0.60) = $0.5938. We sell the
futures at $0.62. We hold the position until expiration. During that time the accu-
mulation of interest will make the 0.9896 units of the currency grow to 1.0000
unit. We convert the Swiss franc to dollars at the futures rate of $0.62. The return
per dollar invested is

0.62
0.5938
This is a return of 1.0441 per dollar invested over 78 days. At the risk-free rate

of 6 percent, the return over 78 days should be (1.06)°2'37 = 1,0125. Obviously,
the arbitrage transaction is much better.

= 0.9896

= 1.0441

We have now examined the pricing of short-term interest rate futures, intermediate- and
long-term interest rate futures, stock index futures, and currency futures. Let us recall the
intuition behind pricing a futures contract and see the commonality in each of those spe-
cial cases. First recall that under the assumption of no marking to market, at expiration the
short makes delivery and we assume that the long pays the full futures price at that point.
An arbitrageur buys the asset and sells a futures contract, holds the asset for the life of the
futures, and delivers it at expiration of the futures, at which time he is paid the futures
price. In addition, while holding the asset, the arbitrageur accumulates costs and accrues
cash flows, such as interest, dividends, and benefits such as a convenience yield. The value
of the position at expiration will be the futures price net of these costs minus benefits and
cash flows. The overall value of this transaction at expiration is known when the transac-
tion is initiated; thus, the value at expiration is risk-free. The return from a risk-free trans-
action should equal the risk-free rate, which is the rate on a zero-coupon bond whose
maturity is the futures expiration day. If the return is indeed this risk-free rate, then the
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futures price must equal the spot price compounded at the risk-free rate plus the compound
value of these costs net of benefits and cash flows.

It should also be noted that although we have taken the more natural approach of
buying the asset and selling the futures, we could just as easily have sold short the asset
and bought the futures. Because short selling is usually a little harder to do as well as to
understand, the approach we take is preferable from a pedagogical point of view. It is
important, nonetheless, to remember that the ability to sell short the asset or the willing-
ness of parties who own the asset to sell it to offset the buying of the futures is critical to
establishing the results we have shown here. Otherwise, the futures pricing formulas would
be inequalities—limited on one side but not restricted on the other.

We should remind ourselves that this general form of the futures pricing model also
applied in Chapter 2 in our discussion of forward contracts. Futures contracts differ from
forward contracts in that the latter are subject to credit risk. Futures contracts are marked
to market on a daily basis and guaranteed against losses from default by the futures clear-
inghouse, which has never defaulted. Although there are certain institutional features that
distinguish futures from forwards, we consider those features separately from the material
on pricing. Because the general economic and financial concepts are the same, for pricing
purposes, we treat futures and forwards as the same.

T e e e e

8 THE ROLE OF FUTURES MARKETS AND EXCHANGES

We conclude this chapter with a brief look at the role that futures markets and exchanges
play in global financial systems and in society. Virtually all participants in the financial
markets have heard of futures markets, but many do not understand the role that futures
markets play. Some participants do not understand how futures markets function in global
financial systems and often look at futures with suspicion, if not disdain.

In Chapter 1, we discussed the purposes of derivative markets. We found that deriv-
ative markets provide price discovery and risk management, make the markets for the
underlying assets more efficient, and permit trading at low transaction costs. These char-
acteristics are also associated with futures markets. In fact, price discovery is often cited
by others as the primary advantage of futures markets. Yet, all derivative markets provide
these benefits. What characteristics do futures markets have that are not provided by com-
parable markets as forward markets?

First recall that a major distinction between futures and forwards is that futures are
standardized instruments. By having an agreed-upon set of homogeneous contracts,
futures markets can provide an orderly, liquid market in which traders can open and close
positions without having to worry about holding these positions to expiration. Although
not all futures contracts have a high degree of liquidity, an open position can nonetheless
be closed on the exchange where the contract was initiated.®' More importantly, however,
futures contracts are guaranteed against credit losses. If a counterparty defaults, the clear-
inghouse pays and, as we have emphasized, no clearinghouse has ever defaulted. In this
manner, a party can engage in a transaction to lock in a future price or rate without having

3! Recall that there is no liquid market for previously opened forward contracts to be closed, but the holder of
a forward contract can re-enter the market and establish a position opposite to the one previously established. If
one holds a long forward contract to buy an asset in six months, one can then do a short forward contract to
sell the asset in six months, and this transaction offsets the risk of changing market prices. The credit risk on
both contracts remains. In some cases, the offsetting contract can be done with the same counterparty as in the
original contract, permitting the two parties to arrange a single cash settlement to offset both contracts.
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to worry about the credit quality of the counterparty. Forward contracts are subject to
default risk, but of course they offer the advantage of customization, the tailoring of a con-
tract’s terms to meet the needs of the parties involved.

With an open, standardized, and regulated market for futures contracts, their prices
can be disseminated to other investors and the general public. Futures prices are closely
watched by a vast number of market participants, many trying to discern an indication of
the direction of future spot prices and some simply trying to determine what price they
could lock in for future purchase or sale of the underlying asset. Although forward prices
provide similar information, forward contracts are private transactions and their prices are
not publicly reported. Futures markets thus provide transparency to the financial markets.
They reveal the prices at which parties contract for future transactions.

Therefore, futures prices contribute an important element to the body of information
on which investors make decisions. In addition, they provide opportunities to transact for
future purchase or sale of an underlying asset without having to worry about the credit
quality of the counterparty.

In Chapters 2 and 3, we studied forward and futures contracts and showed that they
have a lot in common. Both are commitments to buy or sell an asset at a future date at a
price agreed on today. No money changes hands at the start of either transaction. We
learned how to determine appropriate prices and values for these contracts. In Chapter 6,
we shall look at a variety of strategies and applications using forward and futures contracts.
For now, however, we take a totally different approach and look at contracts that provide
not the obligation but rather the right to buy or sell an asset at a later date at a price agreed
on today. To obtain such a right, in contrast to agreeing to an obligation, one must pay
money at the start. These instruments, called options, are the subject of Chapter 4,

* Futures contracts are standardized instruments that trade on a futures exchange, have
a secondary market, and are guaranteed against default by means of a daily settling
of gains and losses. Forward contracts are customized instruments that are not guar-
anteed against default and are created anywhere off of an exchange.

* Modern futures markets primarily originated in Chicago out of a need for grain farm-
ers and buyers to be able to transact for delivery at future dates for grain that would,
in the interim, be placed in storage.

* Futures transactions are standardized and conducted in a public market, are homoge-
neous, have a secondary market giving them an element of liquidity, and have a clear-
inghouse, which collects margins and settles gains and losses daily to provide a
guarantee against default. Futures markets are also regulated at the federal govern-
ment level.

® Margin in the securities markets is the deposit of money, the margin, and a loan for
the remainder of the funds required to purchase a stock or bond. Margin in the futures
markets is much smaller and does not involve a loan. Futures margin is more like a
performance bond or down payment.

* Futures trading occurs on a futures exchange, which involves trading either in a phys-
ical location called a pit or via a computer terminal off of the floor of the futures
exchange as part of an electronic trading system. In either case, a party to a futures
contract goes long, committing to buy the underlying asset at an agreed-upon price,
or short, committing to sell the underlying asset at an agreed-upon price.
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¢ A futures trader who has established a position can re-enter the market and close out

the position by doing the opposite transaction (sell if the original position was long
or buy if the original position was short). The party has offset the position, no longer
has a contract outstanding, and has no further obligation.

Initial margin is the amount of money in a margin account on the day of a transaction
or when a margin call is made. Maintenance margin is the amount of money in a mar-
gin account on any day other than when the initial margin applies. Minimum require-
ments exist for the initial and maintenance margins, with the initial margin requirement
normally being less than 10 percent of the futures price and the maintenance margin
requirement being smaller than the initial margin requirement, Variation margin is the
amount of money that must be deposited into the account to bring the balance up to the
required level. The settlement price is an average of the last few trades of the day and
is used to determine the gains and losses marked to the parties’ accounts.

The futures clearinghouse engages in a practice called marking to market, also known
as the daily settlement, in which gains and losses on a futures position are credited
and charged to the trader’s margin account on a daily basis. Thus, profits are avail-
able for withdrawal and losses must be paid quickly before they build up and pose a
risk that the party will be unable to cover large losses.

The margin balance at the end of the day is determined by taking the previous bal-
ance and accounting for any gains or losses from the day’s activity, based on the set-
tlement price, as well as any money added or withdrawn.

Price limits are restrictions on the price of a futures trade and are based on a range
relative to the previous day’s settlement price. No trade can take place outside of the
price limits. A limit move is when the price at which two parties would like to trade
is at or beyond the price limit. Limit up is when the market price would be at or above
the upper limit. Limit down is when the market price would be at or below the lower
limit. Locked limit occurs when a trade cannot take place because the price would be
above the limit up or below the limit down prices.

A futures contract can be terminated by entering into an offsetting position very
shortly before the end of the expiration day. If the position is still open when the con-
tract expires, the trader must take delivery (if long) or make delivery (if short), unless
the contract requires that an equivalent cash settiement be used in lieu of delivery. In
addition, two participants can agree to alternative delivery terms, an arrangement
called exchange for physicals.

Delivery options are features associated with a futures contract that permit the short
some flexibility in what to deliver, where to deliver it, and when in the expiration
month to make delivery.

Scalpers are futures traders who take positions for very short periods of time and
attempt to profit by buying at the bid price and selling at the ask price. Day traders
close out all positions by the end of the day. Position traders leave their positions
open overnight and potentially longer.

Treasury bill futures are contracts in which the underlying is $1,000,000 of a U.S.
Treasury bill. Eurodollar futures are contracts in which the underlying is $1,000,000
of a Eurodollar time deposit. Treasury bond futures are contracts in which the under-
lying is $100,000 of a U.S. Treasury bond with a minimum 15-year maturity. Stock
index futures are contracts in which the underlying is a well-known stock index, such
as the S&P 500 or FTSE 100. Currency futures are contracts in which the underlying
is a foreign currency.
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An expiring futures contract is equivalent to a spot transaction. Consequently, at expi-
ration the futures price must converge to the spot price to avoid an arbitrage oppor-
tunity in which one can buy the asset and sell a futures or sell the asset and buy a
futures o capture an immediate profit at no risk.

The value of a futures contract just prior to marking to market is the accumulated
price change since the last mark to market. The value of a futures contract just after
marking to market is zero. These values reflect the claim a participant has as a result
of her position in the contract.

The price of a futures contract will equal the price of an otherwise equivalent forward
contract one day prior to expiration, or if interest rates are known or constant, or if
interest rates are uncorrelated with futures prices.

A futures price is derived by constructing a combination of a long position in the
asset and a short position in the futures. This strategy guarantees that the price
received from the sale of the asset is known when the transaction is initiated. The
futures price is then derived as the unknown value that eliminates the opportunity to
earn an arbitrage profit off of the transaction.

Futures prices are affected by the opportunity cost of funds tied up in the investment
in the underlying asset, the costs of storing the underlying asset, any cash flows paid
on the underlying asset, such as interest or dividends, and nonmonetary benefits of
holding the underlying asset, referred to as the convenience yield.

Backwardation describes a condition in which the futures price is lower than the spot
price. Contango describes a condition in which the futures price is higher than the
spot price.

The futures price will not equal the expected spot price if the risk premium in the spot
price is transferred from hedgers to futures traders. If the risk premium is transferred,
then the futures price will be biased high or low relative to the expected future spot
price. When the futures price is biased low (high), it is called normal backwardation
(normal contango).

T-bill futures prices are determined by going short a futures contract and going long
a T-bill that will have the desired maturity at the futures expiration. At expiration, the
T-bill is delivered or cash settled to a price locked in when the transaction was initi-
ated through the sale of the futures. The correct futures price is the one that prohibits
this combination from earning an arbitrage profit. Under the assumptions we make,
the T-bill futures price is the same as the T-bill forward price.

The implied repo rate is the rate of return implied by a transaction of buying a spot
asset and selling a futures contract. If financing can be obtained in the repo market at
less than the implied repo rate, the transaction should be undertaken. If financing can
be supplied to the repo market at greater than the implied repo rate, the transaction
should be reversed.

Eurodollar futures cannot be priced as easily as T-bill futures, because the expiration
price of a Eurodollar futures is based on a value computed as 1 minus a rate, whereas
the value of the underlying Eurodollar time deposit is based on 1 divided by a rate. The
difference is small but not zero. Hence, Eurodollar futures do not lend themselves to
an exact pricing formula based on the notion of a cost of carry of the underlying.

Treasury bond futures prices are determined by first identifying the cheapest bond to
deliver, which is the bond that the short would deliver under current market condi-
tions. Then one must construct a combination of a short futures contract and a long
position in that bond. The bond is held, and the coupons are collected and reinvested.
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At expiration, the underlying bond is delivered and the futures price times the con-
version factor for that bond is received. The correct futures price is the one that pre-
vents this transaction from earning an arbitrage profit.

Stock index futures prices are determined by constructing a combination of a long
portfolio of stocks identical to the underlying index and a short futures contract. The
stocks are held and the dividends are collected and reinvested. At expiration, the cash
settlement results in the effective sale of the stock at the futures price. The correct
futures price is the one that prevents this transaction from earning an arbitrage profit.

Currency futures prices are determined by buying the underlying currency and sell-
ing a futures on the currency. The position is held, and the underlying currency pays
interest at the foreign risk-free rate. At expiration, the currency is delivered and the
futures price is received. The correct futures price is the one that prevents this trans-
action from earning an arbitrage profit.

Futures markets serve our financial systems by making the markets for the underly-
ing assets more efficient, by providing price discovery, by offering opportunities to
trade at lower transaction costs, and by providing a means of managing risk. Futures
markets also provide a homogeneous, standardized, and tradable instrument through
which participants who might not have access to forward markets can make commit-
ments to buy and sell assets at a future date at a locked-in price with no fear of credit
risk. Because futures markets are so visible and widely reported on, they are also an
excellent source of information, contributing greatly to the transparency of financial
markets.
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PROBLEMS 1. A. In February, Dave Parsons purchased a June futures contract on the Nasdaq 100
Index. He decides to close out his position in April. Describe how would he do
S0.

B. Peggy Smith is a futures trader. In early August, she took a short position in an
S&P 500 Index futures contract expiring in September. After a week, she decides
to close out her position. Describe how would she do so.

2. A gold futures contract requires the long trader to buy 100 troy ounces of gold. The
initial margin requirement is $2,000, and the maintenance margin requirement is
$1,500.

A. Matthew Evans goes long one June gold futures contract at the futures price of
$320 per troy ounce. When could Evans receive a maintenance margin call?

B. Chris Tosca sells one August gold futures contract at a futures price of $323 per
ounce. When could Tosca receive a maintenance margin call?

3. A copper futures contract requires the long trader to buy 25,000 1bs of copper. A trader
buys one November copper futures contract at a price of $0.75/1b. Theoretically, what
is the maximum loss this trader could have? Another trader sells one November cop-
per futures contract. Theoretically, what is the maximum loss this trader with a short
position could have?

4. Consider a hypothetical futures contract in which the current price is $212. The initial
margin requirement is $10, and the maintenance margin requirement is $8. You go
long 20 contracts and meet all margin calls but do not withdraw any excess margin.
A. When could there be a margin call?

B. Complete the table below and explain any funds deposited. Assume that the con-
tract is purchased at the settlement price of that day so there is no mark-to-market
profit or loss on the day of purchase.

Beginning Funds Futures Price Ending

Day Balance Deposited Price Change  Gain/Loss  Balance
0 212
1 211
2 214
3 209
4 210
5 204
6 202

C. How much are your total gains or losses by the end of day 6?

5. Sarah Moore has taken a short position in one Chicago Board of Trade Treasury bond
futures contract with a face value of $100,000 at the price of 96 6/32. The initial mar-
gin requirement is $2,700, and the maintenance margin requirement is $2,000. Moore
would meet all margin calls but would not withdraw any excess margin.

A. Complete the table below and provide an explanation of any funds deposited.
Assume that the contract is purchased at the settlement price of that day, so there
is no mark-to-market profit or loss on the day of purchase.
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Beginning Funds Futures Price Ending
Day Balance Deposited Price Change  Gain/Loss  Balance

0 96-06

1 96-31

2 97-22

3 97-18

4 97-24

5 98-04

6 97-31

B. How much are Moore’s total gains or losses by the end of day 6?

6. A. The IMM index price in yesterday’s newspaper for a September Eurodollar futures
contract is 95.23. What is the actual price of this contract?

B. The IMM index price in today’s newspaper for the contract mentioned above is
95.25. How much is the change in the actual futures price of the contract since the
previous day?

7. Jason Hathaway, a speculator, has purchased a March Eurodollar futures contract at a

10.

price of 93.35.

A. What is the annualized LIBOR rate priced into this contract?

B. A month later, the interest rate has decreased to 6.5 percent. Would the futures
price go up or down?

C. How much is Hathaway’s gain or loss in dollar terms?

. Mary Craft is expecting large-capitalization stocks to rally close to the end of the year.

She is pessimistic, however, about the performance of small-capitalization stocks. She
decides to go long one December futures contract on the Dow Jones Industrial Aver-
age at a price of 9,020 and short one December futures contract on the S&P Midcap
400 Index at a price of 369.40. The multiplier for a futures contract on the Dow is $10,
and the multiplier for a futures contract on the S&P Midcap 400 is $500. When Craft
closes her position towards the end of the year, the Dow and S&P Midcap 400 futures
prices are 9,086 and 370.20, respectively. How much is the net gain or loss to Craft?

A, The current price of gold is $300 per ounce. Consider the net cost of carry for gold
to be zero. The risk-free interest rate is 6 percent. What should be the price of a
gold futures contract that expires in 90 days?

B. Using Part A above, illustrate how an arbitrage transaction could be executed if
the futures contract is priced at $306 per ounce.

C. Using Part A above, illustrate how an arbitrage transaction could be executed if
the futures contract is priced at $303 per ounce.

Consider an asset priced at $90. A futures contract on the asset expires in 75 days. The

risk-free interest rate is 7 percent. Answer the following questions, each of which is

independent of the others, unless indicated otherwise.

A. Find the appropriate futures price if the underlying asset has no storage costs, cash
flows, or convenience yield.

B. Find the appropriate futures price if the underlying asset’s storage costs at the
futures expiration equal $3.

C. Find the appropriate futures price if the underlying asset has positive cash flows.
The future value of these cash flows is $0.50 at the time of futures expiration.

D. Find the appropriate futures price if the underlying asset’s storage costs at the
futures expiration equal $3.00 and the compound value at the time of the futures
expiration of the positive cash flow from the underlying asset is $0.50.
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14.

15.

11.

12.

13.

E. Using Part D above, illustrate how an arbitrage transaction could be executed if
the futures contract is trading at $95.

F. Using Part A above, determine the value of a long futures contract an instant
before marking to market if the previous settlement price was $89.50.

G. What happens to the value of the futures contract in Part F above as soon as it is
marked to market?

A 45-day T-bill has a discount rate of 5.50 percent. A 135-day T-bill has a discount

rate of 5.95 percent.

A. What should be the price of a futures contract that expires in 45 days? Assume $1
par value.

B. Show that the purchase of a 135-day T-bill, with its price in 45 days hedged by the
sale of a 45-day futures contract that calls for the delivery of a 90-day T-bill, is
equivalent to purchasing a 45-day T-bill and holding it to maturity.

The discount rate on a 60-day T-bill is 6.0 percent, and the discount rate on a 150-day

T-bill is 6.25 percent.

A. Based on the 60-day and 150-day T-bill discount rates, what should be the price
of a 60-day futures contract? Assume $1 par value.

B. If the actual price of a 60-day futures contract is 0.9853, outline the transactions
necessary to take advantage of the arbitrage opportunity, and show the outcome.

C. Calculate the implied repo rate and discuss how you interpret it to determine the
profitability of the arbitrage strategy outlined in Part B.

A futures contract on a T-bill expires in 30 days. The T-bill matures in 120 days. The
discount rates on T-bills are as follows:

30-day bill: 5.4 percent
120-day bill: 5.0 percent

A. Find the appropriate futures price by using the prices of the 30- and 120-day
T-bills,

B. Find the futures price in terms of the underlying spot price compounded at the
appropriate risk-free rate.

C. Convert the futures price to the implied discount rate on the futures.

D. Now assume that the futures is trading in the market at an implied discount rate
20 basis points lower than is appropriate, given the pricing model and the rule of
no arbitrage. Demonstrate how an arbitrage transaction could be executed.

E. Now assume that the futures is trading in the market at an implied discount rate
20 basis points higher than is appropriate, given the pricing model and the rule of
no arbitrage. Demonstrate how an arbitrage transaction could be executed.

A $1 face value bond pays an 8 percent semiannual coupon. The annual yield is 6 per-

cent. The bond has 10 years remaining until maturity, and its price is $1.1488. Con-

sider a futures contract calling for delivery of this bond only. The contract expires in

18 months. The risk-free rate is 5 percent.

A. Compute the appropriate futures price.

B. Assuming that the futures contract is appropriately priced, show the riskless strat-
egy involving the bond and the futures contract that would earn the risk-free rate
of return.

Consider a six-year $1 par Treasury bond. The bond pays a 6 percent semiannual
coupon, and the annual yield is 6 percent. The bond is priced at par. A futures con-
tract expiring in 15 months calls for delivery of this bond only. The risk-free rate is 5
percent.
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16.

17.

18.

. Find the future value in 15 months of the coupons on this bond.

Find the appropriate futures price.

Now suppose that the above bond is only one of many deliverable bonds. The con-
tract specification calls for the use of a conversion factor to determine the price
paid for a given deliverable bond. Suppose the bond described here has a conver-
sion factor of 1.0567. Find the appropriate futures price.

omp

A stock index is at 1,521.75. A futures contract on the index expires in 73 days. The

risk-free interest rate is 6.10 percent. The value of the dividends reinvested over the

life of the futures is 5.36.

A. Find the appropriate futures price.

B. Find the appropriate futures price in terms of the two specifications of the divi-
dend yield.

C. Using your answer in Part B, find the futures price under the assumption of con-
tinuous compounding of interest and dividends.

A stock index is at 443.35. A futures contract on the index expires in 201 days. The

price of the futures contract is 458.50.The risk-free interest rate is 6.50 percent. The

value of the dividends reinvested over the life of the futures is 5.0.

A. Show that the futures contract above is mispriced by computing what the price of
this futures contract should be.

B. Show how an arbitrageur could take advantage of the mispricing.

The spot exchange rate for the British pound is $1.4390. The U.S. interest rate is 6.3

percent, and the British interest rate is 5.8 percent. A futures contract on the exchange

rate for the British pound expires in 100 days.

A. Find the appropriate futures price.

B. Find the appropriate futures price under the assumption of continuous com-
pounding.

C. Suppose the actual futures price is $1.4650. Is the future contract mispriced? If
yes, how could an arbitrageur take advantage of the mispricing? Use discrete com-
pounding as in Part A.




Solutions 147

SOLUTIONS 1. A. Parsons would close out his position in April by offsetting his long position with
a short position. To do so, he would re-enter the market and offer for sale a June
futures contract on the Nasdaq 100 index. When he has a buyer, he has both a
long and a short position in the June futures contract on the Nasdaq 100 index.
From the point of view of the clearinghouse, he no longer has a position in the
contract.

B. Smith would close out her position in August by offsetting her short position with
a long position. To do so, she would re-enter the market and purchase a Septem-
ber futures contract on the S&P 500. She then has both a short and a long position
in the September futures contract on the S&P 500. From the point of view of the
clearinghouse, she no longer has a position in the contract.

2. The difference between initial and maintenance margin requirements for one gold
futures contract is $2,000 — $1,500 = $500. Because one gold futures contract is for
100 troy ounces, the difference between initial and maintenance margin requirements
per troy ounce is $500/100, or $5.

A. Because Evans has a long position, he would receive a maintenance margin call if
the price were to fall below $320 — $5, or $315 per troy ounce.

B. Because Tosca has a short position, he would receive a maintenance margin call if
the price were to rise above $323 + $5, or $328 per troy ounce.

3. Trader with a long position: This trader loses if the price falls. The maximum loss
would be incurred if the futures price falls to zero, and this loss would be $0.75/1b X
25,000 Ibs, or $18,750. Of course, this scenario is only theoretical, not realistic.

Trader with a short position: This trader loses if the price increases. Because there is
no limit on the price increase, there is no theoretical upper limit on the loss that the
trader with a short position could incur.

4. A. The difference between the initial margin requirement and the maintenance mar-
gin requirement is $2. Because the initial futures price was $212, a margin call
would be triggered if the price falls below $210.

B.

Beginning Funds Futures Price Ending

Day Balance Deposited Price Change Gain/Loss  Balance
0 0 200 212 200
1 200 0 211 -1 —20 180
2 180 0 214 3 60 240
3 240 0 209 -5 —100 140
4 140 60 210 1 20 220
5 220 0 204 -6 —120 100
6 100 100 202 -2 -40 160

On day 0, you deposit $200 because the initial margin requirement is $10 per con-
tract and you go long 20 contracts ($10 per contract times 20 contracts equals
$200). At the end of day 3, the balance is down to $140, $20 below the $160 main-
tenance margin requirement ($8 per contract times 20 contracts). You must deposit
enough money to bring the balance up to the initial margin requirement of $200.
So, the next day (day 4), you deposit $60. The price change on day 5 causes a
gain/loss of —$120, leaving you with a balance of $100 at the end of day 5. Again,
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this amount is less than the $160 maintenance margin requirement. You must
deposit enough money to bring the balance up to the initial margin requirement of
$200. So on day 6, you deposit $100.

By the end of day 6, the price is $202, a decrease of $10 from your purchase price
of $212. Your loss so far is $10 per contract times 20 contracts, or $200.

You could also look at your loss so far as follows. You initially deposited
$200, followed by margin calls of $60 and $100. Thus, you have deposited a total
of $360 so far and have not withdrawn any excess margin. The ending balance,
however, is only $160. Thus, the total loss incurred by you so far is $360 — $160,
or $200.

5. A.
Beginning Funds Futures Price Ending
Day Balance Deposited Price Change  Gain/Loss  Balance
0 0 2,700.00 96-06 2,700.00
1 2,700.00 0 96-31 25/32 —781.25 1,918.75
2 1,918.75 781.25 97-22 23/32 —-718.75 1,981.25
3 1,981.25 718.75 97-18 —4/32 125.00 2,825.00
4 2,825.00 0 97-24 6/32 —187.50 2,637.50
5 2,637.50 0 98-04 12/32 -375.00 2,262.50
6 2,262.50 0 97-31 —5/32 156.25 2,418.75

On day 0, Moore deposits $2,700 because the initial margin requirement is $2,700
per contract and she has gone short one contract. At the end of day 1, the price has
increased from 96-06 to 96-31—that is, the price has increased from $96,187.50
to $96,968.75. Because Moore has taken a short position, this increase of $781.25
is an adverse price movement for her, and the balance is down by $781.25 to
$1,918.75. Because this amount is less than the $2,000 maintenance margin
requirement, she must deposit additional funds to bring her account back to the
initial margin requirement of $2,700. So, the next day (day 2), she deposits
$781.25. Another adverse price movement takes place on day 2 as the price fur-
ther increases by $718.75 to $97,687.50. Her ending balance is again below the
maintenance margin requirement of $2,000, and she must deposit enough money
to bring her account back to the initial margin requirement of $2,700. So, the next
day (day 3), she deposits $718.75. Subsequently, even though her balance falls
below the initial margin requirement, it does not go below the maintenance mar-
gin requirement, and she does not need to deposit any more funds.

. Moore bought the contract at a futures price of 96-06. By the end of day 6, the

price is 97-31, an increase of 1 25/32. Therefore, her loss so far is 1.78125 percent
of $100,000, which is $1,781.25.

You could also look at her loss so far as follows: She initially deposited
$2,700, followed by margin calls of $781.25 and $718.75. Thus, she has deposited
a total of $4,200 so far, and has not withdrawn any excess margin. Her ending bal-
ance is $2,418.75. Thus, the total loss so far is $4,200 — $2,418.75, or $1,781.25.

Because the IMM index price is 95.23, the annualized LIBOR rate priced into the
contract is 100 — 95.23 = 4.77 percent. With each contract based on $1 million
notional principal of 90-day Eurodollars, the actual futures price is $1,000,000[1 —
0.0477(90/360)] = $988,075.
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B. Because the IMM index price is 95.25, the annualized LIBOR rate priced into the
contract is 100 — 95.25 = 4.75 percent. The actual futures price is $1,000,000(1 —
0.0475(90/360)] = $988,125. So, the change in actual futures price is $988,125 —
$988,075 = $50.

‘You could also compute the change in price directly by noting that the IMM
index price increased by 2 basis points. Because each basis point move in the rate
moves the actual futures price by $25, the increase in the actual futures price is 2
X $25, or $50.

. A. Because the IMM index price is 93.35, the annualized LIBOR rate priced into the

contract is 100 — 93.35 = 6.65 percent.
B. Because the interest rate has decreased, the futures price would have increased.
C. With each contract based on $1 million notional principal of 90-day Eurodollars,
the actual futures price at the time of purchase was $1,000,000[1 — 0.0665
(90/360)] = $983,375. The actual futures price a month later is $1,000,000
[1 — 0.0650(90/360)] = $983,750. The increase in futures price is $983,750 —
$983,375 = $375. Thus, Jason Hathaway’s gain is $375.
You could also compute the change in price directly by noting that the inter-
est rate decreased by 15 basis points (and the IMM index price increased by 15
basis points). Because each basis point move in the rate moves the actual futures
price by $25, the increase in actual futures price is 15 X $25, or $375.

. Her gain caused by the increase in the price of Dow Jones Industrial Average futures

is $10(9,086 — 9,020) = $660. Because Craft had a short position in S&P Midcap 400
futures, her loss caused by the increase in the price of S&P Midcap 400 futures is
$500(370.20 — 369.40) = $400. Craft’s net gain is $660 — $400 = $260.

. A. T = 90/365 = 0.2466. The futures price is

fo(T) = So(1 + 1)7

£0(0.2466) = 300(1.06)°2466 = $304.34 per ounce

B. Do the following:
¢ Enter a short futures position—that is, sell the futures at $306.
¢ Buy gold at $300.
® At expiration, deliver an ounce of gold and receive $306.
This amount is $1.66 more than $304.34, which is the sum of the cost of the asset
(3300) and the loss of interest on this amount at the rate of 6 percent a year
(84.34). Thus, the overall strategy results in a riskless arbitrage profit of $1.66 per
futures contract. You can also look at this scenario in terms of returns: Investing
$300 and receiving $306 90 days later is an annual return of 8.36 percent, because
300(1.0836)®¥36%) = 306, This return is clearly greater than the risk-free return
of 6 percent.

C. The steps in this case would be the reverse of the steps in Part B above. So, do the
following:
* Enter a long futures position; that is, buy the futures at $303.
* Sell short the gold at $300.
* At expiration, take the delivery of an ounce of gold and pay $303.
This amount paid is $1.34 less than $304.34, which is the sum of the funds
received from the short sale of the asset ($300) and the interest earned on this at
the rate of 6 percent per year ($4.34). Thus, the overall strategy results in a risk-
less arbitrage profit of $1.34 per futures contract. In terms of rates, receiving $300
up front and paying $303 90 days later represents an annual rate of 4.12 percent,
because 300(1.0412)®%*¢% = 303, This rate is clearly less than the risk-free rate




150

Chapter 3 Futures Markets and Contracts

10.

11.

.h=45andh + m = 135

of 6 percent. Thus, the overall transaction is equivalent to borrowing at a rate less
than the risk-free rate.

. T = 75/365 = 0.2055. The futures price is f,(0.2055) = 90(1.07)%2%55 = 91.26.
. Storage costs must be covered in the futures price, so we add them:

f0(0.2055) = 91.26 + 3 = 94.26

. A positive cash flow, such as interest or dividends on the underlying, reduces the

futures price:

£,(0.2055) = 91.26 — 0.50 = 90.76

. We add the storage costs and subtract the positive cash flow:

£0(0.2055) = 91.26 + 3 — 0.50 = 93.76

. We would do the following:

® Sell the futures at $95.

* Buy the asset at $90.

* Because the asset price compounded at the interest rate is $91.26, the interest
forgone is 1.26. So the asset price is effectively $91.26 by the time of the futures
expiration.

® We have incurred storage costs of $3 on the asset. We have received $0.50 from
the asset. At expiration, we deliver the asset and receive $95. The net investment
in the asset is $91.26 + $3.00 — $0.50 = $93.76. If we sell it for $95, we make
anet gain of $1.24. Thus, the overall strategy results in a riskless arbitrage profit
of $1.24 per futures contract. One can also look at this profit in terms of returns.
Investing $90 and receiving a net of $95.00 — $3.00 + $0.50 = $92.50 75 days
later is an annual return of 14.26 percent, because $90(1.14264)7%369 =
$92.50. This return is clearly greater than the risk-free return of 7 percent.

. The last settlement price was $89.50, and the price in our answer in Part A is

$91.26. The value of a long futures contract is the difference between these prices,
or $1.76.

. When the futures contact is marked to market, the holder of the futures contract

receives a gain of $1.76, and the value of the futures contract goes back to a value
of zero.

ra(h) = rd45) = 0.055
ra(h + m) = r3(135) = 0.0595
The prices of these T-bills will, therefore, be

Boh) = 1 — rS(h)(i>

360
By(45) = 1 — 0055(—45—> = 0.9931
0 U\ 360 ‘
h+m
Both + m) = 1 — r§(h + ( )
o(h + m) ro(h + m) 360

135
By(135) = 1 — 0.0595(—==| = 0.9777
o(135) ? (360)
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12.

So the price of a futures contract expiring in 45 days is

Both + m
foth) = PR
0
By(135) _ 0.9777
£(45) = = = 0.9845
o43) Bo(45)  0.9931

The discount rate implied in the futures would be

ﬂ)
m

') =[1 — fo(h)](
360

— = 0.0620
)

1045 =[1 — 0.9845](

In other words, in the T-bill futures market, the rate would be stated as 6.20 per-
cent, which would imply a futures price of 0.9845. Alternatively, the implied
futures discount rate could be obtained from the spot rates as

Lo+ m)(h;;om) 360
i) =41 - b (_m )
Ee
L "o\ 360
(] 135
1 - 0.0595(—)
345 ={1- 360 (%) = 0.0622
45
1 — 0.055( —=
L L (360)

with the slight difference caused by rounding.

. Suppose one purchases the 135-day T-bill for 0.9777 and sells the 45-day futures

contract at a price of 0.9845. Then, 45 days later, the T-bill would be a 90-day
T-bill and would be delivered to settle the futures contract. Thus, at that time, one
would receive the original futures price of 0.9845. One initially paid 0.9777 and
45 days later received 0.9845. The return per dollar invested is

0.9845
0.9777

= 1.00696
If instead one purchases a 45-day T-bill at the price of 0.9931 and holds it for 45
days, the return per dollar invested is

1
0.9931

= 1.00695

Thus, the return per dollar invested is the same in both transactions (with a slight
difference caused by rounding), and both transactions are free of risk.

. First compute the prices of the 60-day and 150-day T-bills. With h = 60 and h +

m = 150,
3(h) = 13(60) = 0.060
r3h + m) = r3(150) = 0.0625
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13. A,

The prices of these T-bills will, therefore, be
Both) = 1 - ra‘(h)(l)

360
Bo(60) = 1 — o.os(fg%) = 0.99
Bo(h + m) = 1 — 18(h + m)(h ;gom
Bo(150) = 1 — 0.0625(%> = 0.974

So the price of a futures expiring in 60 days is

Both + m
fa(h) = Boh + m)
o(h) Boh)
Bg(150) _ 0974
Bo(60)  0.990
As the actual futures price of 0.9853 is more than the implied futures price com-
puted in Part A, you should sell the futures contract. So, do the following.
® Buy the 150-day T-bill at 0,974,
® Sell the 60-day futures contract at 0,9853.
The return per dollar would be

0.9853

0.9740
Note that this return is risk free. It compares favorably with return per dollar on
purchasing a 60-day T-bill and holding it to maturity, which is

1 _
59 = 10101

fo(45) = = 0.9838

= 1.0116

. The repo rate is the annualization of the return per dollar because of the arbitrage

transactions outlined in Part B:
1.0116%6%60 — 1 = 0.0727

Thus, the rate of return from a cash-and-carry transaction implied by the futures
price relative to the spot price is 7.27 percent. If the financing rate available in the
repo market is less than this rate, the arbitrage strategy outlined in Part B is
worthwhile, because the cost of funds is less than the return on the funds.

First, find the prices of 30- and 120-day bills:
By(30) = 1 — 0.054(30/360) = 0.9955
Bo(120) = 1 — 0.050(120/360) = 0.9833

Both +
foth) = O;O(h)m)
(a5 = Ba120) _ 09833 _ oo

Bo(30) 0.9955
We must find the rate at which to compound the spot price of the 120-day T-bill.
The spot rate, obtained from the 30-day T-bill, is

1
1+ ro()]"3% = =1
[1 + ro(h)] o055 ~ 10045




153

Based on the rate rg(h), every dollar invested should grow to a value of 1.0045.
Thus, the futures price should be the spot price (price of the 120-day T-bill) com-
pounded by the factor 1.0045:

fo(30) = 0.9833(1.0045) = 0.9877

That is, [1 + ro(h)]"?%° = 1.0045. Note that we do not actually need ro(h).
. Given the futures price of 0.9877, the implied rate is

360
90
. If the futures contract is trading for 20 basis points lower, it is trading at a rate of

4.72 percent. So the futures price would be

=1- 203 _
£2(30) = 1 0.0472( 3 60) 0.9882

oy =1 — 0.9877)( ) = (.0492

Do the following:

® Buy the 120-day bill at 0.9833.

8 Sell the futures at 0.9882.

This transaction produces a return per dollar invested of

0.9882

0.0833 1.0050

which is a risk-free return and compares favorably with a return per dollar
invested of 1.0045 (computed in Part B above) for a 30-day T-bill.
. If the futures contract is trading for 20 basis points higher than is appropriate, it
trades at a rate of 5.12 percent. So the futures price would be

90

fo30) =1 0.0512( 360) = 0.9872

Do the following:
* Sell the 120-day bill at 0.9833.
® Go long a 30-day futures contract at 0.9872,
Thus, at the beginning, you received 0.9833. At expiration 30 days later, the 120-
day bill you sold short at the beginning is a 90-day bill. You would take care of
this by paying 0.9872 and taking the delivery of a 90-day T-bill (because you had
bought a 30-day futures contract at the beginning). Effectively, what you have
done is borrowed at a rate of

0.9872

0.9833 1.0040

which compares favorably with the risk-free rate of 1.0045 computed in Part B above.

You could also look at the above as follows. You go long a 30-day futures
contract at 0.9872. You sell the 120-day bill at 0.9833. Invest this amount in a 30-
day T-bill. At maturity, you will have 0.9833(1.0045), or 0.9877. This return com-
pares favorably with the 0.9872 that you owe at expiration,

. Because the futures contract expires in 18 months, T = 1.5, The risk-free rate,
ro(T), is 0.05. When computing the accumulated value of the coupons on the bond
and the interest on them until the futures contract expires, note that the first
coupon is paid in exactly six months and reinvested for the one year remaining
until expiration. Also, the second coupon is paid in exactly one year and reinvested
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15.

16.

for the six months remaining until expiration, and the third coupon is paid in
exactly one and a half years and not reinvested. So, the accumulated value of the
coupons on the bond and the interest on them is

0.04(1.05)" + 0.04(1.05)°3 + 0.04 = 0.1230

Because the underlying bond is the only deliverable bond in this simplistic prob-
lem, the conversion factor is 1.0, so no adjustment is required. Now the futures
price is easily obtained as

fo(T) = BS(T + Y)[1 + ro(T)]" — FV(CLO,T)
fo(1.5) = 1.1488(1.05)!° — 0.1230
= 1.1130

. Buy the five-year bond for $1.1488 and sell the futures for $1.1130. Hold the posi-

tion for one and a half years until the futures expiration. Collect and reinvest the
coupons in the meantime. When the futures contract expires, deliver the bond and
receive the futures price of $1.1130. In addition, you will have the coupons and
interest on them of $0.1230 for a total of $1.1130 + $0.1230 = $1.2360. You
invested $1.1488 and end up with $1.2360 a year and a half later, so the return per
dollar invested is $1.2360/$1.1488 = 1.0759. Because this amount is paid in 1.5
years, the annual equivalent of this is

1.0759"'% = 1.05

This return is equivalent to the 5 percent risk-free rate.

. Because the futures contract expires in 15 months, T = 1.25. The risk-free rate,

1o(T), is 0.05. To compute the accumulated value of the coupons on the bond and
the interest on them until the futures contract expires, we note that the first coupon
is paid in exactly six months and reinvested for the nine months (0.75 years)
remaining until expiration. Also, the second coupon is paid in exactly one year and
reinvested for the three months (0.25 years) remaining until expiration. So, the
accumulated value of the coupons on the bond and the interest on them is

0.03(1.05)%7 + 0.03(1.05)%% = 0.0615

. Because the underlying bond is the only deliverable bond in this part of the problem,

the conversion factor is 1, and no adjustment is required. So, the futures price is
fo(T) = BT + Y)[1 + ro(T)]" — FV(CL0,T)
fo(1.25) = 1(1.05)'** — 0.0615
= 1.0014

. The futures price now is the price computed in Part B above divided by the con-

version factor. Because the conversion factor is 1.0567, the futures price is

1.0014
1.0567

= 0.9477

. T =73/365 = 0.20. The futures price should be

fo(T) = So(1 + n™ — FV(D,0,T)
£5(0.20) = 1,521.75(1.0610)°%° — 5.36
1,534.52

I
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. The continuously compounded risk-free rate is t = In(1 + r) = In(1.061)

Alternatively, we can find the present value of the dividends:

FV(D,0,T)
PV(D,0,T) = ———>2
(D,0,T) 1 +07
5.36
20) = —20 =5,
PV(D0.020) = 1o ias = 530

Then the futures price would be
fo(T) = [So — PV(D,0O, D1 + 1)
£,(0.20) = (1,521.75 — 5.30)(1.061)>2°
= 1,534.52

. One specification based on the yield 8 is

1 _ . _FVDOD
1+3" So(1 + )T
5.36

- = 0.9965
1,521.75(1.061)%% ?

So, (1 + 8)Tis 1/0.9965 = 1.0035. Then the futures price is

SO T
=[—=2 )1 +
fo(T) <(1+8)T)(1 )
1,521.75 0.20
£5(0.20) = (2= }1.061)®
o(0:20) ( 1.0035 )( )
= 1,534.51

The difference comes from rounding.
Under the other specification, the yield would be found as
PV(D,0,T)

So

5.30
= ————— = (.0035
1,521.75 0.0

3 =

Then the futures price would be
fo(T) = So(1 — 8*)(1 + )T
£5(0.20) = 1,521.75(1 — 0.0035)(1.061)°2°
= 1,534.49

Il

The difference comes from rounding.

0.0592. The continuously compounded dividend yield is 8 = In(l + 8) =
(UDinf(1 + 8] = (1/0.20)In(1.0035) = 0.0175. The futures price is

fo(T) = Soe™ T
fO(O.ZO) 1,521'75e(0.0592*0.0175)0.20

Il

= 1,534.49

The difference comes from rounding.

[ S
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17. A. T = 201/365 = 0.5507. The futures price should be
fo(T) = S(1 + )" — FV(D,0,T)
£5(0.5507) = 443.35(1.0650)°3%7 — 5.0 = 454.0

Alternatively, we can find the present value of the dividends:

FV(D,0,T)
PV(D,0,T) = ———22
( ) (1+nT
PV(D,0,0.5507) = ——>9 ___ — 483

Then the futures price would be
fo(T) = [Sg — PV(D,0,D)](1 + 1)T
£,(0.5507) = (443.35 — 4.83)(1.065)%5%07
= 454.0

Because the futures contract is selling at 458.50, which is higher than the price
computed above, the futures contract is overpriced.

B. The arbitrageur will buy the stocks underlying the index at their current price of
$443.35. Also, the arbitrageur will sell the futures contract at the settlement
price of $458.50. The arbitrageur will collect and reinvest the dividends, which
would be worth $5 at the time of the futures expiration. At the time of expira-
tion, the arbitrageur will get the settlement price of $458.50. So, the arbitrageur
invests $443.35 at the beginning and receives $5.00 + $458.50 = $463.50 at
the expiration 201 days later. The return per dollar invested over the 201-day
period is

463.50
443.35

= 1.0454

The annual risk-free rate is 6.5 percent, equivalent to a return per dollar invested
of (1.065)*%%°7 = 1.0353 over the 201-day period. Thus, the return to the arbi-
trageur from the transactions described above exceeds the risk-free return. Alter-
natively, one could see that to the arbitrageur, the return per dollar invested, over
a year, is 1.04547%%291 = 1 0832. This annualized return of 8.32 percent is clearly
greater than the annual risk-free rate of 6.5 percent.

18. T = 100/365 = 0.274
A. The futures price is

— _‘——SO o T
£(T) ((1 > T)a +1)
1.4390
£,(0.274) = (W)(l.oss)"'”“
= 1.4409

B. The continuously compounded equivalent rates are
™ = In(1.058) = 0.0564
r° = In(1.063) = 0.0611
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The futures price is
£o(T) = (Soe ™ e’ T
fO(T) — (1'43906—0.0564(0.274))e0.061 1(0.274)

= 1.4409

. The actual futures price of $1.4650 is higher than the price computed above—the

futures contract is overpriced. To take advantage, the arbitrageur needs to buy the
foreign currency and sell the futures contract. First, however, we must determine
how many units of the currency to buy. Because we need to have 1 unit of cur-
rency, including the interest, the number of units to buy is

1

o580 = 09847

So we buy 0.9847 units, which costs 0.9847($1.4390) = $1.417. We sell the
futures at $1.4650 and hold until expiration. During that time, the accumulation
of interest will make the 0.9847 units of the currency grow to one unit. Using the
futures contract, at expiration we convert this unit at the futures rate of $1.4650.
The return per dollar invested is

1.4650
1.417

= 1.0339

or a return of 3.39 percent over 100 days. The U.S. annual risk-free rate is 6.3 per-
cent, which is equivalent to a return per dollar invested of (1.063)°%"* = 1.0169,
over the 100-day period. Thus, the return to the arbitrageur from the transactions
described above exceeds the risk-free return. Alternatively, one could see that to
the arbitrageur, the return per dollar invested, over a year, is (1.0339)%¢%/1% =
1.1294. This annualized return of 12.94 percent is more than double the annual
risk-free rate of 6.3 percent.






CHAPTER

OPTION MARKETS AND CONTRACTS

LEARNING OUTCOMES

After completing this chapter, you will be able to do the following:
& Identify the basic elements and characteristics of option contracts.

® Define European option, American option, moneyness, payoff, intrinsic value,
and time value.

B Differentiate between exchange-traded options and over-the-counter options.

m [dentify the different varieties of options in terms of the types of instruments
underlying them.

® Compare and contrast interest rate options to forward rate agreements (FRAs).

® Explain how option payoffs are determined, and show how interest rate option

payoffs differ from the payoffs of other types of options.

B Define interest rate caps and floors.

® Identify the minimum and maximum values of European options and American

options.

® Illustrate how the lower bounds of European calls and puts are determined by
constructing portfolio combinations that prevent arbitrage, and calculate an
option’s lower bound.

B Determine the lowest prices of European and American calls and puts based on

the rules for lower bounds.

m [ilustrate how a portfolio (combination) of options establishes the relationship
between options that differ only by exercise price.

m Explain how option prices are affected by differences in the time to expiration.
® [llustrate how put—call parity for European options is established by comparing

the payoffs on a fiduciary call and a protective put, explain how to use this

result to create synthetic instruments, and explain why an investor would want

to do so.

® [llustrate how violations of put-call parity for European options can be
exploited and how those violations are eliminated.

®m Explain the relationship between American options and European options in

terms of the lower bounds on option prices and the possibility of early exercise.

® Explain how cash flows on the underlying asset affect put—call parity and the
lower bounds on option prices.

8 Identify the directional effect of an interest rate change on an option’s price.
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1

B Explain how an option price is determined in a one-period binomial model.

B [llustrate how an arbitrage opportunity can be exploited in a one-period
binomial model.

B Explain how an option price is determined in a two-period binomial model.

m Calculate prices of options on bonds and interest rate options in one- and two-
period binomial models.

® Explain how the binomial model value converges as time periods are added.

m List and briefly explain the assumptions underlying the Black—Scholes—Merton
model.

B Calculate the value of a European option using the Black—Scholes—Merton
model.

® Explain how an option price, as represented by the Black—Scholes—Merton
model, is affected by each of the input values (the Greeks).

® Explain and illustrate the concept of an option’s delta and how it is used in
dynamic hedging.

B Explain the gamma effect on an option’s price and delta.

m Discuss how cash flows on the underlying asset affect an option’s price.

m Explain and illustrate the two methods for estimating the volatility of the
underlying.

® Illustrate how put—call parity for options on forwards (or futures) is established.

m Explain how American options on forwards and futures are alike, and explain
how they differ from European options.

B Calculate the value of a European option on forwards (or futures) using the
Black model.

m Calculate the value of a European interest rate option using the Black model.
® Discuss the role of options markets in financial systems and society.

INTRODUCTION

In Chapter 1, we provided a general introduction to derivative markets. In Chapter 2 we
examined forward contracts, and in Chapter 3 we looked at futures contracts. We noted
how similar forward and futures contracts are: Both are commitments to buy an underly-
ing asset at a fixed price at a later date. Forward contracts, however, are privately created,
over-the-counter customized instruments that carry credit risk. Futures contracts are pub-
licly traded, exchange-listed standardized instruments that effectively have no credit risk.
Now we turn to options. Like forwards and futures, they are derivative instruments that
provide the opportunity to buy or sell an underlying asset with a specific expiration date.
But in contrast, buying an option gives the right, not the obligation, to buy or sell an under-
lying asset. And whereas forward and futures contracts involve no exchange of cash up
front, options require a cash payment from the option buyer to the option seller.




Basic Definitions and Illustrations of Options Contracts 161

Yet options contain several features common to forward and futures contracts. For
one, options can be created by any two parties with any set of terms they desire. In this
sense, options can be privately created, over-the-counter, customized instruments that are
subject to credit risk. In addition, however, there is a large market for publicly traded,
exchange-listed, standardized options, for which credit risk is essentially eliminated by the
clearinghouse.

Just as we examined the pricing of forwards and futures in the last two chapters, we
shall examine option pricing in this chapter. We shall also see that options can be created
out of forward contracts, and that forward contracts can be created out of options. With
some simplifying assumptions, options can be created out of futures contracts and futures
contracts can be created out of options.

Finally, we note that options also exist that have a futures or forward contract as the un-
derlying. These instruments blend some of the features of both options and forwards/futures.

As background, we discuss the definitions and characteristics of options.

2 BASIC DEFINITIONS AND ILLUSTRATIONS
OF OPTIONS CONTRACTS

2.1 Basic
CHARACTERISTICS
ofF OPTIONS

In Chapter 1, we defined an option as a financial derivative contract that provides a party
the right to buy or sell an underlying at a fixed price by a certain time in the future. The
party holding the right is the option buyer; the party granting the right is the option seller.
There are two types of options, a call and a put. A call is an option granting the right to
buy the underlying; a put is an option granting the right to sell the underlying. With the
exception of some advanced types of options, a given option contract is either a call, grant-
ing the right to buy, or a put, granting the right to sell, but not both.! We emphasize that
this right to buy or sell is held by the option buyer, also called the long or option holder,
and granted by the option seller, also called the short or option writer.

To obtain this right, the option buyer pays the seller a sum of money, commonly
referred to as the option price. On occasion, this option price is called the option pre-
mium or just the premium. This money is paid when the option contract is initiated.

The fixed price at which the option holder can buy or sell the underlying is called the exer-
cise price, strike price, striking price, or strike. The use of this right to buy or sell the
underlying is referred to as exercise or exercising the option. Like all derivative contracts,

- an option has an expiration date, giving rise to the notion of an option’s time to expira-

tion. When the expiration date arrives, an option that is not exercised simply expires.
What happens at exercise depends on the whether the option is a call or a put. If the
buyer is exercising a call, she pays the exercise price and receives either the underlying or
an equivalent cash settlement. On the opposite side of the transaction is the seller, who
receives the exercise price from the buyer and delivers the underlying, or alternatively,
pays an equivalent cash settlement. If the buyer is exercising a put, she delivers the stock
and receives the exercise price or an equivalent cash settlement. The seller, therefore,
receives the underlying and must pay the exercise price or the equivalent cash settlement.
As noted in the above paragraph, cash settlement is possible. In that case, the option
holder exercising a call receives the difference between the market value of the underlying
and the exercise price from the seller in cash. If the option holder exercises a put, she receives
the difference between the exercise price and the market value of the underlying in cash.

! Of course, a party could buy both a call and a put, thereby holding the right to buy and sell the underlying.
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2,2 SOME
EXAMPLES OF
OPTIONS

There are two primary exercise styles associated with options. One type of option
has European-style exercise, which means that the option can be exercised only on its
expiration day. In some cases, expiration could occur during that day; in others, exercise
can occur only when the option has expired. In either case, such an option is called a Euro-
pean option. The other style of exercise is American-style exercise. Such an option can
be exercised on any day through the expiration day and is generally called an American
option.”

Option contracts specify a designated number of units of the underlying. For
exchange-listed, standardized options, the exchange establishes each term, with the excep-
tion of the price. The price is negotiated by the two parties. For an over-the-counter option,
the two parties decide each of the terms through negotiation.

In an over-the-counter option—one created off of an exchange by any two parties
who agree to trade—the buyer is subject to the possibility of the writer defaulting. When
the buyer exercises, the writer must either deliver the stock or cash if a call, or pay for the
stock or pay cash if a put. If the writer cannot do so for financial reasons, the option holder
faces a credit loss. Because the option holder paid the price up front and is not required to
do anything else, the seller does not face any credit risk. Thus, although credit risk is bilat-
eral in forward contracts—the long assumes the risk of the short defaulting, and the short
assumes the risk of the long defaulting—the credit risk in an option is unilateral. Only the
buyer faces credit risk because only the seller can default. As we discuss later, in exchange-
listed options, the clearinghouse guarantees payment to the buyer.

Consider some call and put options on Sun Microsystems (SUNW). The date is 13 June
and Sun is selling for $16.25. Exhibit 4-1 gives information on the closing prices of four
options, ones expiring in July and October and ones with exercise prices of 15.00 and
17.50. The July options expire on 20 July and the October options expire on 18 October.
In the parlance of the profession, these are referred to as the July 15 calls, July 17.50 calls,
October 15 calls, and October 17.50 calls, with similar terminology for the puts. These par-
ticular options are American style.

EXHIBIT 4-1 Closing Prices of Selected Options on SUNW, 13 June

Exercise Price  July Calls October Calls July Puts  October Puts

15.00 235 3.30 0.90 1.85
17.50 1.00 2.15 2.15 320

Note: Stock price is $16.25; July options expire on 20 July; October options expire on 18 October.

Consider the July 15 call. This option permits the holder to buy SUNW at a price of
$15 a share any time through 20 July. To obtain this option, one would pay a price of $2.35.
Therefore, a writer received $2.35 on 13 June and must be ready to sell SUNW to the buyer
for $15 during the period through 20 July. Currently, SUNW trades above $15 a share, but
as we shall see in more detail later, the option holder has no reason to exercise the option

2 1t is worthwhile to be aware that these terms have nothing to do with Europe or America. Both types of
options are found in Europe and America. The names are part of the folklore of options markets, and there is
no definitive history to explain how they came into use.

i
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right now.? To justify purchase of the call, the buyer must be anticipating that SUNW will
increase in price before the option expires. The seller of the call must be anticipating that .
SUNW will not rise sufficiently in price before the option expires.

Note that the option buyer could purchase a call expiring in July but permitting the
purchase of SUNW at a price of $17.50. This price is more than the $15.00 exercise price,
but as a result, the option, which sells for $1.00, is considerably cheaper. The cheaper price
comes from the fact that the July 17.50 call is less likely to be exercised, because the stock
has a higher hurdle to clear. A buyer is not willing to pay as much and a seller is more will-
ing to take less for an option that is less likely to be exercised.

Alternatively, the option buyer could choose to purchase an October call instead of a
July call. For any exercise price, however, the October calls would be more expensive than
the July calls because they allow a longer period for the stock to make the move that the
buyer wants. October options are more likely to be exercised than July options; therefore, a
buyer would be willing to pay more and the seller would demand more for the October calls.

Suppose the buyer expects the stock price to go down. In that case, he might buy a
put. Consider the October 17.50 put, which would cost the buyer $3.20. This option would
allow the holder to sell SUNW at a price of $17.50 any time up through 18 October.* He
has no reason to exercise the option right now, because it would mean he would be buying
the option for $3.20 and selling a stock worth $16.25 for $17.50. In effect, the option
holder would part with $19.45 (the cost of the option of $3.20 plus the value of the stock
of $16.25) and obtain only $17.50.7 The buyer of a put obviously must be anticipating that
the stock will fall before the expiration day.

If he wanted a cheaper option than the October 17.50 put, he could buy the October
15 put, which would cost only $1.85 but would allow him to sell the stock for only $15.00
a share. The October 15 put is less likely to be exercised than the October 17.50, because
the stock price must fall below a lower hurdle. Thus, the buyer is not willing to pay as
much and the seller is willing to take less.

For either exercise price, purchase of a July put instead of an October put would be
much cheaper but would allow less time for the stock to make the downward move neces-
sary for the transaction to be worthwhile. The July put is cheaper than the October put; the
buyer is not willing to pay as much and the seller is willing to take less because the option
is less likely to be exercised.

In observing these option prices, we have obtained our first taste of some principles
involved in pricing options.

Call options have a lower premium the higher the exercise price.
Put options have a lower premium the lower the exercise price.

Both call and put options are cheaper the shorter the time to expiration.®

* The buyer paid $2.35 for the option. If he exercised it right now, he would pay $15.00 for the stock, which is
worth only $16.25. Thus, he would have effectively paid $17.35 (the cost of the option of $2.35 plus the
exercise price of $15) for a stock worth $16.25. Even if he had purchased the option previously at a much
lower price, the current option price of $2.35 is the opportunity cost of exercising the option—that is, he can
always sell the option for $2.35. Therefore, if he exercised the option, he would be throwing away the $2.35 he
could receive if he sold it.

* Even if the option holder did not own the stock, he could use the option to sell the stock short.

5 Again, even if the option were purchased in the past at a much lower price, the $3.20 current value of the
option is an opportunity cost. Exercise of the option is equivalent to throwing away the opportunity cost.

S There is an exception to the rule that put options are cheaper the shorter the time to expiration. This
statement is always true for American options but not always for European options. We explore this point later.
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These results should be intuitive, but later in this chapter we show unequivocally why they
must be true.

2.3 THe CONCEPT An important concept in the study of options is the notion of an option’s moneyness,
OF MONEYNESS OF  which refers to the relationship between the price of the underlying and the exercise price.
AN OPTION We use the terms in-the-money, out-of-the-money, and at-the-money. We explain the
concept in Exhibit 4-2 with examples from the SUNW options. Note that in-the-money
options are those in which exercising the option would produce a cash inflow that exceeds
the cash outflow. Thus, calls are in-the-money when the value of the underlying exceeds
the exercise price. Puts are in-the-money when the exercise price exceeds the value of the
underlying. In our example, there are no at-the-money SUNW options, which would
require that the stock value equal the exercise price; however, an at-the-money option can
effectively be viewed as an out-of-the-money option, because its exercise would not bring
in more money than is paid out.

EXHIBIT 4-2 Moneyness of an Option

In-the-Money Out-of-the-Money
Option Justification Option Justification
July 15 call 16.25 > 15.00 July 17.50 call 16.25 < 17.50
October 15 call 16.25 > 15.00 October 17.50 call 16.25 < 17.50
July 17.50 put 17.50 > 16.25 July 15 put 15.00 < 16.25
October 17.50 put 17.50 > 16.25 October 15 put 15.00 < 16.25
Notes: Sun Microsystems options on 13 June; stock price is 16.25. See Exhibit 4-1 for more details. There are no
options with an exercise price of 16.25, so no options are at-the-money.

As explained above, one would not necessarily exercise an in-the-money option, but
one would never exercise an out-of-the-money option.
We now move on to explore how options markets are organized.

3 THE STRUCTURE OF GLOBAL OPTIONS MARKETS

Although no one knows exactly how options first got started, contracts similar to options
have been around for thousands of years. In fact, insurance is a form of an option. The
insurance buyer pays the insurance writer a premium and receives a type of guarantee that
covers losses. This transaction is similar to a put option, which provides coverage of a por-
tion of losses on the underlying and is often used by holders of the underlying. The first
true options markets were over-the-counter options markets in the United States in the
19th century.

3.1 OVER-THE- In the United States, customized over-the-counter options markets were in existence in the
CouNTER OPTIONS  early part of the 20th century and lasted well into the 1970s. An organization called the Put
MARKETS  and Call Brokers and Dealers Association consisted of a group of firms that served as bro-

kers and dealers. As brokers, they attempted to match buyers of options with sellers,

thereby earning a commission. As dealers, they offered to take either side of the option

§
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transaction, usually laying off (hedging) the risk in another transaction. Most of these
transactions were retail, meaning that the general public were their customers.

As we discuss in Section 3.2 below, the creation of the Chicago Board Options
Exchange was a revolutionary event, but it effectively killed the Put and Call Brokers and
Dealers Association. Subsequently, the increasing use of swaps facilitated a rebirth of the
customized over-the-counter options market. Currency options, a natural extension to cur-
rency swaps, were in much demand. Later, interest rate options emerged as a natural out-
growth of interest rate swaps. Soon bond, equity, and index options were trading in a
vibrant over-the-counter market. In contrast to the previous over-the-counter options mar-
ket, however, the current one emerged as a largely wholesale market. Transactions are usu-
ally made with institutions and corporations and are rarely conducted directly with
individuals. This market is much like the forward market described in Chapter 2, with deal-
ers offering to take either the long or short position in options and hedging that risk with
transactions in other options or derivatives. There are no guarantees that the seller will per-
form; hence, the buyer faces credit risk. As such, option buyers must scrutinize sellers’
credit risk and may require some risk reduction measures, such as collateral.

As previously noted, customized options have all of their terms—such as price, exer-
cise price, time to expiration, identification of the underlying, settlement or delivery terms,
size of the contract, and so on—determined by the two parties.

Like forward markets, over-the-counter options markets are essentially unregulated.
In most countries, participating firms, such as banks and securities firms, are regulated by
the appropriate authorities but there is usually no particular regulatory body for the over-
the-counter options markets. In some countries, however, there are regulatory bodies for
these markets.

Exhibit 4-3 provides information on the leading dealers in over-the-counter currency
and interest rate options as determined by Risk magazine in its annual surveys of banks and
investment banks and also end users.

EXHIBIT 4-3 Risk Magazine Surveys of Banks, Investment Banks, and Corporate
End Users to Determine the Top Three Dealers in Over-the-
Counter Currency and Interest Rate Options

Respondents

Currencies Banks and Investment Banks ~ Corporate End Users

Currency Options

$/€ UBS Warburg Citigroup
Citigroup/Deutsche Bank Royal Bank of Scotland
Deutsche Bank
S UBS Warburg Citigroup
Credit Suisse First Boston JP Morgan Chase
JP Morgan Chase/Royal Bank UBS Warburg
of Scotland )
$/£ Royal Bank of Scotland Royal Bank of Scotland
UBS Warburg Citigroup
Citigroup Hong Kong Shanghai Banking Corp.
$/SF UBS Warburg UBS Warburg
Credit Suisse First Boston Credit Suisse First Boston
Citigroup Citigroup
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3.2 EXCHANGE-
Listep OPTIONS
MARKETS

Interest Rate Options

$ JP Morgan Chase
Deutsche Bank
Bank of America

€ JP Morgan Chase

Bank of America

£ Barclays Capital
of Scotland

SF UBS Warburg
JP Morgan Chase

Societe Generale Groupe
Bank of America/Royal Bank

Credit Suisse First Boston/
Morgan Stanley

¥ JP Morgan Chase/Deutsche Bank

Credit Suisse First Boston

JP Morgan Chase
Citigroup

Deutsche Bank/L.ehman Brothers
JP Morgan Chase
Citigroup

UBS Warburg

UBS Warburg

Barclays Capital
Citigroup

Royal Bank of Scotland
Citigroup

Hong Kong Shanghai Banking Corp.

UBS Warburg
JP Morgan
Goldman Sachs

gory from its 2002 survey.

Notes: $ = U.S. dollar, € = euro, ¥ = Japanese yen, £ = UK. pound sterling, SF = Swiss franc

Source: Risk, September 2002, pp. 30-67 for Banks and Investment Banking dealer respondents, and June 2002, pp.
24-34 for Corporate End User respondents.

Results for Corporate End Users for Interest Rate Options are from Risk, July 2001, pp. 38—46. Risk omitted this cate-

As briefly noted above, the Chicago Board Options Exchange was formed in 1973. Created
as an extension of the Chicago Board of Trade, it became the first organization to offer a
market for standardized options. In the United States, standardized options also trade on the
Amex-Nasdag, the Philadelphia Stock Exchange, and the Pacific Stock Exchange.” On a
worldwide basis, standardized options are widely traded on such exchanges as LIFFE (the
London International Financial Futures and Options Exchange) in London, Eurex in Frank-
furt, and most other foreign exchanges. Exhibit 4-4 shows the 20 largest options exchanges

in the world. Note, perhaps surprisingly, that the leading options exchange is in Korea.

EXHIBIT 4-4 World’s 20 Largest Options Exchanges

Exchange and Location

Volume in 2001

Korea Stock Exchange (Korea)

MONEDP (France)
Eurex (Germany and Switzerland)

7 You may wonder why the New York Stock Exchange is not mentioned. Standardized options did trade on the
NYSE at one time but were not successful, and the right to trade these options was sold to another exchange.

Chicago Board Options Exchange (United States)

American Stock Exchange (United States)
Pacific Stock Exchange (United States)
Philadelphia Stock Exchange (United States)
Chicago Mercantile Exchange (United States)

854,791,792
306,667,851
285,667,686
239,016,516
205,103,884
102,701,752
101,373,433

95,740,352
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Amsterdam Exchange (Netherlands) 66,400,654
LIFFE (United Kingdom) 54,225,652
Chicago Board of Trade (United States) 50,345,068
OM Stockholm (Sweden) 39,327,619
South African Futures Exchange (South Africa) 24,307,477
MEFF Renta Variable (Spain) 23,628,446
New York Mercantile Exchange (United States) 17,985,109
Korea Futures Exchange (Korea) 11,468,991
Italian Derivatives Exchange (Italy) 11,045,804
Osaka Securities Exchange (Japan) 6,991,908
Bourse de Montreal (Canada) 5,372,930
Hong Kong Futures Exchange (China) 4,718,880
Note: Volume given is in number of contracts.

Source: Data supplied by Futures Industry magazine.

As described in Chapter 2 on futures, the exchange fixes all terms of standardized
instruments except the price. Thus, the exchange establishes the expiration dates and exer-
cise prices as well as the minimum price quotation unit. The exchange also determines
whether the option is European or American, whether the exercise is cash settlement or
delivery of the underlying, and the contract size. In the United States, an option contract
on an individual stock covers 100 shares of stock. Terminology such as “one option” is
often used to refer to one option contract, which is really a set of options on 100 shares of
stock. Index option sizes are stated in terms of a multiplier, indicating that the contract cov-
ers a hypothetical number of shares, as though the index were an individual stock. Similar
specifications apply for options on other types of underlyings.

The exchange generally allows trading in exercise prices that surround the current
stock price. As the stock price moves, options with exercise prices around the new stock
price are usually added. The majority of trading occurs in options that are close to being
at-the-money. Options that are far in-the-money or far out-of-the-money, called deep-in-
the-money and deep-out-of-the-money options, are usually not very actively traded and
are often not even listed for trading.

Most exchange-listed options have fairly short-term expirations, usually the current
month, the next month, and perhaps one or two other months. Most of the trading takes
place for the two shortest expirations. Some exchanges list options with expirations of sev-
eral years, which have come to be called LEAPS, for long-term equity anticipatory secu-
rities. These options are fairly actively purchased, but most investors tend to buy and hold
them and do not trade them as often as they do the shorter-term options.

The exchanges also determine on which companies they will list options for trading.
Although specific requirements do exist, generally the exchange will list the options of any
company for which it feels the options would be actively traded. The company has no
voice in the matter. Options of a company can be listed on more than one exchange in a
given country.

In Chapter 3, we described the manner in which futures are traded. The procedure is
very similar for exchange-listed options. Some exchanges have pit trading, whereby par-
ties meet in the pit and arrange a transaction. Some exchanges use electronic trading, in
which transactions are conducted through computers. In either case, the transactions are
guaranteed by the clearinghouse. In the United States, the clearinghouse is an independent
company called the Options Clearing Corporation or OCC. The OCC guarantees to the




168

Chapter 4 Option Markets and Contracts

buyer that the clearinghouse will step in and fulfill the obligation if the seller reneges at
exercise.

When the buyer purchases the option, the premium, which one might think would go
to the seller, instead goes to the clearinghouse, which maintains it in a margin account. In
addition, the seller must post some margin money, which is based on a formula that reflects
whether the seller has a position that hedges the risk and whether the option is in- or out-
of-the-money. If the price moves against the seller, the clearinghouse will force the seller
to put up additional margin money. Although defaults are rare, the clearinghouse has
always been successful in paying when the seller defaults. Thus, exchange-listed options
are effectively free of credit risk.

Because of the standardization of option terms and participants’ general acceptance
of these terms, exchange-listed options can be bought and sold at any time prior to expi-
ration. Thus, a party who buys or sells an option can re-enter the market before the option
expires and offset the position with a sale or a purchase of the identical option. From the
clearinghouse’s perspective, the positions cancel.

As in futures markets, traders on the options exchange are generally either market
makers or brokers. Some slight technical distinctions exist between different types of mar-
ket makers in different options markets, but the differences are minor and do not concern
us here. Like futures traders, option market makers attempt to profit by scalping (holding
positions very short term) to earn the bid—ask spread and sometimes holding positions
longer, perhaps closing them overnight or leaving them open for days or more.

When an option expires, the holder decides whether or not to exercise it. When the
option is expiring, there are no further gains to waiting, so in-the-money options are
always exercised, assuming they are in-the-money by more than the transaction cost of
buying or selling the underlying or arranging a cash settlement when exercising. Using our
example of the SUNW options, if at expiration the stock is at 16, the calls with an exercise
price of 15 would be exercised. Most exchange-listed stock options call for actual delivery
of the stock. Thus, the seller delivers the stock and the buyer pays the seller, through the
clearinghouse, $15 per share. If the exchange specifies that the contract is cash settled, the
seller simply pays the buyer $1. For puts requiring delivery, the buyer tenders the stock and
receives the exercise price from the seller. If the option is out-of-the-money, it simply
expires unexercised and is removed from the books. If the put is cash settled, the writer
pays the buyer the equivalent cash amount.

Some nonstandardized exchange-traded options exist in the United States. In an
attempt to compete with the over-the-counter options market, some exchanges permit some
options to be individually customized and traded on the exchange, thereby benefiting from
the advantages of the clearinghouse’s credit guarantee. These options are primarily avail-
able only in large sizes and tend to be traded only by large institutional investors.

Like futures markets, exchange-listed options markets are typically regulated at the
federal level. In the United States, federal regulation of options markets is the responsibil-
ity of the Securities and Exchange Commission; similar regulatory structures exist in other
countries.

4 TYPES OF OPTIONS

Almost anything with a random outcome can have an option on it. Note that by using the
word anything, we are implying that the underlying does not even need to be an asset. In
this section, we shall discover the different types of options, identified by the nature of the
underlying. Our focus in this book is on financial options, but it is important, nonetheless,
to gain some awareness of other types of options.
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4.1 FINANCIAL

OPTIONS

Financial options are options in which the underlying is a financial asset, an interest rate,
Or a currency.

4.1.1 Stock OPTIONS

Options on individual stocks, also called equity options, are among the most popular.
Exchange-listed options are available on most widely traded stocks and an option on any
stock can potentially be created on the over-the-counter market. We have already given
examples of stock options in an earlier section; we now move on to index options.

4.1.2 Inpex OPTIONS

Stock market indices are well known, not only in the investment community but also
among many individuals who are not even directly investing in the market. Because a stock
index is just an artificial portfolio of stocks, it is reasonable to expect that one could cre-
ate an option on a stock index. Indeed, we have already covered forward and futures con-
tracts on stock indices; options are no more difficult in structure.

For example, consider options on the S&P 500 Index, which trade on the Chicago
Board Options Exchange and have a designated index contract multiplier of 250. On 13
June of a given year, the S&P 500 closed at 1241.60. A call option with an exercise price
of $1,250 expiring on 20 July was selling for $28. The option is European style and settles
in cash. The underlying, the S&P 500, is treated as though it were a share of stock worth
$1,241.60, which can be bought, using the call option, for $1,250 on 20 July. At expira-
tion, if the option is in-the-money, the buyer exercises it and the writer pays the buyer the
$250 contract multiplier times the difference between the index value at expiration and
$1,250.

In the United States, there are also options on the Dow Jones Industrial Average, the
Nasdaq, and various other indices. There are nearly always options on the best-known
stock indices in most countries.

Just as there are options on stocks, there are also options on bonds.

4.1.3 Bonp OpTIONS

Options on bonds, usually called bond options, are primarily traded in the over-the-
counter markets. Options exchanges have attempted to generate interest in options on
bonds, but have not been very successful. Corporate bonds are not very actively traded;
most are purchased and held to expiration. Government bonds, however, are very actively
traded; nevertheless, options on them have not gained widespread acceptance on options
exchanges. Options exchanges generate much of their trading volume from individual
investors, who have far more interest in and understanding of stocks than bonds.

Thus, bond options are found almost exclusively in the over-the-counter market and
are almost always options on government bonds. Consider, for example, a U.S. Treasury
bond maturing in 27 years. The bond has a coupon of 5.50 percent, a yield of 5.75 percent,
and is selling for $0.9659 per $1 par. An over-the-counter options dealer might sell a put
or call option on the bond with an exercise price of $0.98 per $1.00 par. The option could
be European or American. Its expiration day must be significantly before the maturity date
of the bond. Otherwise, as the bond approaches maturity, its price will move toward par,
thereby removing much of the uncertainty in its price. The option could be specified to set-
tle with actual delivery of the bond or with a cash settlement. The parties would also spec-
ify that the contract covered a given notional principal, expressed in terms of a face value
of the underlying bond.

Continuing our exarmple, let us assume that the contract covers $5 million face value
of bonds and is cash settled. Suppose the buyer exercises a call option when the bond price
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is at $0.995. Then the option is in-the-money by $0.995 — $0.98 = $0.015 per $1 par. The
seller pays the buyer 0.015($5,000,000) = $75,000. If instead the contract called for
delivery, the seller would deliver $5 million face value of bonds, which would be
worth $5,000,000($0.995) = $4,975,000. The buyer would pay $5,000,000($0.98) =
$4,900,000. Because the option is created in the over-the-counter market, the option buyer
would assume the risk of the seller defaulting.

Even though bond options are not very widely traded, another type of related option
is widely used, especially by corporations. This family of options is called interest rate
options. These are quite different from the options we have previously discussed, because
the underlying is not a particular financial instrument.

4.1.4 INTEREST RATE OPTIONS

In Chapter 2, we devoted considerable effort to understanding the Eurodollar spot market
and forward contracts on the Eurodollar rate or LIBOR, called FRAs. In this chapter, we
cover options on LIBOR. Although these are not the only interest rate options, their char-
acteristics are sufficiently general to capture most of what we need to know about options
on other interest rates. First recall that a Eurodollar is a dollar deposited outside of the
United States. The primary Eurodollar rate is LIBOR, and it is considered the best mea-
sure of an interest rate paid in dollars on a nongovernmental borrower. These Eurodollars
represent dollar-denominated time deposits issued by banks in London borrowing from
other banks in London.

Before looking at the characteristics of interest rate options, let us set the perspec-
tive by recalling that FRAs are forward contracts that pay off based on the difference
between the underlying rate and the fixed rate embedded in the contract when it is con-
structed. For example, consider a 3 X 9 FRA. This contract expires in three months. The
underlying rate is six-month LIBOR. Hence, when the contract is constructed, the under-
lying Eurodollar instrument matures in nine months. When the contract expires, the pay-
off is made immediately, but the rate on which it is based, 180-day LIBOR, is set in the
spot market, where it is assumed that interest will be paid 180 days later. Hence, the pay-
off on an FRA is discounted by the spot rate on 180-day LIBOR to give a present value for
the payoff as of the expiration date.

Just as an FRA is a forward contract in which the underlying is an interest rate, an
interest rate option is an option in which the underlying is an interest rate. Instead of an
exercise price, it has an exercise rate (or strike rate), which is expressed on an order of
magnitude of an interest rate. At expiration, the option payoff is based on the difference
between the underlying rate in the market and the exercise rate. Whereas an FRA is a com-
mitment to make one interest payment and receive another at a future date, an interest rate
option is the right to make one interest payment and receive another. And just as there are
call and put options, there is also an interest rate call and an interest rate put.

An interest rate call is an option in which the holder has the right to make a known
interest payment and receive an unknown interest payment. The underlying is the unknown
interest rate. If the unknown underlying rate turns out to be higher than the exercise rate at
expiration, the option is in-the-money and is exercised; otherwise, the option simply
expires. An interest rate put is an option in which the holder has the right to make an
unknown interest payment and receive a known interest payment. If the unknown underly-
ing rate turns out to be lower than the exercise rate at expiration, the option is in-the-money
and is exercised; otherwise, the option simply expires. All interest rate option contracts
have a specified size, which, as in FRAs, is called the notional principal. An interest rate
option can be European or American style, but most tend to be European style. Interest rate
options are settled in cash. .
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(Notional Principal)Max(0,Underlying rate at expiration — Exercise rate)(

(Notional Principal)Max(0,Exercise rate — Underlying rate at expiration)(

As with FRAs, these options are offered for purchase and sale by dealers, which are
financial institutions, usually the same ones who offer FRAs. These dealers quote rates for
options of various exercise prices and expirations. When a dealer takes an option position,
it usually then offsets the risk with other transactions, often Eurodollar futures.

To use the same example we used in introducing FRAs, consider options expiring in
90 days on 180-day LIBOR. The option buyer specifies whatever exercise rate he desires. Let
us say he chooses an exercise rate of 5.5 percent and a notional principal of $10 million.

Now let us move to the expiration day. Suppose that 180-day LIBOR is 6 percent.
Then the call option is in-the-money. The payoff to the holder of the option is

($10,000,000)(0.06 — 0.055) (%) = $25,000

This money is not paid at expiration, however, it is paid 180 days later. There is no rea-
son why the payoff could not be made at expiration, as is done with an FRA. The delay of
payment associated with interest rate options actually makes more sense, because these
instruments are commonly used to hedge floating-rate loans in which the rate is set on a
given day but the interest is paid later. We shall see examples of the convenience of this
type of structure in Chapter 7.

Note that the difference between the underlying rate and the exercise rate is multi-
plied by 180/360 to reflect the fact that the rate quoted is a 180-day rate but is stated as an
annual rate. Also, the interest calculation is multiplied by the notional principal.

In general, the payoff of an interest rate call is

Days in underlying rate
360

) 4-1)

The expression Max(0,Underlying rate at expiration — Exercise rate) is similar to a form
that we shall commonly see throughout this chapter for all options. The payoff of a call
option at expiration is based on the maximum of zero or the underlying minus the exercise
rate. If the option expires out-of-the-money, then “Underlying rate at expiration — Exer-
cise rate” is negative; consequently, zero is greater. Thus, the option expires with no value.
If the option expires in-the-money, “Underlying rate at expiration — Exercise rate” is pos-
itive. Thus, the option expires worth this difference (inultiplied by the notional principal
and the Days/360 adjustment). The expression “Days in underlying rate,” which we used
in Chapter 2, refers to the fact that the rate is specified as the rate on an instrument of a
specific number of days to maturity, such as a 90-day or 180-day rate, thereby requiring
that we multiply by 90/360 or 180/360 or some similar adjustment.
For an interest rate put option, the general formula is

Days in underlying rate
360

) 4-2)

For an exercise rate of 5.5 percent and an underlying rate at expiration of 6 percent, an
interest rate put expires out-of-the-money. Only if the underlying rate is less than the exer-
cise rate does the put option expire in-the-money.

As noted above, borrowers often use interest rate call options to hedge the risk of ris-
ing rates on floating-rate loans. Lenders often use interest rate put options to hedge the risk
of falling rates on floating-rate loans. The form we have seen here, in which the option
expires with a single payoff, is not the more commonly used variety of interest rate option.
Floating-rate loans usually involve multiple interest payments. Each of those payments is
set on a given date. To hedge the risk of interest rates increasing, the borrower would need
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options expiring on each rate reset date. Thus, the borrower would require a combination
of interest rate call options. Likewise, a lender needing to hedge the risk of falling rates on
a multiple-payment floating-rate loan would need a combination of interest rate put
options.

A combination of interest rate calls is referred to as an interest rate cap or some-
times just a cap. A combination of interest rate puts is called an interest rate floor or
sometimes just a floor.® Specifically, an interest rate cap is a series of call options on an
interest rate, with each option expiring at the date on which the floating loan rate will be
reset, and with each option having the same exercise rate.” Each option is independent of
the others; thus, exercise of one option does not affect the right to exercise any of the oth-
ers. Each component call option is called a caplet. An interest rate floor is a series of put
options on an interest rate, with each option expiring at the date on which the floating loan
rate will be reset, and with each option having the same exercise rate. Each component put
option is called a floorlet. The price of an interest rate cap or floor is the sum of the prices
of the options that make up the cap or floor.

A special combination of caps and floors is called an interest rate collar. An inter-
est rate collar is a combination of a long cap and a short floor or a short cap and a long
floor. Consider a borrower in a floating rate loan who wants to hedge the risk of rising
interest rates but is concerned about the requirement that this hedge must have a cash out-
lay up front: the option premium. A collar, which adds a short floor to a long cap, is a way
of reducing and even eliminating the up-front cost of the cap. The sale of the floor brings
in cash that reduces the cost of the cap. It is possible to set the exercise rates such that the
price received for the sale of the floor precisely offsets the price paid for the cap, thereby
completely eliminating the up-front cost. This transaction is sometimes called a zero-cost
collar, The term is a bit misleading, however, and brings to mind the importance of noting
the true cost of a collar. Although the cap allows the borrower to be paid from the call
options when rates are high, the sale of the floor requires the borrower to pay the counter-
party when rates are low. Thus, the cost of protection against rising rates is the loss of the
advantage of falling rates. Caps, floors, and collars are popular instruments in the interest
rate markets. We shall explore strategies using them in Chapter 7.

Although interest rate options are primarily written on such rates as LIBOR, Euri-
bor, and Euroyen, the underlying can be any interest rate.

4,1.5 CuUrreNcy OPTIONS

As we noted in Chapter 2, the currency forward market is quite large. The same is true for
the currency options market. A currency option allows the holder to buy (if a call) or sell
(if a put) an underlying currency at a fixed exercise rate, expressed as an exchange rate.
Many companies, knowing that they will need to convert a currency X at a future date into
a currency Y, will buy a call option on currency Y specified in terms of currency X. For
example, say that a U.S. company will be needing €50 million for an expansion project in
three months. Thus, it will be buying euros and is exposed to the risk of the euro rising
against the dollar. Even though it has that concern, it would also like to benefit if the euro
weakens against the dollar. Thus, it might buy a call option on the euro. Let us say it spec-
ifies an exercise rate of $0.90. So it pays cash up front for the right to buy €50 million at
a rate of $0.90 per euro. If the option expires with the euro above $0.90, it can buy euros

8 1t is possible to construet caps and floors with options on any other type of underlying, but they are very
often used when the underlying is an interest rate.

® Technically, each option need not have the same exercise rate, but they generally do.
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4.2 OPTIONS ON
FUTURES

at $0.90 and avoid any additional cost over $0.90. If the option expires with the euro below
$0.90, it does not exercise the option and buys euros at the market rate.
Note closely these two cases:

Euro expires above 30.90
Company buys €50 million at $0.90

Euro expires at or below $0.90
Company buys €50 million at the market rate

These outcomes can also be viewed in the following manner:

Dollar expires below €1,1111, that is, €1 > $0.90
Company sells $45 million (€50 million X $0.90) at €1.1111, equivalent to
buying €50 million

Dollar expires above €1.1111, that is, €1 < $0.90
Company sells sufficient dollars to buy €50 million at the market rate

This transaction looks more like a put in which the underlying is the dollar and the exer-
cise rate is expressed as €1.1111, Thus, the call on the euro can be viewed as a put on the
dollar. Specifically, a call to buy €50 million at an exercise price of $0.90 is also a put to
sell €50 million X $0.90 = $45 million at an exercise price of 1/$0.90, or €1.1111.

Most foreign currency options activity occurs on the customized over-the-counter
markets. Some exchange-listed currency options trade on a few exchanges, but activity is
fairly low.

In Chapter 2 we covered futures markets. One of the important innovations of futures mar-
kets is options on futures. These contracts originated in the United States as a result of a
regulatory structure that separated exchange-listed options and futures markets. The for-
mer are regulated by the Securities and Exchange Commission, and the latter are regulated
by the Commodity Futures Trading Commission (CFTC). SEC regulations forbid the trad-
ing of options side by side with their underlying instruments. Options on stocks trade on
one exchange, and the underlying trades on another or on Nasdagq.

The futures exchanges got the idea that they could offer options in which the under-
lying is a futures contract; no such prohibitions for side-by-side trading existed under
CFTC rules. As a result, the futures exchanges were able to add an attractive instrument to
their product lines. The side-by-side trading of the option and its underlying futures made
for excellent arbitrage linkages between these instruments. Moreover, some of the options
on futures are designed to expire on the same day the underlying futures expires. Thus, the
options on the futures are effectively options on the spot asset that underlies the futures.

A call option on a futures gives the holder the right to enter into a long futures contract
at a fixed futures price. A put option on a futures gives the holder the right to enter into a short
futures contract at a fixed futures price. The fixed futures price is, of course, the exercise price.
Consider an option on the Eurodollar futures contract trading at the Chicago Mercantile
Exchange. On 13 June of a particular year, an option expiring on 13 July was based on the
July Eurodollar futures contract. That futures contract expires on 16 July, a few days after the
option expires.'® The call option with exercise price of 95.75 had a price of $4.60. The under-
lying futures price was 96.21. Recall that this price is the IMM index value, which means that
the price is based on a discount rate of 100 — 96.21 = 3.79. The contract size is $1 million.

19 Some options on futures expire a month or so before the futures expires. Others expire very close to, if not
at, the futures expiration.
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4.3 CommobITy
OPTIONS

4.4 OTHER TYPES
ofF OPTIONS

The buyer of this call option on a futures would pay 0.046($1,000,000) = $46,000
and would obtain the right to buy the July futures contract at a price of 95.75. Thus, at that
time, the option was in the money by 96.21 — 95.75 = 0.46 per $100 face value. Suppose
that when the option expires, the futures price is 96.00. Then the holder of the call would
exercise it and obtain a long futures position at a price of 95.75. The price of the underly-
ing futures is 96.00, so the margin account is immediately marked to market with a credit
of 0.25 or $625.!" The party on the short side of the contract is immediately set up with a
short futures contract at the price of 95.75. That party will be charged the $625 gain that
the long made. If the option is a put, exercise of it establishes a short position. The
exchange assigns the put writer a long futures position.

Options in which the asset underlying the futures is a commodity, such as oil, gold, wheat,
or soybeans, are also widely traded. There are exchange-traded as well as over-the-counter
versions. Over-the-counter options on oil are widely used.

Our focus in this book is on financial instruments so we will not spend any time on
commodity options, but readers should be aware of the existence and use of these instru-
ments by companies whose business involves the buying and selling of these commodities.

As derivative markets develop, options (and even some other types of derivatives) have
begun to emerge on such underlyings as electricity, various sources of energy, and even
weather. These instruments are almost exclusively customized over-the-counter instru-
ments. Perhaps the most notable feature of these instruments is how the underlyings are g
often instruments that cannot actually be held. For example, electricity is not considered a
storable asset because it is produced and almost immediately consumed, but it is nonethe-
less an asset and certainly has a volatile price. Consequently, it is ideally suited for options
and other derivatives trading.

Consider weather. It is hardly an asset at all but simply a random factor that exerts
an enormous influence on economic activity. The need to hedge against and speculate on
the weather has created a market in which measures of weather activity, such as economic
losses from storms or average temperature or rainfall, are structured into a derivative
instrument. Option versions of these derivatives are growing in importance and use. For
example, consider a company that generates considerable revenue from outdoor summer
activities, provided that it does not rain. Obviously a certain amount of rain will occur, but
the more rain, the greater the losses for the company. It could buy a call option on the
amount of rainfall with the exercise price stated as a quantity of rainfall. If actual rainfall
exceeds the exercise price, the company exercises the option and receives an amount of
money related to the excess of the rainfall amount over the exercise price.

Another type of option, which is not at all new but is increasingly recognized in prac-
tice, is the real option. A real option is an option associated with the flexibility inherent in cap-
ital investment projects. For example, companies may invest in new projects that have the |
option to defer the full investment, expand or contract the project at a later date, or even ter- |
minate the project. In fact, most capital investment projects have numerous elements of flex- |

"' If the contract is in-the-money by 96 — 95.75 = 0.25 per $100 par, it is in-the-money by 0.25/100 =
0.0025, or 0.25 percent of the face value. Because the face value is $1 million, the contract is in the money by
(0.0025)(90/360)($1,000,000) = $625. (Note the adjustment by 90/360.) Another way to look at this
calculation is that the futures price at 95.75 is 1 — (0.0425)(90/360) = $0.989375 per $1 par, or $989,375. At
96, the futures price is 1 — 0.04(90/360) = $0.99 per $1 par or $990,000. The difference is $625. So,
exercising this option is like entering into a futures contract at a price of $989,375 and having the price
immediately go to $990,000, a gain of $625. The call holder must deposit money to meet the Eurodollar
futures margin, but the exercise of the option gives him $625. In other words, assuming he meets the minimum

initial margin requirement, he is immediately credited with $625 more.
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ibility that can be viewed as options. Of course, these options do not trade in markets the same
way as financial and commodity options, and they must be evaluated much more carefully.
They are, nonetheless, options and thus have the potential for generating enormous value.

Again, our emphasis is on financial options, but readers should be aware of the grow-
ing role of these other types of options in our economy. Investors who buy shares in com-
panies that have real options are, in effect, buying real options. In addition, commodity and
other types of options are sometimes found in investment portfolios in the form of “alter-
native investments” and can provide significant diversification benefits.

To this point, we have examined characteristics of options markets and contracts.
Now we move forward to the all-important topic of how options are priced.

5 PRINCIPLES OF OPTION PRICING

In Chapters 2 and 3, we discussed the pricing and valuation of forward and futures con-
tracts. Recall that the value of a contract is what someone must pay to buy into it or what
someone would receive to sell out of it. A forward or futures contract has zero value at the
start of the contract, but the value turns positive or negative as prices or rates change. A
contract that has positive value to one party and negative value to the counterparty can turn
around and have negative value to the former and positive value to the latter as prices or
rates change. The forward or futures price is the price that the parties agree will be paid on
the future date to buy and sell the underlying.

With options, these concepts are different. An option has a positive value at the start.
The buyer must pay money and the seller receives money to initiate the contract. Prior to
expiration, the option always has positive value to the buyer and negative value to the
seller. In a forward or futures contract, the two parties agree on the fixed price the buyer
will pay the seller. This fixed price is set such that the buyer and seller do not exchange
any money. The corresponding fixed price at which a call holder can buy the underlying
or a put holder can sell the underlying is the exercise price. It, too, is negotiated between
buyer and seller but still results in the buyer paying the seller money up front in the form
of an option premium or price.'?

Thus, what we called the forward or futures price corresponds more to the exercise
price of an option. The option price is the option value: With a few exceptions that will be
clearly noted, in this chapter we do not distinguish between the option price and value.

In this section of the chapter, we examine the principles of option pricing. These prin-
ciples are characteristics of option prices that are governed by the rationality of investors.
These principles alone do not allow us to calculate the option price. We do that in Section 6.

Before we begin, it is important to remind the reader that we assume all participants
in the market behave in a rational manner such that they do not throw away money and that
they take advantage of arbitrage opportunities. As such, we assume that markets are suffi-
ciently competitive that no arbitrage opportunities exist.

Let us start by developing the notation, which is very similar to what we have used
previously. Note that time 0 is today and time T is the expiration.

So, St = price of the underlying asset at time O (today) and time T (expiration)

X = exercise price

r risk-free rate

'2 For a call, there is no finite exercise price that drives the option price to zero. For a put, the unrealistic
example of a zero exercise price would make the put price be zero.
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5.1 PAYOFF
VALUES

T = time to expiration, equal to number of days to expiration divided by 365
co, ¢t = price of European call today and at expiration
Cy, Ct = price of American call today and at expiration
pos Pr = price of European put today and at expiration

Py, Py = price of American put today and at expiration

On occasion, we will introduce some variations of the above as well as some new notation,
For example, we start off with no cash flows on the underlying, but we shall discuss the
effects of cash flows on the underlying in Section 5.7.

The easiest time to determine an option’s value is at expiration. At that point, there is no
future. Only the present matters. An option’s value at expiration is called its payoff. We
introduced this material briefly in our basic descriptions of types of options; now we cover
it in more depth.

At expiration, a call option is worth either zero or the difference between the under-
lying price and the exercise price, whichever is greater:

Cr = Max(O,ST - X) 4-3)
Cr = Max(0,5t — X)

Note that at expiration, a European option and an American option have the same payoff
because they are equivalent instruments at that point.

The expression Max(0,St — X) means to take the greater of zero or St — X. Sup-
pose the underlying price exceeds the exercise price, St > X. In this case, the option is
expiring in-the-money and the option is worth St — X. Suppose that at the instant of expi-
ration, it is possible to buy the option for less than St — X. Then one could buy the option,
immediately exercise it, and immediately sell the underlying. Doing so would cost ¢t (or
Cq) for the option and X to buy the underlying but would bring in St for the sale of the
underlying. If ¢y (or Cp) < St — X, this transaction would net an immediate risk-free
profit. The collective actions of all investors doing this would force the option price up to
St — X. The price could not go higher than St — X, because all that the option holder
would end up with an instant later when the option expires is St — X. If S; < X, mean-
ing that the call is expiring out-of-the-money, the formula says the option should be worth
zero. It cannot sell for less than zero because that would mean that the option seller would
have to pay the option buyer. A buyer would not pay more than zero, because the option
will expire an instant later with no value.

At expiration, a put option is worth either zero or the difference between the exercise
price and the underlying price, whichever is greater:

pr = Max(0,X — Sy) 4-4)
Pr = Max(0,X — St)

Suppose St < X, meaning that the put is expiring in-the-money. At the instant of expira-
tion, suppose the put is selling for less than X — S. Then an investor buys the put for pr
(or P1) and the underlying for St and exercises the put, receiving X. If pr (or P1) < X —
St, this transaction will net an immediate risk-free profit. The combined actions of partic-
ipants doing this will force the put price up to X — Sr. It cannot go any higher, because
the put buyer will end up an instant later with only X — St and would not pay more than
this. If St > X, meaning that the put is expiring out-of the-money, it is worth zero. It can-

not be worth less than zero because the option seller would have to pay the option buyer.
- e e I |
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It cannot be worth more than zero because the buyer would not pay for a position that, an
instant later, will be worth nothing.

These important results are summarized along with an example in Exhibit 4-5. The
payoff diagrams for the short positions are also shown and are obtained as the negative of
the long positions. For the special case of St = X, meaning that both call and put are expir-
ing at-the-money, we can effectively treat the option as out-of-the-money because it is
worth zero at expiration.

EXHIBIT 4-5 Option Values at Expiration (Payoffs)

Example (X = 50)
Option Value St =52 S =48

European call cr = Max(0,Sr — X) c¢r = Max(0,52 — 50) =2 c¢r = Max(0,48 — 50)=0
American call Cr = Max(0,Sr — X) Cr = Max(0,52 — 50) =2 Cr = Max(0,48 — 50) = 0
European put pr = Max(0,X — St) pr = Max(0,50 — 52) = 0 pr = Max(0,50 — 48) =2
American put Pr = Max(0,X — St) Pr = Max(0,50 — 52) =0 P = Max(0,50 — 48) =2

Notes: Results for the European and American calls correspond to Graph A. Results for Graph B are the negative of
Graph A. Results for the European and American puts correspond to Graph C, and results for Graph D are the nega-

tive of Graph C.
Value A. Long Cail Value B. Short Call
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The value Max(0,St — X) for calls or Max(0,X — S+) for puts is also called the option’s
intrinsic value or exercise value. We shall use the former terminology. Intrinsic value is what
the option is worth to exercise it based on current conditions. In this section, we have talked
only about the option at expiration. Prior to expiration, an option will normally sell for more
than its intrinsic value.'® The difference between the market price of the option and its intrin-
sic value is called its time value or speculative value. We shall use the former terminology.
The time value reflects the potential for the option’s intrinsic value at expiration to be greater
than its current intrinsic value. At expiration, of course, the time value is zero.

PRACTICE PROBLEM 1

For Parts A through E, determine the payoffs of calls and puts under the conditions
given.

A. The underlying is a stock index and is at 5,601.19 when the options expire. The
multiplier is 500. The exercise price is
i. 5,500
ii. 6,000

B. The underlying is a bond and is at $1.035 per $1 par when the options expire.
The contract is on $100,000 face value of bonds. The exercise price is
i. $1.00
ii. $1.05

C. The underlying is a 90-day interest rate and is at 9 percent when the options
expire. The notional principal is $50 million. The exercise rate is
i. 8 percent
ii. 10.5 percent

D. The underlying is the Swiss franc and is at $0.775 when the options expire. The
options are on SF500,000. The exercise price is
i. $0.75
ii. $0.81

E. The underlying is a futures contract and is at 110.5 when the options expire. The
options are on a futures contract covering $1 million of the underlying. These
prices are percentages of par. The exercise price is

i. 110

ii. 115
For Parts F and G, determine the payoffs of the strategies indicated and describe the
payoff graph.

F. The underlying is a stock priced at $40. A call option with an exercise price of
$40 is selling for $7. You buy the stock and sell the call. At expiration, the stock
price is

i. $52
ii. $38

13 We shall later see an exception to this statement for European puts, but for now take it as the truth.

Y SN
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5.2 BOUNDARY
CONDITIONS

G. The underlying is a stock priced at $60. A put option with an exercise price of $60
is priced at $5. You buy the stock and buy the put. At expiration, the stock price is

i. $68
ii. $50
SOLUTIONS
A. I Calls: Max(0,5601.19 — 5500) X 500 = 50,595
Puts: Max(0,5500 — 5601.19) X 500 = 0
ii. Calls: Max(0,5601.19 — 6000) X 500 = 0
Puts: Max(0,6000 — 5601.19) X 500 = 199,405
B. i. Calls: Max(0,1.035 — 1.00) X $100,000 = $3,500
Puts: Max(0,1.00 — 1.035) X $100,000 = $0
ii. Calls: Max(0,1.035 — 1.05) X $100,000 = $0
Puts: Max(0,1.05 — 1.035) X $100,000 = $1,500
C. i. Calls: Max(0,0.09 — 0.08) X (90/360) X $50,000,000 = $125,000
Puts: Max(0,0.08 — 0.09) X (90/360) X $50,000,000 = $0
ii. Calls: Max(0,0.09 — 0.105) X (90/360) X $50,000,000 = $0
Puts: Max(0,0.105 — 0.09) X (90/360) X $50,000,000 = $187,500
D. i. Calls: Max(0,0.775 — 0.75) X SF500,000 = SF12,500
Puts: Max(0,0.75 — 0.775) X SF500,000 = SFO
ii. Calls: Max(0,0.775 — 0.81) X SF500,000 = SF0
Puts: Max(0,0.81 — 0.775) X SF500,000 = SF17,500
E. i. Calls: Max(0,110.5 — 110) X (1/100) X $1,000,000 = $5,000
Puts: Max(0,110 — 110.5) X (1/100) X $1,000,000 = $0
ii. Calls: Max(0,110.5 — 115) X (1/100) X $1,000,000 = $0
Puts: Max(0,115 — 110.5) X (1/100) X $1,000,000 = $45,000

F. i.52 — Max(0,52 — 40) = 40
ii. 38 — Max(0,38 — 40) = 38
For any value of the stock price at expiration of 40 or above, the payoff is constant
at 40. For stock price values below 40 at expiration, the payoff declines with the
stock price. The graph would look similar to the short put in Panel D of Exhibit 4-
5. This strategy is known as a covered call and is discussed in Chapter 7.

G. i. 68 + Max(0,60 — 68) = 68
ii. 50 + Max(0,60 — 50) = 60
For any value of the stock price at expiration of 60 or below, the payoff is con-
stant at 60. For stock price values above 60 at expiration, the payoff increases
with the stock price at expiration. The graph will look similar to the long call in
Panel A of Exhibit 4-5. This strategy is known as a protective put and is covered
later in this chapter and in Chapter 7.

There is no question that everyone agrees on the option’s intrinsic value; after all, it
is based on the current stock price and exercise price. It is the time value that we have more
difficulty estimating. So remembering that Option price = Intrinsic value + Time value, let
us move forward and attempt to determine the value of an option today, prior to expiration.

We start by examining some simple results that establish minimum and maximum values
for options prior to expiration.
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5.2.1 MINIMUM AND MAXIMUM VALUES

The first and perhaps most obvious result is one we have already alluded to: The minimum
value of any option is zero. We state this formally as

Co = 0, Co =0 (4'5)
Po = 0, PO =0

No option can sell for less than zero, for in that case the writer would have to pay the buyer.

Now consider the maximum value of an option. It differs somewhat depending on
whether the option is a call or a put and whether it is European or American. The maxi-
mum value of a call is the current value of the underlying:

€ = 8o, Co = Sp (4-6)

A call is a means of buying the underlying. It would not make sense to pay more for the
right to buy the underlying than the value of the underlying itself.

For a put, it makes a difference whether the put is European or American. One way
to see the maximum value for puts is to consider the best possible outcome for the put
holder. The best outcome is that the underlying goes to a value of zero. Then the put holder
could sell a worthless asset for X. For an American put, the holder could sell it immedi-
ately and capture a value of X. For a European put, the holder would have to wait until
expiration; consequently, we must discount X from the expiration day to the present. Thus,
the maximum value of a European put is the present value of the exercise price. The max-
imum value of an American put is the exercise price,

Po=X/(1+nT,Pp=X 4-7)
where r is the risk-free interest rate and T is the time to expiration. These results for the

maximums and minimums for calls and puts are summarized in Exhibit 4-6, which also
includes a numerical example.

EXHIBIT 4-6 Minimum and Maximum Values of Options

Minimum Maximum Example (Sq = 52, X = 50,
Option Value Value r= 5%, T = 1/2 year)
European call co=0 =S 0=c¢3=52
American call Co=0 Co=Sg 0=Cy=52
European put po=0 po = X/(1 + 98 0 < py, = 48.80 [48.80 = 50/(1.05)7]
American put Py=0 Pp=X 0=Py=50

5.2.2 Lower Bounps

The results we established in Section 5.2.1 do not put much in the way of restrictions on
the option price. They tell us that the price is somewhere between zero and the maximum.
which is either the underlying price, the exercise price, or the present value of the exercise
price—a fairly wide range of possibilities. Fortunately, we can tighten the range up a little
on the low side: We can establish a lower bound on the option price.
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For American options, which are exercisable immediately, we can state that the
lower bound of an American option price is its current intrinsic value:'*

Co = Max(0,Sy — X) (4-8)
Py = Max(0,X — Sp)

The reason these results hold today is the same reason we have already shown for why they
must hold at expiration. If the option is in-the-money and is selling for less than its intrin-
sic value, it can be bought and exercised to net an immediate risk-free profit.!> The col-
lective actions of market participants doing this will force the American option price up to
at least the intrinsic value.

Unfortunately, we cannot make such a statement about European options—but we
can show that the lower bound is either zero or the current underlying price minus the pres-
ent value of the exercise price, whichever is greater. They cannot be exercised early; thus,
there is no way for market participants to exercise an option selling for too little with
respect to its intrinsic value. Fortunately, however, there is a way to establish a lower
bound for European options. We can combine options with risk-free bonds and the under-
lying in such a way that a lower bound for the option price emerges.

First, we need the ability to buy and sell a risk-free bond with a face value equal to
the exercise price and current value equal to the present value of the exercise price. This
procedure is simple but perhaps not obvious. If the exercise price is X (say, 100), we buy
a bond with a face value of X (100) maturing on the option expiration day. The current
value of that bond is the present value of X, which is X/(1 + r)T. So we buy the bond today
for X/(1 + r)" and hold it until it matures on the option expiration day, at which time it
will pay off X. We assume that we can buy or sell (issue) this type of bond. Note that this
transaction involves borrowing or lending an amount of money equal to the present value
of the exercise price with repayment of the full exercise price.

Exhibit 4-7 illustrates the construction of a special combination of instruments. We
buy the European call and the risk-free bond and sell short the underlying asset. Recall that
short selling involves borrowing the asset and selling it. At expiration, we shall buy back

EXHIBIT 4-7 A Lower Bound Combination for European Calls

Value at Expiration

Transaction Current Value St =X St > X
Buy call Co 0 St— X
Sell short underlying —So =St =St
Buy bond X1+ 0T X X
Total co— So+ X1 + 1T X—-8r=0 0

'* Normally we have italicized sentences containing important results. This one, however, is a little different:
We are stating it temporarily. We shall soon show that we can override one of these results with a lower bound
that is higher and, therefore, is a better lower bound.

'3 Consider, for example, an in-the-money call selling for less than S, — X. One can buy the call for C,,
exercise it, paying X, and sell the underlying netting a gain of S — X — Cq. This value is positive and
represents an immediate risk-free gain. If the option is an in-the-money put selling for less than X — S,, one
can buy the put for Py, buy the underlying for So, and exercise the put to receive X, thereby netting an
immediate risk-free gain of X — Sy — Py,
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the asset. In order to illustrate the logic behind the lower bound for a European call in the
simplest way, we assume that we can sell short without any restrictions.

In Exhibit 4-7 the two right-hand columns contain the value of each instrument when
the option expires. The rightmost column is the case of the call expiring in-the-money, in
which case it is worth St — X. In the other column, the out-of-the-money case, the call is
worth zero. The underlying is worth —St (the negative of its current value) in either case,
reflecting the fact that we buy it back to cover the short position. The bond is worth X in both
cases. The sum of all the positions is positive when the option expires out-of-the-money and
zero when the option expires in-the-money. Therefore, in no case does this combination of
instruments have a negative value. That means that we never have to pay out any money at
expiration. We are guaranteed at least no loss at expiration and possibly something positive.

If there is a possibility of a positive outcome from the combination and if we know we
shall never have to pay anything out from holding a combination of instruments, the cost of
that combination must be positive-—it must cost us something to enter into the position. We
cannot take in money to enter into the position. In that case, we would be receiving money up
front and never having to pay anything out. The cost of entering the position is shown in the
second column, labeled the “Current Value.” Because that value must be positive, we there-
fore require that ¢y — Sy + X/1 + )T = 0. Rearranging this equation, we obtain ¢y = Sy —
X/(1 + 1)". Now we have a statement about the minimum value of the option, which can serve
as a lower bound. This result is solid, because if the call is selling for less than Sg — X/(1 +
1), an investor can buy the call, sell short the underlying, and buy the bond. Doing so would
bring in money up front and, as we see in Exhibit 4-7, an investor would not have to pay out
any money at expiration and might even get a little more money. Because other investors
would do the same, the call price would be forced up until it is at least So — X/(1 + )"

But we can improve on this result. Suppose So — X/(1 + )" is negative. Then we
are stating that the call price is greater than a negative number. But we already know that
the call price cannot be negative. So we can now say that

Co = Max[0,So — X/(1 + 7]

In other words, the lower bound on a European call price is either zero or the underlying
price minus the present value of the exercise price, whichever is greater. Notice how this
lower bound differs from the minimum value for the American call, Max(0,S; — X). For
the European call, we must wait to pay the exercise price and obtain the underlying. There-
fore, the expression contains the current underlying value—the present value of its future
value—as well as the present value of the exercise price. For the American call, we do not
have to wait until expiration; therefore, the expression reflects the potential to immediately
receive the underlying price minus the exercise price. We shall have more to say, however,
about the relationship between these two values.

To illustrate the lower bound, let X = 50, r = 0.05, and T = 0.5. If the current under-
lying price is 45, then the lower bound for the European call is

Max[0,45 — 50/(1.05)°°] = Max(0,45 — 48.80) = Max(0,—3.80) = 0

All this calculation tells us is that the call must be worth no less than zero, which we already
knew. If the current underlying price is 54, however, the lower bound for the European call is

Max(0,54 — 48.80) = Max(0,5.20) = 5.20
which tells us that the call must be worth no less than 5.20. With European puts, we can

also see that the lower bound differs from the lower bound on American puts in this same ;
use of the present value of the exercise price. i
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EXHIBIT 4-8 A Lower Bound Combination for European Puts

Value at Expiration
Transaction Current Value St <X St=X
Blly put Po X - ST 0
Buy underlying So St St
Issue bond XK1+ 1)’ -X -X
Total Po + So — X/(1 + )T 0 Sr—X=0

Exhibit 4-8 constructs a similar type of portfolio for European puts. Here, however,
we buy the put and the underlying and borrow by issuing the zero-coupon bond. The pay-
oft of each instrument is indicated in the two rightmost columns. Note that the total pay-
off is never less than zero. Consequently, the initial value of the combination must not be
less than zero. Therefore, py + So — X/(1 + r)" = 0. Isolating the put price gives us py =
X/(1 + T — S, But suppose that X/(1 + r)T — S, is negative. Then, the put price must
be greater than a negative number. We know that the put price must be no less than zero.
So we can now formally say that

po = Max[0,X/(1 + )T — S,)

In other words, the lower bound of a European put is the greater of either zero or the pres-
ent value of the exercise price minus the underlying price. For the American put, recall that
the expression was Max(0,X — Sy). So for the European put, we adjust this value to the
present value of the exercise price. The present value of the asset price is already adjusted
to S,,.

Using the same example we did for calls, let X = 50, r = 0.05, and T = 0.5. If the
current underlying price is 45, then the lower bound for the European put is

Max(0,50/(1.05)"> — 45) = Max(0,48.80 — 45) = Max(0,3.80) = 3.80
If the current underlying price is 54, however, the lower bound is
Max(0,48.80 — 54) = Max(0,—5.20) = 0

At this point let us reconsider what we have found. The lower bound for a European
call is Max[0,S, — X/(1 + r)T]. We also observed that an American call must be worth at
least Max(0,S; — X). But except at expiration, the European lower bound is greater than
the minimum value of the American call.'® We could not, however, expect an American
call to be worth less than a European call. Thus the lower bound of the European call holds
for American calls as well. Hence, we can conclude that

co = Max[0,S, — X/(1 + 1] 4-9)
Co = Max[0,S, — X/(1 + )]

'S We discuss this point more formally and in the context of whether it is ever worthwhile to exercise an
American call early in Section 5.6.
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5.3 Tue EFFecT OF
A DIFFERENCE IN
Exercise PRICE

For European puts, the lower bound is Max[0,X/(1 + 1)T — Sol. For American puts, the
minimum price is Max(0,X — Sp). The European lower bound is lower than the minimum
price of the American put, so the American put lower bound is not changed to the Euro-
pean lower bound, the way we did for calls. Hence,

Po = Max[0,X/(1 + )T — S¢] (4-10)
Py = Max(0,X — Sp)

These results tell us the lowest possible price for European and American options.

Recall that we previously referred to an option price as having an intrinsic value and
a time value. For American options, the intrinsic value is the value if exercised, Max(0,S,
— X) for calls and Max(0,X — S;) for puts. The remainder of the option price is the time
value. For European options, the notion of a time value is somewhat murky, because it first
requires recognition of an intrinsic value. Because a European option cannot be exercised
until expiration, in a sense, all of the value of a European option is time value. The notion
of an intrinsic value and its complement, a time value, is therefore inappropriate for Euro-
pean options, though the concepts are commonly applied to European options. Fortunately,
understanding European options does not require that we separate intrinsic value from
time value. We shall include them together as they make up the option price.

PRACTICE PROBLEM 2

Consider call and put options expiring in 42 days, in which the underlying is at 72
and the risk-free rate is 4.5 percent. The underlying makes no cash payments during
the life of the options.

A. Find the lower bounds for European calls and puts with exercise prices of 70
and 75.

B. Find the lower bounds for American calls and puts with exercise prices of 70
and 75.

SOLUTIONS

A. 70 call: Max[0,72 — 70/(1.045)°!1%!] = Max(0,2.35) = 2.35
75 call: Max[0,72 — 75/(1.045)*!"°'] = Max(0,—2.62) = 0
70 put: Max[0,70/(1.045)°''>! — 72] = Max(0,—2.35) = 0
75 put: Max[0,75/(1.045)°113" — 72] = Max(0,2.62) = 2.62

B. 70 call: Max[0,72 — 70/(1.045)%!'%!] = Max(0,2.35) = 2.35
75 call: Max[0,72 — 75/(1.045)%115"] = Max(0,—2.62) = 0
70 put: Max(0,70 — 72) = 0
75 put: Max(0,75 — 72) = 3

Now consider two options on the same underlying with the same expiration day but dif-
ferent exercise prices. Generally, the higher the exercise price, the lower the value of a call
and the higher the price of a put. To see this, let the two exercise prices be X, and X, with
X, being the smaller. Let co(X,) be the price of a European call with exercise price X, and

co(X2) be the price of a European call with exercise price X,. We refer to these as the X;
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call and the X, call. In Exhibit 4-9, we construct a combination in which we buy the X,
call and sell the X, call.'”

EXHIBIT 4-9 Portfolio Combination for European Calls Illustrating the Effect of
Differences in Exercise Prices

Value at Expiration

Transaction Current Value  Sy=X; X, <S55:<X, Sr= X,

Buy call (X = Xl) CQ(X]) 0 ST - X] ST - Xl

Sell call (X = X5) —co(X2) 0 0 —(St — X3)
Total C()(X]) - Co(X2) 0 ST - X] >0 X2 - Xl >0

Note first that the three outcomes are all non-negative. This fact establishes that the cur-
rent value of the combination, co(X;) — co(X5) has to be non-negative. We have to pay out
at least as much for the X, call as we take in for the X, call; otherwise, we would get
money up front, have the possibility of a positive value at expiration, and never have to pay
any money out. Thus, because co(X;) — co(X;) = 0, we restate this result as

co(X) = ¢co(X3)

This expression is equivalent to the statement that a call option with a higher exercise
price cannot have a higher value than one with a lower exercise price. The option with the
higher exercise price has a higher hurdle to get over; therefore, the buyer is not willing to
pay as much for it. Even though we demonstrated this result with European calls, it is also
true for American calls. Thus,'®

Co(X1) = Co(X2)
In Exhibit 4-10 we construct a similar portfolio for puts, except that we buy the X,

put (the one with the higher exercise price) and sell the X, put (the one with the lower
exercise price).

EXHIBIT 4-10 Portfolio Combination for European Puts lllustrating the Effect of
Differences in Exercise Prices

Value at Expiration

Transaction Current Value St =X X1 <5< Xy S1=X;

Buy put (X = X3)  po(X2) X, — St X, — Sr 0

Sell put (X = X,) —poX1) —(Xi; = S 0 0
Total po(X2) = po(X1) X=X, >0 X, =S¢ >0 0

17 In Chapter 7, when we cover option strategies, this transaction will be known as a bull spread.

18 1t is possible to use the results from this table to establish a limit on the difference between the prices of
these two options, but we shall not do so here.
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5.4 Tue EFFecT OF
A DIFFERENCE IN
TIME TO EXPIRATION

Observe that the value of this combination is never negative at expiration; therefore, it
must be non-negative today. Hence, po(X5) — po(X;) = 0. We restate this result as

po(X2) = po(Xy)

Thus, the value of a European put with a higher exercise price must be at least as great as
the value of a European put with a lower exercise price. These results also hold for Amer-
ican puts. Therefore,

Po(X2) = Py(Xy)

Even though it is technically possible for calls and puts with different exercise prices
to have the same price, generally we can say that the higher the exercise price, the lower the
price of a call and the higher the price of a put. For example, refer back to Exhibit 4-1 and
observe how the most expensive calls and least expensive puts have the lower exercise prices.

Option prices are also affected by the time to expiration of the option. Intuitively, one
might expect that the longer the time to expiration, the more valuable the option. A longer-
term option has more time for the underlying to make a favorable move. In addition, if the
option is in-the-money by the end of a given period of time, it has a better chance of mov-
ing even further in-the-money over a longer period of time. If the additional time gives it
a better chance of moving out-of-the-money or further out-of-the-money, the limitation of
losses to the amount of the option premium means that the disadvantage of the longer time
is no greater. In most cases, a longer time to expiration is beneficial for an option. We will
see that longer-term American and European calls and longer-term American puts are
worth no less than their shorter-term counterparts.

First let us consider each of the four types of options: European calls, American calls,
European puts, and American puts. We shall introduce options otherwise identical except
that one has a longer time to expiration than the other. The one expiring earlier has an expi-
ration of T, and the one expiring later has an expiration of T». The prices of the options are
co(T)) and co(T,) for the European calls, Co(T;) and Co(T>) for the American calls, po(T;)
and po(T>) for the European puts, and Po(T,) and Py(T;) for the American puts.

When the shorter-term call expires, the European call is worth Max(0,St, — X), but
we have already shown that the longer-term European call is worth ar least Max(0,St, —
X/(1 + 1)™ ), which is at least as great as this amount.'® Thus, the longer-term Euro-
pean call is worth at least the value of the shorter-term European call. These results are not
altered if the call is American. When the shorter-term American call expires, it is worth
Max(0,St, — X). The longer-term American call must be worth at least the value of the
European call, so it is worth at least Max[0,S — X/(1 + r)"™>"']. Thus, the longer-term call,
European or American, is worth no less than the shorter-term call when the shorter-term
call expires. Because this statement is always true, the longer-term call, European or Amer-
ican, is worth no less than the shorter-term call at any time prior to expiration. Thus,

co(T2) = ¢o(T)) 4-11)
Cy(T) = Cy(T))

Notice that these statements do not mean that the longer-term call is always worth more;
it means that the longer-term call can be worth no less. With the exception of the rare case

' Technically, we showed this calculation using a time to expiration of T, but here the time to expiration is T, — T).

o ———— e

j
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5.5 Pur-CauL
PARITY

in which both calls are so far out-of-the-money or in-the-money that the additional time is
of no value, the longer-term call will be worth more.

For European puts, we have a slight problem. For calls, the longer term gives addi-
tional time for a favorable move in the underlying to occur. For puts, this is also true, but
there is one disadvantage to waiting the additional time. When a put is exercised, the
holder receives money. The lost interest on the money is a disadvantage of the additional
time. For calls, there is no lost interest. In fact, a call holder earns additional interest on the
money by paying out the exercise price later. Therefore, it is not always true that additional
time is beneficial to the holder of a European put. It is true, however, that the additional
time is beneficial to the holder of an American put. An American put can always be exer-
cised; there is no penalty for waiting. Thus, we have

po(T>) can be either greater or less than py(T,)
Po(T2) = Py(Ty) 4-12)

So for European puts, either the longer-term or the shorter-term option can be worth more.
The longer-term European put will tend to be worth more when volatility is greater and
interest rates are lower.

Referring back to Exhibit 4-1, observe that the longer-term put and call options are
more expensive than the shorter-term ones. As noted, we might observe an exception to
this rule for European puts, but these are all American options.

So far we have been working with puts and calls separately. To see how their prices must
be consistent with each other and to explore common option strategies, let us combine puts
and calls with each other or with a risk-free bond. We shall put together some combina-
tions that produce equivalent results.

5.5.1 Fibuciary CALLS AND ProOTECTIVE PUTS

First we consider an option strategy referred to as a fiduciary call. It consists of a Euro-
pean call and a risk-free bond, just like the ones we have been using, that matures on the
option expiration day and has a face value equal to the exercise price of the call. The upper
part of the table in Exhibit 4-11 shows the payoffs at expiration of the fiduciary call. We
see that if the price of the underlying is below X at expiration, the call expires worthless
and the bond is worth X. If the price of the underlying is above X at expiration, the call
expires and is worth St (the underlying price) — X. So at expiration, the fiduciary call will
end up worth X or Sy, whichever is greater.

EXHIBIT 4-11 Portfolio Combinations for Equivalent Packages of Puts and Calls

Value at Expiration

Transaction Current Value Sr=X S>> X

Fiduciary Call

Buy call Cg 0 Sr—X

Buy bond X/(1 + )7 X X
Total co + X/l +1)T X Sr

Protective Put

Buy put Po X - St 0

Buy underlying asset So St St

Total Po + So X St
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Value of Fiduciary Call and
Protective Put at Expiration

Stock Price at Expiration

This type of combination is called a fiduciary call because it allows protection against
downside losses and is thus faithful to the notion of preserving capital.

Now we construct a strategy known as a protective put, which consists of a Euro-
pean put and the underlying asset. If the price of the underlying is below X at expiration,
the put expires and is worth X — St and the underlying is worth Sy. If the price of the
underlying is above X at expiration, the put expires with no value and the underlying is
worth St. So at expiration, the protective put is worth X or St, whichever is greater. The
lower part of the table in Exhibit 4-11 shows the payoffs at expiration of the protective put.

Thus, the fiduciary call and protective put end up with the same value. They are,
therefore, identical combinations. To avoid arbitrage, their values today must be the same.
The value of the fiduciary call is the cost of the call, cg, and the cost of the bond, X/(1 +
r)T. The value of the protective put is the cost of the put, py, and the cost of the underly-
ing, So. Thus,

co+ X/(1+ )T =py+ S 4-13)

This equation is called put—call parity and is one of the most important results in options.
It does not say that puts and calls are equivalent, but it does show an equivalence (parity)
of a call/bond portfolio and a put/underlying portfolio.

Put—callparity can be written in a number of other ways. By rearranging the four terms
to isolate one term, we can obtain some interesting and important results. For example,

Co=po~+ So— X/(1 + )T

means that a call is equivalent to a long position in the put, a long position in the asset, and
a short position in the risk-free bond. The short bond position simply means to borrow by
issuing the bond, rather than lend by buying the bond as we did in the fiduciary call port-
folio. We can tell from the sign whether we should go long or short. Positive signs mean
to go long; negative signs mean to go short.

5.5.2  SYNTHETICS

Because the right-hand side of the above equation is equivalent to a call, we often refer to
it as a synthetic call. To see that the synthetic call is equivalent to the actual call, look at

Exhibit 4-12: :
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EXHIBIT 4-12 Call and Synthetic Call

Value at Expiration

Transaction Current Value St=X St>X
Call
Buy call Co 0 Sr—X
Synthetic Call
Buy put Po X - St 0
Buy underlying asset So St St
Issue bond —-X/(1 + )T -X -X

Total po+ So— X/ +1)T 0 St— X

The call produces the value of the underlying minus the exercise price or zero, whichever
is greater. The synthetic call does the same thing, but in a different way. When the call
expires in-the-money, the synthetic call produces the underlying value minus the payoff on
the bond, which is X. When the call expires out-of-the-money, the put covers the loss on
the underlying and the exercise price on the put matches the amount of money needed to
pay off the bond.

Similarly, we can isolate the put as follows:

Po = Co — SO + X/(]. + r)T
which says that a put is equivalent to a long call, a short position in the underlying, and a long

position in the bond. Because the left-hand side is a put, it follows that the right-hand side is
a synthetic put. The equivalence of the put and synthetic put is shown in Exhibit 4-13.

EXHIBIT 4-13 Put and Synthetic Put

Value at Expiration

Transaction Current Value Sr=X St > X
Pur
Buy put Po X =St 0
Synthetic Put
Buy call Co 0 Sr—X
Short underlying asset —So -Sr -8t
Buy bond X/(1+ )T X X

Total co— So+ X/(1 + )T X — St 0

As you can well imagine, there are numerous other combinations that can be con-
structed. Exhibit 4-14 shows a number of the more important combinations. There are two
primary reasons that it is important to understand synthetic positions in option pricing. Syn-
thetic positions enable us to price options, because they produce the same results as options
and have known prices. Synthetic positions also tell how to exploit mispricing of options
relative to their underlying assets. Note that we can not only synthesize a call or a put, but
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EXHIBIT 4-14 Alternative Equivalent Combinations of Calls, Puts, the Underlying, and Risk-Free Bonds

Consisting Equates
Strategy of Worth to Strategy Consisting of Worth
Fiduciary call Longcall + ¢y + X/(1 + )T = Protective put Long put + Long po + So
Long bond underlying
Long call Long call Co = Synthetic Long put + Long Pot So —
call underlying + X1+ )7
Short bond
Long put Long put Po = Synthetic Long call + Short ¢ — So +
put underlying + X/(1 + 1)’
Long bond
Long Long So = Synthetic Long call + Long co+ X/
underlying underlying underlying bond + Short put (I +1)" = po
Long bond Long bond X/(1 + )T = Synthetic bond  Long put + Long Pot+ So— ¢

underlying +
Short call

we can also synthesize the underlying or the bond. As complex as it might seem to do this,
it is really quite easy. First, we learn that a fiduciary call is a call plus a risk-free bond
maturing on the option expiration day with a face value equal to the exercise price of the
option. Then we learn that a protective put is the underlying plus a put. Then we learn the
basic put—call parity equation: A fiduciary call is equivalent to a protective put:

co+ X1+ 1) =py+ S,

Learn the put—call parity equation this way, because it is the easiest form to remember and
has no minus signs.

Next, we decide which instrument we want to synthesize. We use simple algebra to
isolate that instrument, with a plus sign, on one side of the equation, moving all other
instruments to the other side. We then see what instruments are on the other side, taking
plus signs as long positions and minus signs as short positions. Finally, to check our
results, we should construct a table like Exhibits 4-11 or 4-12, with the expiration payoffs
of the instrument we wish to synthesize compared with the expiration payoffs of the equiv-
alent combination of instruments. We then check to determine that the expiration payoffs
are the same.

5.5.3 AN ARBITRAGE OPPORTUNITY

In this section we examine the arbitrage strategies that will push prices to put—cali parity.
Suppose that in the market, prices do not conform to put—call parity. This is a situation in
which price does not equal value. Recalling our basic equation, ¢, + X/(1 + ' = Po +
So, we should insert values into the equation and see if the equality holds. If it does not,
then obviously one side is greater than the other. We can view one side as overpriced and
the other as underpriced, which suggests an arbitrage opportunity. To exploit this mispric-
ing, we buy the underpriced combination and sell the overpriced combination.

Consider the following example involving call options with an exercise price of $100
expiring in half a year (T = 0.5). The risk-free rate is 10 percent. The call is priced at
$7.50, and the put is priced at $4.25. The underlying price is $99.




Principles of Option Pricing 191

The left-hand side of the basic put—call parity equation is ¢, + X/(1 + n' =750+
100/(1.10)>3 = 7.50 + 95.35 = 102.85. The right-hand side is po + S = 4.25 + 99 =
103.25. So the right-hand side is greater than the left-hand side. This means that the pro-
tective put is overpriced. Equivalently, we could view this as the fiduciary call being under-
priced. Either way will lead us to the correct strategy to exploit the mispricing.

We sell the overpriced combination, the protective put. This means that we sell the
put and sell short the underlying. Doing so will generate a cash inflow of $103.25. We buy
the fiduciary call, paying out $102.85. This series of transactions nets a cash inflow of
$103.25 — $102.85 = $0.40. Now, let us see what happens at expiration.

The options expire with the underlying above 100:
The bond matures, paying $100.
Use the $100 to exercise the call, receiving the underlying.
Deliver the underlying to cover the short sale.
The put expires with no value.
Net effect: No money in or out.
The options expire with the underlying below 100:
The bond matures, paying $100.
The put expires in-the-money; use the $100 to buy the underlying.
Use the underlying to cover the short sale.
The call expires with no value.
Net effect: No money in our out.

So we receive $0.40 up front and do not have to pay anything out. The position is perfectly
hedged and represents an arbitrage profit. The combined effects of other investors performing
this transaction will result in the value of the protective put going down and/or the value of the
covered call going up until the two strategies are equivalent in value. Of course, it is possible
that transaction costs might consume any profit, so small discrepancies will not be exploited.

It is important to note that regardless of which put—call parity equation we use, we will
arrive at the same strategy. For example, in the above problem, the synthetic put (a long call,
a short position in the underlying, and a long bond) is worth $7.50 — $99 + $95.35 = $3.85.
The actual put is worth $4.25. Thus, we would conclude that we should sell the actual put
and buy the synthetic put. To buy the synthetic put, we would buy the call, short the under-
lying, and buy the bond—precisely the strategy we used to exploit this price discrepancy.

In all of these examples based on put—call parity, we used only European options.
Put—call parity using American options is considerably more complicated. The resulting
parity equation is a complex combination of inequalities. Thus, we cannot say that a given
combination exactly equals another; we can say only that one combination is more valu-
able than another. Exploitation of any such mispricing is somewhat more complicated, and
we shall not explore it here.

PRACTICE PROBLEM 3

European put and call options with an exercise price of 45 expire in 115 days. The
underlying is priced at 48 and makes no cash payments during the life of the options.
The risk-free rate is 4.5 percent. The put is selling for 3.75, and the call is selling
for 8.00.
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5.6 AMERICAN
OrTiONS, LOWER
BounDs, AND
EARLY EXERCISE

A. Identify the mispricing by comparing the price of the actual call with the price
of the synthetic call.

B. Based on your answer in Part A, demonstrate how an arbitrage transaction is
executed.

SOLUTIONS

A. Using put—call parity, the following formula applies:
Co=po + So — X/(1 + )T
The time to expiration is T = 115/365 = 0.3151. Substituting values into the
right-hand side:
co = 3.75 + 48 — 45/(1.045)°3"%! = 7.37
Hence, the synthetic call is worth 7.37, but the actual call is selling for 8.00 and

is, therefore, overpriced.

B. Sell the call for 8.00 and buy the synthetic call for 7.37. To buy the synthetic call,
buy the put for 3.75, buy the underlying for 48.00, and issue a zero-coupon bond
paying 45.00 at expiration. The bond will bring in 45.00/(1.045)%31%! = 44.38
today. This transaction will bring in 8.00 — 7.37 = 0.63.

At expiration, the following payoffs will occur:

St <45 Sr=45
Short call 0 —~(St — 45)
Long put 45 — St 0
Underlying St St
Bond —45 —45
Total 0 0

Thus there will be no cash in or out at expiration. The transaction will net a risk-
free gain of 8.00 — 7.37 = 0.63 up front.

As we have noted, American options can be exercised early and in this section we specify
cases in which early exercise can have value. Because early exercise is never mandatory,
the right to exercise early may be worth something but could never hurt the option holder.
Consequently, the prices of American options must be no less than the prices of European
options:

C() = Co (4'14)
Py = po

Recall that we already used this result in establishing the minimum price from the lower
bounds and intrinsic value results in Section 5.2.2. Now, however, our concern is under-
standing the conditions under which early exercise of an American option might occur.
Suppose today, time 0, we are considering exercising early an in-the-money Ameri-
can call. If we exercise, we pay X and receive an asset worth Sy. But we already deter-
mined that a European call is worth at least So — X/(1 + r)"—that is, the underlying price
minus the present value of the exercise price, which is more than Sq — X. Because we just |
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5.7 THE EFFeCT OF
CasH FLows oN
THE UNDERLYING
ASSET

argued that the American call must be worth no less than the European call, it therefore
must also be worth at least S; — X/(1 + r)*. This means that the value we could obtain by
selling it to someone else is more than the value we could obtain by exercising it. Thus,
there is no reason to exercise the call early.

Some people fail to see the logic behind not exercising early. Exercising a call early
simply gives the money to the call writer and throws away the right to decide at expiration
if you want the underlying. It is like renewing a magazine subscription before the current
subscription expires. Not only do you lose the interest on the money, you also lose the right
to decide later if you want to renew. Without offering an early exercise incentive, the
American call would have a price equal to the European call price. Thus, we must look at
another case to see the value of the early exercise option.

If the underlying makes a cash payment, there may be reason to exercise early. If the
underlying is a stock and pays a dividend, there may be sufficient reason to exercise just
before the stock goes ex-dividend. By exercising, the option holder throws away the time
value but captures the dividend. We shall skip the technical details of how this decision is
made and conclude by stating that

® When the underlying makes no cash payments, Cy = co.

® When the underlying makes cash payments during the life of the option, early exer-
cise can be worthwhile and C, can thus be higher than c,.

We emphasize the word can. It is possible that the dividend is not high enough to justify
early exercise.

For puts, there is nearly always a possibility of early exercise. Consider the most
obvious case, an investor holding an American put on a bankrupt company. The stock is
worth zero. It cannot go any lower. Thus, the put holder would exercise immediately. As
long as there is a possibility of bankruptcy, the American put will be worth more than the
European put. But in fact, bankruptcy is not required for early exercise. The stock price
must be very low, although we cannot say exactly how low without resorting to an analy-
sis using option pricing models. Suffice it to say that the American put is nearly always
worth more than the European put. Py > py.

Both the lower bounds on puts and calls and the put—call parity relationship must be mod-
ified to account for cash flows on the underlying asset. In Chapters 2 and 3, we discussed
situations in which the underlying has cash flows. Stocks pay dividends, bonds pay inter-
est, foreign currencies pay interest, and commodities have carrying costs. As we have done
in the previous chapters, we shall assume that these cash flows are either known or can be
expressed as a percentage of the asset price. Moreover, as we did previously, we can
remove the present value of those cash flows from the price of the underlying and use this
adjusted underlying price in the results we have obtained above.

In the previous chapters, we specified these cash flows in the form of the accumu-
lated value at T of all cash flows incurred on the underlying over the life of the derivative
contract. When the underlying is a stock, we specified these cash flows more precisely in
the form of dividends, using the notation FV(D,0,T) as the future value, or alternatively
PV(D,0,T) as the present value, of these dividends. When the underlying was a bond, we
used the notation FV(CL0,T) or PV(CI1,0,T), where CI stands for “coupon interest.” When
the cash flows can be specified in terms of a yield or rate, we used the notation 8 where
So/(1 + 8)7 is the underlying price reduced by the present value of the cash flows.?® Using

20 We actually nsed several specifications of the dividend yield in Chapter 3, but we shall use just one here.
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5.8 THEe EFFecT OF
INTEREST RATES AND
VOLATILITY

5.9 OrriON
PRICE SENSITIVITIES

continuous compounding, the rate can be specified as &° so that See ®Tis the underlying
price reduced by the present value of the dividends. For our purposes in this chapter on
options, let us just write this specification as PV(CEQ,T), which represents the present
value of the cash flows on the underlying over the life of the options. Therefore, we can
restate the lower bounds for European options as

¢o = Max{0,[S; — PV(CE0,T)] — X/(1 + 1"}
Po = Max{0,X/(1 + r)' — [S, — PV(CF0,T)]}

and put—call parity as
co + X/(1 + )T = py + [Sp — PV(CE0,T)]

which reflects the fact that, as we said, we simply reduce the underlying price by the pres-
ent value of its cash flows over the life of the option.

It is important to know that interest rates and volatility exert an influence on option prices.
When interest rates are higher, call option prices are higher and put option prices are
lower. This effect is not obvious and strains the intuition somewhat. When investors buy
call options instead of the underlying, they are effectively buying an indirect leveraged posi-
tion in the underlying. When interest rates are higher, buying the call instead of a direct
leveraged position in the underlying is more attractive. Moreover, by using call options,
investors save more mone